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PREFACE 


Progress in the science of physical chemistry has been phenomenal in the 
two decades that have passed since the project for a Treatise on Physical 
Chemistry by the cooperative efforts of a group of physical chemists was first 
formulated. In the exploration of the atomic constitution of matter a great 
mass of detail lias been added to the structure as then known. Isotopes, 
which were then but recently recognized, have now been found in nearly all 
of the chemical elements, their relative abundances accurately determined and 
an increasing number separated one from another. With the aid of alpha- 
particles and laboratory-produced projectiles the transmutation of the elements 
has been achieved. In addition to the naturally occurring radioactive elements 
there are more than three hundred and fifty other radioactive species produced 
by nuclear transformations. Neutrons and positrons have taken their places 
beside the proton and electron among the units of atomic architecture. The 
quantum theory of energy as developed in the first two decades of the century 
has been supplemented by the wave theory of matter. Electrons as well as 
X-rays now serve to elucidate molecular structure and indeed define molecular 
size and shape. Classical thermodynamics as the basis for the treatment of 
chemical equilibrium has been amplified by the introduction of statistical 
methods ever broadening in range and scope and permitting even the compu¬ 
tation of equilibria inaccessible to experimental test. Applications of these 
same statistical methods to chemical kinetics have produced also a revolution 
in this branch of science. The theory of the liquid state and the structure 
of liquids now merit discussion comparable with that hitherto reserved for 
the solid and gaseous states. New techniques for study of surfaces and 
macromolecules, paralleling the brilliant advances of the synthetic organic 
chemist, are providing the bases for an attack on the problems of complex 
biochemical systems. 

If, then, twenty years ago, the need for cooperative effort in the record 
of our science was necessary, how much the more is it imperative today. 
Over the years in question the standards of texts in the science have shown a 
steady advance so that, today, there are single-volume texts which go well 
beyond the scope of the cooperative effort of 1924. To set forth adequately 
all the great advances in the science, to define the present status of the subject, 
and to present to the student the accumulated experience of his predecessors 
in the work so that he may go forward to the new fields as yet unexplored, 
cannot be achieved as hitherto within the scope of two volumes. The pub¬ 
lishers of the Treatise courageously decided to venture upon a much more 
ambitious enterprise, to embark on an expansion to five volumes. The 
cooperative feature of the effort was to be maintained. The subject was to 
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be presented in a sequence of volumes. The first was to contain an exposition 
of the fundamentals of Atomisties and of Thermodynamics. It was to be 
followed at intervals of several months by four volumes which should present 
in succession, the States of Matter, Chemical Equilibrium, Chemical Kinetics 
and finally all those diverse elements which could be grouped under the title 
of Molecular Structure. The scope of the work was to be so broad that the 
student in a special field could garner from its pages that which was known 
as he set forth in his quest for the unknown. With the publication of this 
first volume the Treatise on Physical Chemistry begins the third phase of its 
career the success of which, we hope, may parallel that of the preceding phases 
and justify the loyal assistance of the cooperating scientists. 

With the growth of the effort has come increased editorial responsibility, 
the solution for which has again been sought by cooperation. The former 
editor has been indeed fortunate that he could enlist, for this third edition, 
the mature, experienced and competent assistance of Dr. Samuel Glasstone 
who, by sharing the burdens of the editorial work without stint, has made 
possible a more rapid transition from conception to realization. Once again, 
the cooperation of the publishers in the production of volumes of high technical 
publishing excellence will be manifest in the pages that follow. In the difficult 
years ahead the record of what physical chemists have already achieved 
should spur others to maintain and extend the place of our science in the 
hierarchy of knowledge, 

Hugh S. Taylor 

Pkinceton, N. J. 

December, 1941 
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CHAPTER I 


THE ATOMIC CONCEPT OF MATTER 

BY HUGH S. TAYLOR 

David B. Jones Professor of ('hem islry, Prince ton University, A. J. 


The inception of the modern era in chemical .science may be attributed to 
the proposal of the atomic theory of chemical action by John Dalton in the 
first volume of his New System of Chemical Philosophy, 1808. The scientific 
era in which the Daltonian concept was formulated was especially favorable 
to its development. The theory of atomic constitution was no new theory. 
The Greek theory of atoms, due to Leucippus and handed down to us in the 
writings of Democritus, is the first of which we have record. Boyle included 
in his conception of elementary substances some notions of atomic constituents. 
Dalton himself was led to the atomic theory by reason of his admiration of the 
Newtonian doctrine of the atomic constitution of matter. The quantitative 
era into which Dalton’s theory was born provided the circumstances neces¬ 
sary and favorable to its growth. The theory simplified and correlated much 
that the quantitative spirit had disclosed and had not yet explained. It 
provided the framework upon which was built the chemical philosophy and 
the chemical research of the nineteenth century Towards the close of the 
century it seemed as though the theory might give way to an interpretation 
of the science based upon energetics. But, in the new century, it emerged once 
more, broadened and amplified by the discoveries of sub-atomic phenomena. 

(1) The Atomic Theory: The atomic theory of Dalton postulated the 
existence of minute indivisible particles or atoms, each of equal weight for the 
same element, atoms of different elements, however, having different weights. 
Compounds were the result of union of dissimilar atoms the ratio of whose 
weights was proportional to their combining weights. This fundamental idea 
of atoms having characteristic weights and combining to form chemical com¬ 
pounds at once illuminated the quantitative facts of chemical combination then 
known. They may be thus briefly summarized: 

(1) The Law of Definite Proportions, established experimentally by Proust in 1799. The 
elements which form a chemical compound are united in it in an invariable ratio by weight, 
which is* characteristic of that compound. Proust’s analyses were made with carbonate of 
copper, artificial and natural, the two oxides of tin and the two sulfides of iron. Proust 
showed, in contradiction of claims put forward by Berthollet on behalf of variable composition 
^ue to mass action, that when a metal combines with oxygen in more than one proportion 
there is no gradual increment of one element but a sudden, per saltum, increment. His analyti¬ 
cal work was not sufficiently accurate to establish the law of multiple proportions. 

(2) The l^aw of Multiple Proportions, deduced from experimental work by Dalton and 
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formulated by him in conformity with hia preconceived atomic theory. When an element 
combines with another to form more than one compound the masses of the second element com¬ 
bining with a fixed mass of the first element bear a simplo ratio to one another. The accurate 
analyses of Berzelius provided abundant evidence of the truth of this law which the less 
accurate efforts of Dalton produced. 

(3) The Law of Reciprocal Proportions, established by the experimental work of Richter 
(1792-1794). When two or more elements combine with a third in certain proportions they 
combine with each other in the same proportions or in multiples of these proportions. In his 
book Stoichiometry of the Chemical Elements published in the above years this law of reciprocal 
proportions is illustrated. 

The Law of Conservation of Mass, formulated by Lavoisier in 1774 upon 
the basis of experimental measurement, states that the total mass of the 
reactants in a chemical reaction is equal to the total mass of the products of 
reaction. All these laws, quantitatively exact and experimentally verifiable, 
fitted admirably into the framework of chemical principles established by Dal¬ 
ton’s Atomic Theory. Further support was quickly forthcoming. Gay Lussac 
put forward in 1808 his Law of Combining Volumes. When gases combine they, 
do so in simple ratios by volumes, the volume of the gaseous product bearing a 
simple ratio to the volumes of the reactants when measured under the same 
conditions of temperature and pressure. An attempt by Berzelius to interpret 
this law in terms of the atomic theory failed owing to a lack of understanding 
of the differences between atoms and molecules. Knowing, as a result of the 
earlier investigations of Gay Lussac, that many gases vary similarly when 
subjected to temperature, and, from the investigations of Boyle, to pressure 
changes, Berzelius suggested that equal volumes of different gases under like 
conditions of temperature and pressure contain the same number of atoms. 

(2) Avogadro’s Hypothesis: The correct correlation of the atomic theory 
with the characteristics of ideal gases is due to Avogadro who propounded in 
1811 the Avogadro hypothesis. Though not accepted by the early proponents 
of the atomic theory and only commanding general adherence after the exposi¬ 
tion of the hypothesis some 47 years later by his fellow countryman the Italian 
scientist Cannizzaro, the hypothesis of Avogadro was a true exposition of the 
facts concerning gases. The hypothesis may be stated in the following terms: 
Equal volumes of different gases under the same conditions of temperature 
and pressure contain the same number of molecules. The limitations of this 
hypothesis as regards actual gases and the many experimental methods which 
have now been developed actually to determine the number of molecules in a 
given volume of gas will be dealt with in appropriate portions of the following 
chapters. At this stage it will suffice to indicate the actual change introduced 
by the Avogadro hypothesis into the Daltonian concept of atoms and atomic 
combinations. On the Avogadro principle, the atom became the smallest 
particle which can enter into chemical combination. The molecule became the 
smallest particle of matter which was capable of independent existence. This 
distinction clarified the known experimental facts. It explained, for example, 
how one molecule of hydrogen and one molecule of chlorine combined to form 
two molecules of hydrogen chloride. Each molecule of hydrogen aj^d chlorine 
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contained two atoms whereas the molecules of hydrogen chloride contained 
an atom each of hydrogen and chlorine. It is perhaps advisable to point out, 
now that the difficulties associated with the terms atom and molecule no longer 
exist, that the definition of the molecule given above lacks somewhat in rigor. 
For, we now know that, under proper conditions, not only molecules of diatomic 
gases such as hydrogen, chlorine and iodine may exist in the free state but that 
atoms may also so exist provided the conditions of temperature and pressure 
be suitably chosen. Under such conditions the molecule and the atom become 
identical. 

With the atomic theory as guide, Berzelius proceeded to the determination 
of atomic weights of a wide variety of elementary substances. The determina¬ 
tion involves two steps, (1) the measurement of the combining weight and (2) 
the finding of the ratio of combining w T eight to atomic weight. The former is 
an experimental operation generally involving some kind of quantitative an¬ 
alytical procedure as, for example, the determination of the quantities of 
potassium and chlorine in unit quantity of potassium chloride, of hydrogen and 
oxygen in water or of hydrogen and chlorine in hydrogen chloride. From such 
determinations the combining weights of oxygen, chlorine and potassium in 
terms of hydrogen as unity may be determined. The second step, however, 
involves a knowledge of the number of atoms which are combined in a com¬ 
pound with the reference element. Thus, to take an example of historic in¬ 
terest, the atomic weight of oxygen relative to that of hydrogen as unity would 
be approximately 8 or 16 according as one or two hydrogen atoms combine 
with one atom of oxygen, the combining weight being 8. It is in the solution 
of this problem that the Avogadro hypothesis performed a most useful func¬ 
tion, delayed, however, by the non-recognition of the importance of the hypoth¬ 
esis until Cannizzaro’s demonstration of its utility in such connection. Until 
that demonstration was given, no general agreement as to atomic weights 
was possible, different observers using different values which, however, were 
simple multiples of other values for the same element, according to the pre¬ 
conceived idea of the experimenter as to the atomic ratios prevailing in the 
compound analyzed. 

(3) Dulong and Petit’s Law: Two further principles of great utility in 
deciding doubtful cases of atomic weight values were discovered and employed 
in the early years of the atomic theory. The one, the law of Dulong and Petit 
was applicable to solid elementary substances. The law, formulated in 1819, 
states that the product of the atomic weight and the specific heat is approxi¬ 
mately 6 calories. It will be shown that this law is a limiting law applicable 
to all solid elements under specified conditions Known exceptions, such as 
boron and carbon, which show low atomic heats at ordinary temperatures, 
manifest at those temperatures a phenomenon common to all solid elements 
if the temperature chosen for the determination be sufficiently low. At higher 
temperatures, even these elements have atomic heats approximating those 
demanded by the law. Nevertheless, a sufficiently large number of elements 
obey the Dulong and Petit relation at ordinary temperatures as to make this 
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principle of important assistance in deciding cases of doubt in reference to 
atomic weights deduced by other methods. 

(4) Isomorphism: The second principle was of assistance in the study of the 
atomic weights of elements present in crystalline compounds. In 1820 Mit- 
scherlich called attention to the practical identity of crystalline forms of the 
corresponding salts of phosphoric and arsenic acids. They crystallized with 
the same molecular quantities of water of crystallization and possessed the 
power of forming mixed crystals. As a result of such observations, Mitscher- 
lich concluded that analogous elements or groups of elements can replace one 
another in compounds without material alteration of crystalline form. Two 
compounds so related were termed isomorphous and the phenomenon was 
given the name Isomorphism. The identity of form is not absolute. The 
distance between atoms varies slightly in one compound from that in the 
compound of the next analogue. These differences persist even in the mixed 
crystal and result in distortion of the crystal angles. The variation of inter¬ 
atomic distances and the distortion of the crystal angles become greater the 
more widely divergent are the analogous elements. As a consequence, with 
the more widely divergent analogues, mixed crystals will not occur even though 
there is identity of crystal form between the compounds. Substances may 
crystallize in two or more distinct crystallographic systems having, neverthe¬ 
less, constant chemical composition. Such behavior is termed dimorphism. 
If isomorphism occurs between the two forms severally of two such dimorphous 
bodies the bodies are said to be isodimorphous, the phenomenon being, cor¬ 
respondingly, isodimorphism. Similarly, trimorphous substances are known. 

From the standpoint of the atomic theory, however, quite apart from the 
importance of Mitscherlich’s observations crystallographically, isomorphism 
assisted greatly, since it gave a ready indication of chemical composition in 
the case of substances crystallizing in the same form and isomorphously with 
substances of known composition. Berzelius made great use of the principle in 
fixing atomic weights and in checking the results of his analytical investiga¬ 
tions. Isomorphism has acquired a still greater range of applicability as the 
result of more recent deductions concerning the sub-atomic characteristics 
of the atom. As will be later demonstrated, isomorphism is possible between 
compounds containing elements which from the Mitscherlich standpoint would 
not be regarded as analogues but which, from a similarity of sub-atomic com¬ 
ponents, acquire identity of crystalline form. (See Vol. II.) 

(5) Prout’s Hypothesis: Philosophically considered, the Daltonian concept 
of atoms, of differing weights but incapable of subdivision, is not without diffi¬ 
culties. Reason suggests the possibility of subdivision even though technique 
may not be adequate to its achievement. As a consequence, side by side with 
the many achievements of theoretical chemistry in the 19th century, based 
fundamentally upon the atomic theory, there has persisted the essentially 
opposite viewpoint, namely that of continuity or unity of matter as opposed 
to the discontinuous view of material substances which the atomic theory 
postulates. This contrary viewpoint has been developed both consciously 
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and unconsciously. Prout’s hypothesis put forward in 1815 is the earliest 
illustration of conscious development. Prout, reasoning from the approxima¬ 
tion to whole numbers of the atomic weights of several of the elements, sug¬ 
gested that the elements might be, in reality, polymers of hydrogen. This was 
a revival of the protyle theory of matter with quantitative investigations as its 
support. But further quantitative study tended to withdraw support from 
the hypothesis of Prout. The hypothesis gave an added stimulus to exact 
atomic weight determinations and these but served to demonstrate effectively 
that maii 3 r of the atomic weights were markedly divergent from whole numbers. 
Stas's determinations of atomic weights, and notably that of chlorine, were 
classical researches, with this divergence from the whole number rule as the 
decisive result. 

(6) Ddbereiner’s Triads: Attempts at classification of the elements on the 
basis of similarity of properties are less conscious methods of establishing the 
essential unity of matter. Thus, Dobereiner’s observation, in 1817, that groups 
of three elements chemically similar, with atomic weights in arithmetic progres¬ 
sion, could be compiled, while essentially an attempt at convenient classifica¬ 
tion, involves, in its fundamentals, an appreciation of a unifying principle. 
The chemical similarity of, for example, lithium, sodium and potassium, chlor¬ 
ine, bromine and iodine, calcium, strontium and barium, sulfur, selenium and 
tellurium with the very definite arithmetical relationships of their atomic 
weights, Na — Li — 16.06, K — Na = 16.1, suggests immediately a funda¬ 
mental factor common to each group of three and so some unity underlying 
each group. This aspect of the matter was not, however, emphasized either 
in Dobereiner’s triad system nor in subsequent, more comprehensive, systems 
of classification. 

(7) Faraday’s Laws of Electrolysis: The electrochemical researches of 
Nicholson and Carlisle, 1800, on the decomposition of water, of Davy on the 
preparation of potassium, sodium, and other metals, 1807-1808, and of Berzelius 
and Hisinger in Sweden, 1803-1807, on the decomposition of neutral salts by 
the electric current, definitely brought electrochemistry to the fore as an aux¬ 
iliary to other methods of chemical investigation. Davy’s electrochemical 
theory of affinity and Berzelius’s theory of atomic polarization brought electro¬ 
chemistry into the domain of theoretical chemistry. Faraday's researches in 
experimental electricity established quantitatively the relationship between 
electricity and the atomic weights of the elements. Faraday observed that 
(Experimental Researches, 505): ‘ For a constant quantity of electricity, what¬ 
ever the decomposing conductor may be, whether water, saline solutions, acids, 
fused bodies or the like, the amount of electrochemical action is also a constant 
quantity.' Furthermore, with different solutions, the amounts of elementary 
constituents produced by unit quantity of electricity are proportional to their 
chemical equivalents. In these two laws the atoms and electricity are for the 
first time intimately associated. Faraday’s ions, transferred through solutions 
by the agency of the current, were carried in definite amounts, one gram ion for 
every 96,500 coulombs of electricity. Modified by Grove, 1845, by Williamson 



6 


A TREATISE ON PHYSICAL CHEMISTRY 


in 1851, and by Clausius, 1857, in the sense that the decomposition was not 
effected by the current but that the ion carriers must exist in part uncombined, 
the theory of conduction was given quantitative formulation by Arrhenius, 
1887, who then assumed that the extent to which the free ions occurred in solu¬ 
tion was deducible from the electrical conductance of the solution as well as 
from the properties of solutions, at that time entirely disassociated from the 
electrical properties of solutions, namely, osmotic phenomena, freezing point, 
boiling point and vapor pressures of solutions. The properties of conducting 
solutions became a function of the positively and negatively charged ions which 
they contained. Progress from this point of view to those held today came as 
a result of the researches of the physicist and the student of radioactive change. 

(8) The Periodic System of Classification: Before the contributions of the 
physics of the atom and of radioactivity were achieved, the chemist had pro¬ 
vided himself with a broad and comprehensive system of classification of the 
elements which, more decisively than hitherto, suggested a fundamental unity 
of elementary structure, though designed, primarily, to emphasize the inter¬ 
relation of chemical and physical properties. An effort of de Chancourtois 
(Vis Tellurique, Classement naturel des Corps Simples, 1862) excited little 
attention among chemists, though substantially a statement of periodicity of 
properties with increase of atomic weight. Newland’s Law of Octaves, 1864, 
an arrangement of the elements in groups of eight bringing with each eighth 
element a repetition of properties like the eighth note of an octave in music, 
aroused much ridicule and little respect, though essentially the correct formula¬ 
tion of periodicity. It is noteworthy to record that, had Ramsay’s discovery 
of the rare gases of the atmosphere preceded this formulation, the analogy with 
the musical octave would have been lost; the scoffers would have lacked one 
of their principal weapons of ridicule. Mendeleeff in 1869 established the same 
periodicity of properties by arranging the elements in the order of increasing 
atomic weights. His historic association with the law arises because he em¬ 
ployed the periodic law, so discovered, as a powerful instrument of chemical 
classification and a weapon for prosecuting chemical research. 

“When I arranged the elements,” he wrote, “according to the magnitude of their atomic 
weights, beginning with the smallest, it became evident that there exists a kind of periodicity 
in their properties. I designate by the name periodic law the mutual relations between the 
properties of the elements and their atomic weights; these relations are applicable to all the 
elements and have the nature of a periodic function.” 

Simultaneously, Lothar Meyer in Germany was evolving the same generaliza¬ 
tion. Meyer was more concerned with the periodic variation in the physical 
properties of the elements as a periodic function of the atomic weights of the 
elements, his graph of atomic volume plotted against atomic weight demon¬ 
strating the same broad periodic relationship which we may now detail as the 
result of the application of the Mendeleeff principle. 

The accompanying table embodies the ideas as laid down by Mendeleeff 
with the modifications introduced by newer and better data than were avail¬ 
able to Mendeleeff and modified also by the additions—especially that of 



THE ATOMIC CONCEPT OF MATTER 


7 


Group 0, which comprises the rare gases of the atmosphere—which subsequent 
research and discovery have permitted. For convenience in subsequent dis¬ 
cussion, the table has been amplified by the insertion of the atomic numbers 
of the elements as well as the atomic weights. The table is in its essentials, 
however, identical with that of Mendeleeff. It contains 9 vertical columns or 
groups and 12 horizontal rows termed series or periods. Hydrogen is in a 
series by itself. It possesses the properties of the elements of Group I in certain 
of its compounds, that of Group VII in others. 1 Following hydrogen come two 
short periods of eight elements each, falling naturally into the eight groups 
from Group 0 to Group VII, helium to fluorine in the first of these two series, 
neon to chlorine in the second. Beyond chlorine, the next thirty-six elements 
fall naturally on the basis of properties into two groups of eighteen, the two 
first long periods , argon to bromine in the first, krypton to iodine in the second. 
These groups of eighteen show a variation from the two short periods in that 
three elements in each period, so called transitional elements, iron, cobalt, 
nickel and ruthenium, rhodium and palladium are grouped together in Group 
VIII. This arrangement was devised by Mendeleeff as a result of obvious 
difficulties in placing them in other groups and by reason of their close similarity 
one to another. By the arrangement indicated, krypton and xenon come into 
Group 0 with the other rare gases. The other members of the various groups 
fall naturally into the classification on the basis of similarity of properties. 
Mendeleeff arranged the remaining elements in three long periods in which 
there were many gaps, but in which the similarity of chemical and physical 
properties provided a sure guide for allocation. It is now known, as will be 
later discussed in detail, that, following the second period of eighteen comes a 
longer period of thirty-two elements of which the initial element is xenon, the 
last element, Number 85. This long period is succeeded by an incomplete frag¬ 
ment, of which the initial element is the emanation of radium, a gas of the rare 
gas type, and of which the heaviest known clement, uranium, is the last member 
of the series occurring in nature. Element No. 93 is produced by transmuta¬ 
tion processes (see later). The first long period of thirty-two elements con¬ 
tains a trio of similar elements, osmium, iridium and platinum, as in the groups 
of eighteen, these being assigned likewise to Group VIII. The rare earth 
elements are also members of this long period of thirty-two. 

The Mendeleeff arrangement brings together, in one group, elements which 
have general family properties, physical and chemical, which vary gradually 
from first to last and which resemble one another more closely than do any of 
the other elements. This similarity and gradual variation suggests some 
common feature of internal construction or architecture. In the series, or 
horizontal lines of the table, there is a marked difference from member to mem¬ 
ber in physical and especially in chemical properties. Thus, for example in 
the matter of maximum oxide forming capacity, the variation of a series is 

1 H 2 O—Na20; HOI—Nad; Lid—LiH. See: Peters, Z . anorg . Chem., 131 , 140 (1923); 
Bard well, J. Am. Chem. Soc., 44 , 2499 (1922). 
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from an element with no power of combination, the rare gas, through elements 
with respective oxides R 2 0, RO, R 2 0 3 , R0 2 , R 2 O 5 , R 2 0 6 , R 2 O 7 and in some 
cases R 2 0 8 . . Each series, however, more or less resembles the series wliieh 
preceded it, with one proviso. In the long periods there are two series, the 
so-called ‘odd’ and ‘even’ series. Examination will show that the ‘even’ series 
4, 6 and 8 resemble one another, 5 and 7 also, much more so than do the ‘even ’ 
series resemble the ‘odd/ On the basis of indivisible atoms this factor receives 
no elucidation. It was merely observed and accepted in the original classifica¬ 
tion. The explanation must be sought and, as will be shown, is found in the 
architecture of the atom. As observed above with the oxides, the maximum 
state of oxidation progressively increases from left to right in a series. It 
should be observed also that the elements show a minimum valence in hydride 
formation, rising from 0 to 4 as we pass from a rare gas such as helium to a 
member of Group IV such as carbon. Beyond Group IV, however, the com¬ 
bining power falls as indicated by the compounds NII 3 , OH 2 , FH. This factor 
also lacked elucidation in the original formulation of the periodic law. 

The Applications of the Periodic Law: As pointed out by Mendeleeff the 
periodic law could be employed in: (1) The classification of the elements; 
(2) The estimation of atomic weights; (3) The prediction of properties of un¬ 
known elements; (4) The correction of atomic weights. 

(1) In the classification of the elements the periodic, arrangement has never been sur¬ 
passed nor superseded. It is still a most useful and convenient method of classifying the data 
of inorganic chemistry whether of elements or of compounds. 

(2) Mendeleeff assigned to indium an atomic weight of 113.4 on the basis of Winkler’s 
value of 37.8 for the equivalent weight; this makes indium trivalent, gives it place in Group 
III of the table between cadmium and tin, below gallium, where it fits very woll. Specific 
heat measurements of indium metal confirmed the correctness of this assignment. 

(3) Mendeleeff used the table to predict the properties of missing elements in Group III 
and Group IV akin to boron, aluminum and titanium. The predictions concerning eka- 
boron, eka-aluminum and eka-silicon were abundantly justified and confirmed in the subse¬ 
quent discoveries of scandium, gallium and germanium respectively. 

(4) Mendeleeff predicted corrections in the atomic weights of osmium, iridium and 
platinum which gave to them this order rather than that given by the order of atomic weights 
accepted in 1870 which would have given platinum, iridium, osmium. The periodic law has 
not, however, always been the successful guide in corrections to accepted atomic weights as 
will now be discussed. 

The- Defects of the Periodic Law: On placing elements in the order of atomic 
weights two outstanding anomalies presented themselves to Mendeleeff. Tel¬ 
lurium, being assigned an atomic weight greater than that of iodine, would 
have passed into the halogen group, while iodine would have been placed in 
the oxygen, sulfur, selenium group. This would have been an obvious in¬ 
version of the periodicity of properties. Since the atomic weight of iodine 
had been many times checked and rechecked, so that considerable certainty 
could be attached to its value, Mendeleeff suggested that the atomic weight 
of tellurium must be wrong, that the correct value would be between 123 and 
126 instead of the then accepted value of 128. Hence ensued a vigorous study 
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of tellurium, its purity, purification and atomic weight determination. Efforts 
were made in abundance to separate therefrom some constituent of higher 
atomic weight which would have a position below tellurium in the 6th group. 
All these efforts were fruitless. A multiplicity of methods of purification all 
failed to yield a tellurium of atomic weight lower than that of iodine. The 
exception did not nullify the periodic law. The wonderful truth and value of 
the periodic relation were abundantly evident. As a consequence, and until 
the reason for the anomaly should reveal itself, tellurium and iodine were 
assigned to those group positions to which th&r properties, chemical and phys¬ 
ical, indicated that they belonged, order of atomic weights notwithstanding. 

Cobalt (58.94) and nickel (58.69) were similarly misplaced on the basis of 
order of atomic weights. The sequence from the standpoint of properties of 
the first three transitional elements is most certainly iron, cobalt, nickel, 
whereas the order of atomic weights is iron, nickel, cobalt. Again, the presence 
of another element, ‘gnomium/ was suspected. Again, intensive and pains¬ 
taking labors failed to reveal the element or reverse the order of atomic weights. 
Cobalt and nickel likewise remained anomalous. 

One other pair of misfits arose with the discovery of the rare gases by 
Ramsay. Argon of atomic weight 39.944, an obvious member of Croup 0, 
was found to have an atomic weight greater than that of potassium, 39.096, 
again obviously a member of Croup I. In view of these anomalies in the face 
of such overwhelming evidences of the approximate truth of the law in the 
majority of its details it is little wonder that Ramsay asked “Why this in¬ 
complete concordance?” The answer has emerged and in the unfolding of 
the mystery the student of chemical philosophy has much to learn. He will 
find an answer to the query of Ramsay. The incomplete concordance is 
evidence of the limitations to which many laws are subject, is evidence that 
the laws in question are but approximations to the fundamental law. The 
incomplete concordance is evidence of incomplete truth. The realization of 
this will be valuable, for it will give to authentic exceptions to general laws a 
vital importance in the search for truth. Science is full of illustrations of this 
fact. The exceptions to the Law of Dulong and Petit were an index of the 
approximate truth only of the law. It will be shown later that they consti¬ 
tuted a sign post to a more fundamental law of the specific heats of elements 
of which Dulong and Petit’s Law is but a limiting case. Ramsay himself 
found in the anomalous density of nitrogen from air and from nitrogen com¬ 
pounds as determined by Lord Rayleigh the sign post to a whole group of 
chemical elements at that time unknown. The anomalies in the periodic law 
were the arrows pointing to the necessity of obtaining yet more fundamental 
truths concerning the nature, the architecture and the periodic relationships 
of elementary matter. As the science progressed new sign posts appeared. 
The allocation of the rare earths to positions in th,e periodic table was a problem 
in itself of great complexity. The discovery of the radio-elements multiplied 
the difficulties of allocation. These difficulties gave to other less pronounced 
difficulties an added significance. Thus, for example, the problem of the odd 
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and even series recurs. Copper, silver and gold are distinct variants from the 
alkali elements. Gold chloride, AuCl 3 , seems out of place in the compounds 
of the elements of Group I. Lead resembles thallium, mercury is similar to 
copper. Magnesium behaves like manganese in some of its compounds. In 
the ultimate solution, such problems will find their elucidation. 

(9) The Periodic Law and Electrochemistry: Faraday concluded that the 
laws of electrochemical action which he deduced were consonant with the facts 
of the atomic theory. Subsequent researches of Grove, Clausius, Hittorf, and 
Arrhenius established that, in conducting solutions, the elementary constituents 
were present, not as atoms, but as charged ions. It is of interest to examine the 
nature of these postulated ions in terms of the Mendeleeff classification. In a 
simple solution of an electrolyte, say of sodium chloride, the ionic theory postu¬ 
lated the presence of positively charged sodium ions and negatively charged 
chloride ions 

NaCl + aq. = Na+ (aq.) + Cl" (aq.). 

With an electrolyte such as barium chloride the solution contained barium 
ions with a doubly positive charge and twice the number of singly charged 
negative ions 

BaC'l 2 + aq. = Ba++ (aq.) + 2C1~ (aq.). 

With sodium sulfide on the other hand the opposite distribution of charges 
was postulated 

Na 2 S + aq. = 2Na‘ f (aq.) -f S'"~ (aq.). 

Similarly, aluminum chloride dissociates thus: 

A1C1, + aq. = Al+ ++ (aq.) + 3C1~ (aq.). 

In terms of electrochemical theory, therefore, the elements of Group I yield 
univalent positive ions, Group II bivalent positive ions, Group III tervalent 
positive ions. Group VII contains the elements yielding univalent negative 
ions, Group VI elements yielding bivalent ions, Group V the tervalent negative 
ions, though these are rare. On the left of Group IV are to be found the pro¬ 
nouncedly electro-positive elements, to the right the more pronouncedly 
electronegative compounds. These facts are of importance in the ensuing 
development of atomic structure. They provide a background from which to 
approach the newer ideas. 

(10) Atomic Structure: The atomic theory of Dalton provides, as has been 
shown, a satisfactory basis for the laws of chemical combination and the atomic 
weight provides a useful, if not completely satisfactory, basis for the classifica¬ 
tion of the elements. The concept of definite and indivisible atoms, of different 
weights, could not, however, be the ultimate solution of the problem of material 
structure. It provides no answers to a variety of problems. The difference in 
chemical properties between two atoms, say hydrogen and oxygen, can never 
be satisfyingly relegated to a simple difference in weight. Wherein does the 
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difference in weight he? What factors determine the weight difference? 
Furthermore, a number of physical and chemical properties of elementary sub¬ 
stances cannot be explained upon any basis of weight variation of ultimate 
indivisible particles. The varying valence of the different elements and also 
the varying valences of a single element remain entirely unexplained on the basis 
of the simple atomic theory. The spectral differences among the elements are 
likewise unexplainable. As has already been emphasized, the similarity and 
periodicity of properties, both physical and chemical, is the strongest possible 
evidence that like elements must possess similarities of architecture not en¬ 
visaged by a theory of indivisible atoms. The inadequacies of the periodic 
system of classification are further sign posts indicating the need for further 
exploration of the composition of the individual atoms. Dalton had a glimpse 
from whence progress might come, for in his address to the Royal Society, 
upon receiving the Royal Medal he stated: 

“The causes of chemical change are as yet unknown, and the laws by which they are 
governed; but, in their connexion with electrical and magnetic phenomena there is a gleam 
of light pointing to a new dawn in science.” 

(11) The Electron: It is of interest to note that the development, of the 
concept of atomic structure commenced when the concept of atomic electricity 
received its first quantitative study. Faraday’s experiments on the conduc¬ 
tion of salt solutions are the first experiments indicative of discrete units of 
electricity. G. Johnstone Stoney in an address before the British Association 
in 1874, published in 1881, 1 definitely emphasizes this fact. 

“Nature presents us with a single definite quantity of electricity which is independent 
of the particular bodies acted on. To make this clear, I shall express Faraday’s Law in the 
following terms, which, as I shall show, will give it precision, viz.: For each chemical bond 
which is ruptured within an electrolyte a certain quantity of electricity traverses the electro¬ 
lyte which is the same in all cases.” 

Helmholtz in the Faraday lecture at the Royal Institution in 1881 emphasized 
the same point of view: 

“Now the most startling result of Faraday’s Law is perhaps this, if we accept the hypoth¬ 
esis that the elementary substances are composed of atoms, we cannot avoid concluding 
that electricity also, positive as well as negative, is divided into definite elementary portions 
which behave like atoms of electricity.” 

G. Johnstone Stoney, 1891, gave to the ‘natural unit of electricity/ thus defined 
in reference to Faraday’s Law, the name ‘electron.’ Faraday’s Law, however, 
was not sufficient to establish the atomistic concept of electricity. It applied 
only to solutions of electrolytes. Metallic conduction was still discussed in 
terms of ‘ether strains’ and ‘continuous homogeneous fluids.’ The proof of 
atomic electricity did not come until the mechanism of gaseous conduction had 
been studied and the properties of gases acted upon by X-radiation and radio¬ 
active materials had become familiar. 


1 Phil . Mag ., 11, 384 (1881). 
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The experiments of J. J. Thomson and his collaborators at the Cavendish 
Laboratory, Cambridge, England, supplied the original information in this 
field. Gases treated with X-rays were found to be conducting. The conduc¬ 
tivity thus induced in a gas was caused by an agency which could be removed 
by filtration through glass wool, by passage of the gas through metal tubes 
or between plates maintained at a sufficiently large potential difference. The 
conductivity was therefore due to electrically charged particles. More de¬ 
tailed knowledge of the nature of the charged particles was obtained by a 
study of the conduction of electricity through gases at low partial pressures. 
When currents at high potentials are discharged through gases at pressures of 
about 0.01 mm. or lower, charged particles or corpuscles are shot off from the 
cathode. These particles, first investigated by Sir Wm. Crookes, and called 
by him the ‘fourth state of matter,’ have properties the study of which led 
eventually to an appreciation of their importance in atomic structure. The 
cathode particles were shown to have the following properties: 

(1) They travel in straight lines normal to the cathode and cast shadows of opaque 
objects placed in their path. 

(2) They are capable of producing mechanical motion. 

(3) They produce phosphorescence in many objects exposed to their action, e.g., blue 
phosphorescence in lead glasses. 

(4) They produce a rise in temperature in objects which they strike. 

(5) They may be deflected, by electromagnetic and electrostatic fields, from their normal 
rectilinear paths. 

(6) The charge carried by the particles is negative' since they electrify negatively insu¬ 
lated metallic electrodes upon which they fall. 

(7) They may penetrate thin sheets of metal, the stopping power of the metal varying 
directly with the thickness of the metal and with its density. 

(8) They act as nuclei for the condensation of supersaturated vapors. The fogs thus 
formed are useful as a means of rendering the particles visible. 

(0) The particles were identical in nature and in the ratio of charge to mass of the par¬ 
ticles, irrespective of the nature of the residual gas in the discharge tube or of the metals used in 
the electrodes. 

(12) The Velocity of the Cathode Particle: The velocity of the particle can 
be determined by measuring the displacement effected by known electrostatic 
and electromagnetic fields on a fine pencil of cathode particles. Such a pencil 
of particles impinging on a phosphorescent screen may be located by the phos¬ 
phorescent spot produced. If a strong magnetic field H be applied to such a 
pencil of rays they will be deflected from their rectilinear path. The force 
exerted by the field H on a particle carrying a charge e, moving with a velocity 
v , will be Hw. At equilibrium, this force will be equal to the centrifugal force 
of the moving particle acting.outwardsalong its radius of curvature, r . There¬ 
fore, if the mass of the particle be m, the following relation holds 

_ mv 2 

Hev = — * (12.1) 

r 

Since H and r are both measurable it follows that the ratio mvje — Hr can be 
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determined. Now, by superposing on the pencil of cathode particles thus 
magnetically deflected a suitable electrostatic field X , the pencil may be 
restored to its original rectilinear path. In such case, by equating the elec¬ 
trostatic and electromagnetic forces involved, there follows 

Xe * Hcv , (12.2) 

whence v may be determined from the known values of X and H. Hence also 
the ratio e/m may be obtained. 

By removing the electromagnetic field, a further check upon the value of 
dm may be obtained. The electrostatic field deflects the corpuscles from their 
normal rectilinear path. The downward acceleration (= force/mass) produced 
by the action of the electrostatic field is Xe/m. The distance through which 
the particle will fall in time t is 



Xet 2 
m 


(12.3) 


Now t = l/v where l is the distance travelled by a particle of velocity v. Hence, 
the vertical displacement, d, as revealed by the change in position of the phos¬ 
phorescent spot is given by 


1 i! 

2 m v 2 


(12.4) 


Since d and l may be measured, A r is known and v deduced as indicated above, 
it is possible to calculate e/m from the equation 


e 2d v 2 

m = X ' P * 


(12.5) 


By these methods Thomson was able to show that the ratio e/m was con¬ 
stant for all cathode rays, irrespective of the nature of the electrodes or the 
nature of the residual gas in the discharge tube for all velocities of travel not 
approaching the velocity of light. The average value of v was found to be 
2.8 X 10 9 cm. per second. The value of e/m in such discharge tubes was 
approximately 1.79 X 10 7 electromagnetic units (e.m.u.). This may be com¬ 
pared with the ratio of e/m for a hydrogen ion. It was known that the charge 
carried by such an ion is about 4.8 X 10~ 10 electrostatic unit (e.s.u.). The 
mass of a hydrogen ion is 1.64 X 10~ 24 gram. Hence in electromagnetic units, 
the charge e/m for a hydrogen ion is 

4.8 X 10~ 10 

1764 xTo 1 ’ 4 X 3 X10 ln = 0,97 X10< electromagnetic umts - 


For the cathode particle therefore the ratio e/m is approximately 


1.79 X 10 7 
0.97 X IQ 4 


= 1845 times 
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greater than that for the hydrogen ion. It is apparent that one of several 
factors may account for this: (1) either the charge on the particle is some 1845 
times greater than that on the hydrogen ion, the masses being identical, or (2) 
the mass of the particle may be 1/1845 of the mass of the hydrogen ion and the 
charges identical or (3) the cathode particle may differ in both charge and mass 
from that of the hydrogen ion. It will now be shown that the charge of the 
cathode particle is identical with that of the hydrogen ion and that, therefore, 
the mass of the cathode particle is approximately 1/1845 of the hydrogen ion. 

(13) The Charge Carried by a Cathode Particle: The earliest efforts to 
determine the charge, e , were made by Townsend, 1 J. J. Thomson 2 and H. A. 
Wilson. 3 Townsend and Thomson determined the total charge carried by a 
cloud formed around ions suitably produced, the total weight of the cloud and 
the average weight of the component water droplets by observation of their 
rate of fall under gravity, the mean radius being computed by application of 
Stokes’s Law 



gr 2 d 

» 

V 


(13.1) 


where v is the velocity of fall of a drop of water of radius r and density d , falling 
through a gas of viscosity rj under the acceleration of gravity, g. 

H. A. Wilson studied the rate of fall of the cloud under gravity alone and 
also under the combined action of gravity and an electrostatic field. The ratio 
of the velocities, v\ and y 2 , under gravity alone and with the combined action of 
gravity and an electrostatic field X is given by the equation 


Vi __ mg 
v 2 mg + Xc 


(13.2) 


Combining this with (13.1) for Vi, and eliminating m by the equation m = HirEd, 
Wilson obtained the expression 



This yielded for e a mean value of 3.1 X 10~ 10 e.s.u. The deviations were 
considerable, the extreme values being 2.0 X 10~ 10 and 4.4 X 10~ 10 e.s.u. 
Wilson’s method eliminated the assumption as to the equality of the number of 
droplets and the number of ions. It involved the assumption, however, that 
successive cloud formations gave equally sized droplets, an assumption which 
later work by Millikan could not be found to sustain with any certainty. 

Millikan’s first work with Begeman was essentially a repetition of the H. A. Wilson 
method using radium as the ionizing agent and a 4000 volt storage battery to charge the 


» Proc. Camb. Phil. Soc ., 9, 244 (1897). 
*Phil . Mag., 46 , 628 (189f). 

* Ibid., 5, 429 (1903). 



16 


A TREATISE ON PHYSICAL CHEMISTRY 


plates. The results were more consistent than Wilson’s and gave as the mean of the obser¬ 
vations, varying between 3.(50 X 10~ 10 and 4.37 X 10~ 10 , a value e — 4.00 X 10“ 10 e.s.u. 1 

Millikan's 1 Balanced-drop' Method : 2 This represents a distinct advance 
on the II. A. Wilson method. To eliminate errors due to evaporation, Millikan 
planned to use a sufficiently strong field, to balance exactly the force of gravity 
on the droplets and thus maintain the top surface of the cloud stationary. 
Without attaining this object, he succeeded in the more important task of 
studying the behavior of individual droplets . Pie found they could be held 
suspended in the field from 30 to GO seconds; that they carried multiple charges 
varying between 2c and 6c. These charges were all exact multiples and there¬ 
fore reveal positively the unitary nature of electricity. The ionized cloud 
after formation between the plates was subjected to a given potential gradient. 
This removes all of the cloud particles with the exception of those which have 
the right ratio of charge to mass to be held in suspension in the field. Ob¬ 
servations on these droplets were made with a telescope in the eyepiece of 
which three equally spaced cross hairs were placed. A small section of the 
space between the plates was illuminated by a narrow beam of light suitably 
freed from its heat rays by three water cells in series. The cross hairs were set 
near the lower plate and as soon as a stationary drop was found somewhere 
above the upper cross hair it was watched for a few seconds to make sure that 
it was not moving. The field was then thrown off and the plates shortcircuited. 
The drop was then timed in its fall by means of a stop-watch as it passed across 
the three cross hairs. It will be seen that this method furnishes a check upon 
evaporation; for, if the drop is stationary at first it is not evaporating suffi¬ 
ciently to influence the readings; if it begins to evaporate before the readings 
are completed, the time required to pass through the second space should be 
greater than that required to pass through the first space. In general this was 
not the case. 

The preceding equation (13.3) of the Wilson method, applied to the balanced 
droplet, assumes the form 


e = 3.422 X 10~ 9 (n,)*' 1 . (13.4) 

A 

In this case, the electrostatic field X is so opposed to gravity that v 2 — 0. 
The constant 3.422 X 10“ 10 was chosen by Millikan as most accurately rep¬ 
resenting the terms in the Wilson equation involving the viscosity of the me¬ 
dium and the density of the droplets. From these determinations, Millikan 
deduced the value e = 4.65 X 10~ 10 e.s.u., with extreme values of 4,87 X 10~ 10 
and 4.56 X 10~ 10 e.s.u. 

Millikan’s Oil Drop Method : 3 This later method of Millikan’s represents 
the most accurate method of determination of the unitary quantity of electric- 

1 Phys. Rev., 26, 198 (1908). 

2 Phil. Mag., 19, 209 (1910). * 

*Phya, Rev,, 2, 143 (1913). 
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ity disclosed by the previously mentioned investigation. A diagram of this 
apparatus is appended. The droplets investigated were introduced into the 
chamber D by means of the atomizer A in the form of a finely divided spray. 
Eventually one of these droplets finds its way through the aperture, p, into 



the space between the condenser plates, M and N. The hole p is then closed 
and the air between the plates ionized by a source of X-rays, A". Illumination 
is secured from the arc lamp, a, the heat rays being removed in filters w and d. 
The motion of the illuminated droplet is observed through a microscope fitted 
with an engraved scale. By collision with ions of the air the droplet acquires 
an electric charge, and then moves between plates M and N in a direction 
governed by the sign of the acquired charge and with a speed indicative of the 
sign of the charge carried. By reversal of the sign of the charge on M and N 
the direction of motion of the droplet can be reversed. In this way the droplet 
could be kept travelling back and forth between the plates. As a mean of 17 
determinations of the times which the droplet required to fall between two 
fixed cross hairs in the observing telescope, whose distance apart corresponded 
to a distance of fall of 0.5222 cm., a value of 13.595 seconds with a maximum 
deviation of db 0.2 sec. was obtained. When rising under the influence of an 
electric field produced by applying a potential difference of 5051 volts, the 
successive times required varied in the following way: 12.5, 12.4, 21.8, 34.8, 
84.5, 84.5, 85.5, 34/6, 34.8, 16.0, 34.8, 34.6, 21.9 seconds. It will be seen that, 
after the second trip up, the time changed from 12.4 to 21.8, indicating, since 
in this case the drop was positive, that a negative ion had been caught from 
the air. On the next trip another negative ion had been caught. The next 
time, 84.5, indicates the capture of still another negative ion. From the 
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equation 


vi _ rn d g 
Vi Xe — m d g 


or 


G ^ Xvi V 2 ' 


(13.5) 


where is the mass of the droplet, it follows that the change in velocity 
produced by the acquiring of an extra charge can be given by eliminating m d 
and solving the equations thus: 


(a) t — 34.8 secs, against gravity i>\ 

• (b) t = 84.5 secs, against gravity 
The time difference between (a) and (b) is 


+ 1 ) 2=1 

( 0.5222 

i 

0.5222 

V 13.595 

”T 

34.8 

+ Vi = I 

( 0.5222 

l 

0.5222 

l 13.595 

T" 

84.5 




0.00891 cm. per second. 


In this manner it was shown that successive captures of an ion effected changes 
in the velocity of rise against gravity respectively equal to 0.008912, 0.008911, 
0.008903, 0.008883 and 0.008931 cm. per second, all of which are within J£th of 
1 per cent of the mean value of 0.00891 cm. per second. This therefore repre¬ 
sents the change in the sum of the speeds v L and v 2 caused by the capture of 
one ion. Relationships of this sort were found to hold absolutely without 
exception, no matter in what gas the droplets had been suspended or what sort 
of droplets were used upon which to catch the ions. Experiments were con¬ 
ducted over five or six hours, hundreds of ions per droplet were caught and 
recorded by the change of speed. Here then is direct proof that the electrical 
charges found on ions all have exactly the same value or else small exact 
multiples of that value. This is the most conclusive proof of the i atomic’ 
structure of electricity. 

From the preceding equation, with the data obtained in this study of the 
behavior of the oil droplets, accurate values for the ratio elm d could be de¬ 
duced. To obtain the magnitude of the unit charge e it was necessary however 
to determine the mass of the droplet. For this purpose Stokes’s Law could be 
employed to determine the radius and therefore the volume and mass of the 
droplet. To attain in these calculations the same high degree of precision 
which was obtained in the velocity determinations just recorded, Millikan 
found it necessary to make an investigation into the limitations of Stokes’s 
Law with variation in the medium and with variation in the droplet size. On. 
completion of this study, which revealed the necessity of correcting Stokes’s 
Law for inhomogeneities in the medium—a correction which was finally made 
as an empirical function of the ratio of the mean free path of the gas molecules 
of the medium, l, to the radius of the droplet r —Millikan derived a corrected 
form of the Stokes equation from which the radius of the droplet was de- 
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termined, 

2 gr 2 ( l\ 

+ a™) 

in which d<j is the density of the drop, d m that of the medium, A an empirical 
constant, the other terms having the same significance as given previously. 
In this manner, the magnitude of e was finally obtained with a degree of pre¬ 
cision embodied in the following expression: e = (4.774 zb 0.005) X 10~ 10 . 

Subsequent research has revealed that this determination of e does not 
possess the accuracy indicated. The principal source of error appears to lie 
in the value assumed for the viscosity of air in which the droplets moved. 
Millikan employed a value, due to Harrington, 1 of (1822.6 zb 1.3) X 10~ 7 e.g.s. 
unit. Four recent viscosity determinations indicate a value slightly over one 
half per cent higher. The weighted mean of these determinations, according 
to Dunnington, 2 gives a value of (1832.5 zb 1.5) X 10~ 7 e.g.s. unit. With this 
4 high* viscosity value Dunnington deduces from Millikan’s data a value for 
the charge, e — (4.8059 zb 0.0052) X 10~ 10 e.s.u. More recent data of Biick- 
lin and Flembcrg give a lower value of (4.7941 zb 0.0089) X 10“ 10 e.s.u. and 
data of Ishida, Fukushima and Suetsugu give the abnormally high value of 
(4.8453 zb 0.0043) X 10" 10 e.s.u. Because of some uncertainty in the volt^e 
calibration of this latter value, Dunnington does not include this in arriving 
at a weighted mean value of 

e = (4.8036 zb 0.0048) X 10~ 10 e.s.u. 
from oil-drop determinations. 

(14) Electron Charge from Other Measurements: It is now believed that 
the elementary charge e on the electron is more accurately determined by other 
measurements than by the oil-drop method. Actually a number of different 
methods have been employed to give values for the three constants, the electron 
charge e, the specific charge of the electron e/m and the ratio of Planck’s 
constant, h (see Chap. II), to the electron charge, e. These interlocking deter¬ 
minations have, however, revealed a discrepancy between the three constants 
that, thus far, has not been resolved. An analysis of the data and of the 
discrepancy has been given in the paper of Dunnington cited above. 

The value of the electron charge e obtained from measurements with X-rays 
and a ruled grating enjoys a high degree of confidence. The value is obtained 
thus: the wave length of a characteristic X-radiation is measured by use of a 
ruled grating. 3 The X-radiation is then employed for the determination with 
the aid of the Bragg equation of the grating spaces of crystals, particularly 
calcite, which can be obtained in a pure state and geometrically perfect (du- 

1 E. L. Harrington, Phys. Rev., 8, 738 (1916). 

2 F. G. Dunnington, Rev. Mod. Phys., 11, 65 (1939). 

8 A. H. Compton and R. L. Doan, Phys. Rev., 27, 104 (1926); J. W. duMond and V. L. 
Bollman, ibid., 50 , 524 (1936); 54 , 1005 (1938). 
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Mond and Bollman, 1938). The technique of the determination is outlined 
by these authors as follows: 

The usual procedure in determining the electronic charge c from the con¬ 
cordant ruled grating measurements of the X-ray wave lengths involves a 
measurement of the diffraction angle d in Bragg reflection from a crystal surface 
and a computation of the interplanar spacing d of the crystal lattice in absolute 
units by means of the familiar formula (see Vol. II), with refractive index 
correction of Siegbahn, 

n\ = 2d sin <9(1 - 5/sin 2 *0). (14.1) 

By such methods the absolute dimensions of the crystal lattice may be deter¬ 
mined. If, as in the case of calcite, the lattice is not cubic, the absolute volume 
of the unit cell may be determined either (1) by combining the value of d with 
X-ray or optical goniornetric measurements on a macroscopic crystal to estab¬ 
lish the characteristic angle of the rhombohedron or (2) X-ray determinations 
of the interplanar spacing may be made for several Miller indices, two being 
theoretically sufficient to establish the necessary angular relationships. The 
first-mentioned procedure is by far the most common. The absolute volume 
of the unit cell for calcite, generally expressed as 8 d A 4>(fi) y is then combined with 
admeasurement of the macroscopic density p of the crystal employed and by 
means of the formula 

d = (Me) 1/3 [2Fp<K/3)]“ l/3 or e = 2 M~\ (14.2) 

the value of e is computed. The molecular weight of the calcite is M and F 
is the Faraday constant. Dunnington’s recent evaluation of all these factors 
gives a value of e = (4.8025 zb 0.0004) X 10 10 e.s.u. 

The specific electron charge, e/m, is determined from so-called free electron 
and spectroscopic determinations. In the latter the constant is deduced from 
the fine structure analyses of hydrogen-like pairs such as of ’H — Ile^ and 
*11 — 2 H or from the Zeeman effect. The free electron measurements include 
determinations of linear acceleration, magnetic deflection, crossed fields and 
X-ray refraction. Both sets of determinations now approach concordance 
with each other and give as a weighted mean of 10 different sets of observations 
e/m = (1.7591 db 0.0002) X 10 7 e.m.u. By substituting this value in the 
Rydberg equation R x = 109737.42 = 2t 2 e A mlh*c (see Chap. II) and taking the 
value of Planck’s constant as h — 6.610 X 10“ 27 erg sec., the derived value for 
e becomes (4.7963 ± 0.0002) X 10~ 10 e.s.u,, significantly lower than the 
preceding. 

From a determination of the minimum voltage V at which electrons are 
able to produce X-rays which can pass through a spectrometer, that is, from 
the limit of the continuous X-ray spectrum, the value of h/e can be deduced. 
The wave length X of the X-radiation is measured with a ruled grating and 
the determination of h/e follows immediately from the relation hc/\ = Ve. 
Dunnington’s analysis of the best data gives a weighted average of h/e = 
(1.3763 db 0.0003) X 10~ 17 e.s.u. Combination of this with the same value 
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(18) The Size of the Electron: It can be shown in a number of ways that 
the energy of an electron is given approximately by the expression c 2 /r where r 
is the radius of the electron of charge e. By the special theory of relativity, 
this energy is related to the mass by the approximation 

e 2 jr ~ me 2 , 

so that the radius of the electron, at least as to order of magnitude, is given by 
the expression r — et/mc 2 which with the data of preceding sections is ap¬ 
proximately 2.8 X 10“ 13 cm. It is important to note that this is an entirely 
lower order of magnitude than the atomic radius which, as will be shown (Vol. 
II), approximates to 10~ 8 cm. 

(19) The Wave Theory of the Electron and of Matter: The atomistic con¬ 
cept of matter and also of electricity as developed in the study of the electron 
contrasted with the undulatory theory of heat and light energy which was the 
basis of nineteenth century physics. The early years of the present century 
brought, however, a revolutionary change in the concept of energy. Energy 
as a continuum was found by Planck in 1900 to be inadequate to account for 
the facts of black-body radiation. He therefore proposed his hypothesis of 
discontinuous emission of radiation. In 1902, the investigation of the photo¬ 
electric effect by Lenard led to the astonishing result that electrons, liberated 
from metal plates by ultra-violet light, had velocities which were independent 
of the intensity of the light, but dependent on the frequency of the light, in¬ 
creasing in velocity with increase of the frequency. If the electronic velocities 
were measured by the potential V required to prevent all the liberated electrons 
from leaving the illuminated plate it was found that V varied linearly with the 
frequency of the light 

V - Cv — Vo, (19.1) 

where C is a positive constant independent of the metal and the same for all 
metals, V 0 is a constant characteristic of the metal. If equation (19.1) be 
multiplied be e, the electronic charge, and rearranged it follows that 

e(V + Vo) « Cev. (19.2) 

Since eV is an energy quantity, being the kinetic energy of the electrons leaving 
the plate with the highest velocity, it follows that the product Cev must also 
have the dimensions of energy. The frequency v has the dimensions of re¬ 
ciprocal time. Hence, Ce must have the dimensions of a product of energy and 
time, that is the dimensions of what is known in mechanics as action . As C 
is a universal constant and e also, the product Ce must also be a universal 
constant. If we assign to it the symbol h, the measurements of the photo¬ 
electric effect show it to have the magnitude 

h ~ 6.62 X 10 -27 erg sec. 

The product hv represents a quantum of energy, the smallest unit of energy of 
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the given frequency involved in energy change upon the Planck hypothesis. 
The relationship between the electronic velocities and the frequency of the 
radiation may be expressed by means of the equation, 


limn 1 = Vc — hv — hv 0 . (19.3) 

The quantity hv measures the energy absorbed by the electron from the radi- 
tion; hv 0 ~ eVo is the work necessary to get the electron through the surface. 
The potential difference V 0 is known as the 'work function' for electrons 
passing through the surface. 

The concept of individual light quanta, each with energy equal to the 
product of the frequency and the quantum of action, h, was definitely proposed 
by Einstein in 1905 and became the fundamental idea in all questions involving 
the interactions of light energy and matter. It provided the basis for the 
modern treatments of photochemistry, photoelectric and spectroscopic studies 
including fluorescence and chemiluminescence, and for the Bohr theory of 
spectra and the structure of the atom. The extraordinary development which 
this phase of atomisties has undergone is set forth in detail in Chapter II. 

Progress in the quantum theory of energy made familiar the concept of 
units of energy, light quanta or photons, with the atomistic, discontinuous, 
discrete structure hitherto characteristic of matter. The reversal of this mode 
of thought, the concept of material particles with the wave nature of light was 
proposed in 1924 by Louis de Broglie. It led to the wave mechanics of 
Schrodinger and to the quantum mechanics of Heisenberg, two apparently 
different but, in reality, complementary aspects of a general wave theory of 
matter. This theory assigns to each material particle a wave of characteristic 
wave length bearing the same relation to its mass and velocity as was found 
by. quantum theory for the photons. The relation may be expressed in the 
equation 

X == h/mv, (19.4) 

where X is the wave length of the particle with mass m and velocity v, h being 
again Planck's constant. 

It is of interest to point out the significance of this equation when applied 
to the electron. From the data already considered, for the electron him has 
the value 7.27. For electrons having velocities in the range 10 7 to 10 9 cm. 
per sec., the de Broglie equation indicates that such electrons should have 
wave lengths of the same order of magnitude as X-rays. Herein lay the 
possibility of experimental test using the same methods of measurement as are 
employed with X-rays using crystals (Vol. II). 

Such a test was applied successfully by Davisson and Germer in 1927. 
They showed that a stream of electrons emitted from a hot filament was selec¬ 
tively reflected from a single crystal of nickel in a manner entirely analogous 
to the reflection of X-rays. The intensity of the reflection in a given direction 
was governed, as with X-rays, by the lattice structure of the crystal. G. P. 
Thomson, independently and in the same year, provided additional evidence 
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for the wave nature of the election by passing a stream of accelerated electrons, 
at potentials from 20,000 to 50,000 volts through thin films of metal, and de¬ 
termining the diffraction patterns produced by the action of the diffracted 
electrons on a photographic plate. The radius of the diffraction ring r pro¬ 
duced was found to be proportional to the wave length X of the electrons dif¬ 
fracted, the applied voltage determining the velocity and, hence, the wave 
length of the electron according to the de Broglie equation. 

With these experiments the corpuscular and undulatory aspects of both 
matter and energy became apparent. Later experiments, notably those of 
Stern, 1 extended the wave structure of matter to particles of atomic dimensions 
by showing that hydrogen and helium could be made to produce diffraction 
patterns. The particulate and wave aspects of matter emphasize the energy, 
momentum or speed of the unit on the one hand or the determination of position 
in time on the other. These aspects of matter are to a degree mutually ex¬ 
clusive as expressed in the uncertainty principle enunciated by Heisenberg 
(1927). This principle which now forms one of the fundamental bases of 
modern physics in its dualistic approach to matter and energy emphasizes 
that the simultaneous determination of velocity (or its related properties of 
energy or momentum) and position is not possible. The degree of uncertainty 
is expressed by the equation 

Ax-Ap « h , (19.5) 

where h is Planck’s constant, Ax is the uncertainty in the determination of the 
position and A p the uncertainty in the measurement of the momentum p = mv. 
(treat precision in the determination of this latter produces a correspondingly 
larger uncertainty iri the definition of position and vice versa. The principle 
indicates that the wave and particle aspects of matter are complementary. 
In both physics and chemistry, depending upon the nature of the objective, 
one or other of the aspects of the material system will be emphasized to the 
subordination of the other. 

(20) The Inter-relation of Mass and Energy: The relativity expression for 
the mass of a particle in terms of its velocity m — m 0 /( 1 — v 2 /c 2 ) 112 involves as 
a consequence a direct relation between mass and energy. The increase in 
kinetic energy dE resulting when a force F acting on a body moves through 
a distance dx is equal to Fdx. If, for the force F, the rate of change of mo¬ 
mentum be substituted then 

dE = d(mv)ldt-dx. (20.1) 

Since the velocity v of the particle is dx/dt the expression takes the form 

dE = vdirnv) = v 2 dm + mvdv. (20.2) 

The relativity expression for velocity in the form m 2 (c 2 — v 2 ) — m 0 2 c 2 gives on 
differentiation 

(c 2 — v 2 )dm — mvdv — 0. 

1 1. Estermann, R. Frisch and O. Stern, Z. Phyaik , 73, 348 (1932). 


(20.3) 
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From this expression it follows, by combination with (20.2), that 

dE = cHm. (20.4) 

This relation may be extended to all forms of energy such that, quite generally, 

E - mc\ (20.5) 

where c is the velocity of light in cm./sec., energy being expressed in ergs and 
mass in grams. This is the generalized law which governs all mass-energy 
relations. 

The law of conservation of mass was formulated by Lavoisier upon the 
basis of his own experimental measurements. It received its most critical 
experimental test when applied to ordinary chemical processes in the closing 
decade of the 19th century and the first decade of the present century at the 
hands of Landolt. 1 He determined the masses of various reacting systems 
before and after reaction in closed glass vessels. The masses of reagent ap¬ 
proximated 300 g. and could be weighed to an accuracy of several thousandths 
of a milligram. The greatest precautions were necessary to eliminate errors 
due to changes in absorbed moisture, in the volume and temperature of the 
reaction system. The reactions studied were metatheses as, for example, 
HI0 3 + 5III = 31 2 + 3H 2 0, the majority in aqueous solutions. Of approxi¬ 
mately fifty different experiments approximately one half showed a slight gain, 
the others a slight loss, all the differences lying, however, within the limits of 
error of db 0.03 mg. This signifies that, in such chemical processes, the law of 
conservation of mass holds to within an error of 1 part in 10 7 . 

According to the mass-energy relationship just established, E — me 2 , for 
a reaction involving the evolution of 10 4 calories per mole, the system should 
suffer a loss in mass of 10 4 X 4.2 X 10 7 /9 X 10 20 = ca. 0.5 X 10" 9 g. per mole. 
It is thus evident that, for a system of mean molecular weight of 100 g., the 
occurrence of a chemical reaction involving 10 keal. per mole is constant in 
weight to within 1 part in 5 X 10 10 . The Landolt experiments attained a 
precision some 1000 times less than would have been necessary to detect such 
changes in mass. It is further evident, however, that, in the nuclear reactions 
now attainable and involving energy changes corresponding to millions of 
electron-volts (M.e.v.), changes in mass, readily detectable by modern precision 
measurements, will occur. These changes are related to the energy changes 
by the Einstein relation which becomes therefore the basis for a comprehensive 
principle of conservation, that of energy and mass, regarded as equivalent one 
to another, and related by the expression E = me 2 . 

(21) The Positron or Positive Electron: The unit of negative electricity 
suggests at once the possible existence of a corresponding unit of positive 
electricity. Search for such originally only yielded evidence for massive 
positively charged particles, the positive ions, of which the lightest was the 

* H. Landolt, Berl. Ber ., 301 (1893); 266 (1906) ; 354 (1908); also, ttber 4ie Erhaltung der 
Masse bei chemischen Umsetzungen, Abh. K. Preuss. Akad. d. Wissensch., 1910. 
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hydrogen ion or proton. The search for units of positive electricity correspond¬ 
ing to the electron was stimulated by the relativistic wave theory formulated 
by Dirac in 1928. In 1932, through the experiments of Anderson, this search 
was brought to a successful conclusion. It was known that cosmic rays pro¬ 
duced high velocity electrons upon impact with matter. In studying the 
properties of these electrons in a Wilson cloud chamber, arranged between the 
poles of a powerful electromagnet, and containing a lead plate 6 mm. in thick¬ 
ness in the center of the chamber, Anderson 1 observed, in one of the cloud 
photographs, that the particle producing the track must have carried a positive 
charge. The curvature of the track being less above the lead plate than below, 
it was evident that the particle travelled upwards in making the track. The 
direction of the curvature with a known disposition of the poles of the magnetic 
field established the positive charge of the particle. The length of the track 
after leaving the lead plate indicated decisively that the particle could not be 
a proton; since the length was ten times as great as the length of a proton track 
of the given curvature. This definitely suggested a positively charged particle 
of much smaller mass than the proton, the thickness of the track suggesting a 
particle of mass approximately that of the electron. It was, in fact, a 63 
million volt positron. Anderson’s observations were rapidly confirmed by 
Blackett and Occhialini 2 in a vertical cloud chamber in a magnetic field and 
in which the cosmic rays operated, through a relay, the expansion mechanism 
and the photographic mechanism recording the track produced. 

Other methods of producing the positron and the detailed account of its 
properties will be discussed in the later sections dealing with nuclear processes. 
It will suffice here to observe that the positron, in contrast to the electron, is 
very short-lived. Within a period of the order of 5 X 10~ 10 sec. it will have 
lost the greater part of its kinetic energy and is then annihilated by interaction 
with an electron with the simultaneous production, to conserve momentum, of 
two X-ray photons whose joint energy, from the considerations advanced in 
Section (20) must be approximately 1 M.e.v. Experiments of Chao 3 and of Gray 
and Tarrant 4 demonstrated the existence of a secondary isotropic radiation 
with an energy of about 0.5 M.e.v. 

(22) The Investigation of Atomic Architecture: The methods employed for 
exploring the architecture of the atom consist in determining the influence of 
the atomic constituents of a molecule on various impinging radiations. Lenard 
and his co-workers examined the scattering of beams of electrons by atoms. 
It was found that swift electrons (cathode particles) encountered little resistance 
in their passage through atoms which behaved as though they were largely 
transparent to such impinging particles. Massive atoms with a radius of 
^ 10~ 8 cm. would be practically impenetrable to electrons. It was these 
experiments which suggested to Lenard a concept of an atom with a small 

i C. D. Anderson, Science , 76, 238 (1932); Phys. Rev., 43, 491 (1933). 

*P. M. S. Blackett and P. S. Occhialini, Proc. Roy. Soc., [A], 139, 699 (1933). 

* Chao, Proc. Nat. Acad. Sci., 16, 431 (1930); Phys. Rev., 36, 1619 (1930). 

4 Gray and Tarrant, Proc . Roy . Soc. } [A], 136, 662 (1932); 143, 681 (1934). 
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impenetrable center surrounded by a cloud of electrons, this latter offering but 
little resistance to the passage of swiftly moving electrons. 

The quantitative development of the concept of the nuclear atom is due to 
Rutherford who, in 1911, initiated experiments on the scattering of a-particles 
by atoms. Owing to their great mass relative to the electrons, a-particles are 
uninfluenced by the electrons with which they come in contact. They are, 
however, stopped or deflected by the more massive positive nuclei of the atoms 
through which they pass. 

Proof of the minuteness of the atomic nuclei is obtained by a study of the 
tracks of the a-particles and /3-particles or electrons through gases. Photo¬ 
graphs of such tracks arc obtainable since the gas through which the particles 
pass is ionized and the ions may be rendered visible by the condensation of 
water vapor upon them. This is the technique of the Wilson 1 cloud chamber. 
Study of photographs so obtained shows that a /3-particle may pass through 
as many as 10,000 atoms before it comes near enough to an electronic con¬ 
stituent of any of the atoms to detach it from its system and form an ion, a 
circumstance indicative of the relative freedom of the atomic space from such 
electronic constituents. The cloud photographs reveal, on the other hand, 
that, on the average, an a-particle passes through 200,000 atoms without ap¬ 
proaching near enough to the nucleus to suffer appreciable deflection. This 
leads to the conclusion that the positive nucleus is but a minute fraction of the 
total atomic volume. 

(23) The Nuclear Charge: The number of free positive charges on the 
nuclei of atoms were defined by studies of Rutherford and his co-workers on the 
scattering of a-particles in passing through various metal foils. The effective 
deflecting force causing the scattering of an a-particle of charge 2c by a massive 
atom of charge Ze is the coulomb force 2 Ze 2 /r 2 where r is the distance separating 
the nuclei. The orbit of the a-particle is therefore a hyperbola with the nu¬ 
cleus, of charge Ze, as the focus. According to Rutherford, with an incident 
ray containing one a-particle per sq. cm., the number of particles, n(<#>), per 
unit solid angle which suffer a deflection cj> is given by the expression: 

( m V / c 2 V 1 

n(<*>) = ( M ) ( mr 2 J {v j c y sin 4 (<W 2 ) ’ (23-1) 

where m and M are the masses of the electron and the a-particle and v is the 
velocity of the a-particle at great distance from the nucleus, when its energy 
is entirely kinetic. 

The distribution of the scattered a-particles is determined by projecting a 
stream of a-particles normally to a thin metal foil and counting scintillations 
produced on a fluorescent screen located at various positions on a circular arc 
centered at the scattering foil. For scattering in gases, the distribution is 
determined by photographing, simultaneously from two directions, a large 

i C. T. 11. Wilson, Proc. Camb. Phil. Soc. t 9, 333 (1897); Phil. Mag., 7, 681 (1904), 
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number of tracks made visible by the cloud-chamber expansion method, measur¬ 
ing the angles of deflection produced. The original measurements of Ruther¬ 
ford 1 in 1911 and the subsequent determinations of Geiger and Marsden 2 in 
1913 showed that the distribution function had the form deduced theoretically. 
They employed indirect methods for determining the number of a-particles 
falling per unit of time on the metal foil. The uncertainty thus introduced 
caused an uncertainty in the determination of Z for gold amounting to 20 
per cent. Chadwick 3 later extended the measurements to platinum, silver and 
copper foils using an indirect and more accurate method of measuring the 
number of a-particles in the primary stream. A known fraction of these were 
counted by scintillations produced upon the fluorescent screen in the path of 
the primary stream, the fraction in question being secured by rotating a disc 
with a narrow slit between source and screen. C. T. R. Wilson, using fast 
electrons, employed the cloud chamber method to determine the fraction 
scattered through 90° by air assuming the correctness of the distribution func¬ 
tion. P. M. S. Blackett 4 subsequently confirmed this assumption using both 
argon and air, a conclusion independently verified for argon by Auger and 
Perrin. 6 

The conclusion initially reached in these scattering experiments was that 
the nuclear charge was approximately equal to one-half the atomic weight. 
This conclusion agreed with earlier work by Barkla f> ion the scattering of 
X-rays. This work indicated that, in each atom, the number of scattering 
centers, namely, the electrons, w r as approximately equal to one-half the atomic 
w r eight. As is now’ well known, the charge Z on the nucleus and the number 
of extra-nuclear electrons are equal and the number is know’ll as the atomic 
number. It is of interest to compare the results of the scattering experiments 
with the known data for the atomic numbers. These are shown in the follow¬ 
ing table: 


TABLE III 

Nuclear Oh a roes from Scattering Experiments 


Kliment. 

Atomic Number 

Z 

Investigator 

Pi 

78 

77.4 ±1 

Chadwick 

Ag 

47 

46.3 ±0.7 

“ 

Ou 

29 

29.3 ±0.5 

“ 

Au 

79 

79 ±2 

Rutherford and Chadwick 

A 

18 

19 

Auger and Perrin 

Air 

0, 7 

6.5 

O. T. R. Wilson 


i E. Rutherford. Phil. Mag .. 21, 669 (1911). 

2 II. Geiger and E. Marsderi, ibid., 25, 604 (1913). 

3 J. Chadwick, ibid., 40, 734 (1920). 

4 P. M. S. Blackett, Proc. Roy. Soc ., [A], 102, 1 (1922). 
6 P. Auger and P. Perrin, Compt. rend., 175, 340 (1922). 
« C. G. Barkla, Phil. Mag., 21 , 648 (1911). 
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In the work of Geiger and Marsden, experiments with Pt, Ag, Cu, A1 and 
Sn showed that the Z values were within 5 per cent of the accepted atomic 
numbers if the value of Z for gold was taken as 79. 

(24) The Atomic Number: The actual count, with precision, of the extra- 
nuclear electrons in elementary substances was accomplished by Moseley, 
1914. 1 The suggestion of Laue, 1912, that the regular spacing of atoms in a 
crystal could be utilized, on the principle of a grating, for the analysis of short 
wave-length ether waves, had been translated into actual practice by the 
Braggs, 2 an X-ray spectrometer devised and the wave lengths of various X-rays 
determined. Moseley, in 1914, utilizing a wide variety of elements as targets 
in the X-ray bulb, found that, in addition to general X-radiation which all 
emitted, each element emitted X-radiations characteristic of the given element. 
As the voltage over an X-ray tube is raised above a certain definite value, the 
anti-cathode is observed to emit an X-radiation which is characteristic of the 

t i M 
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Fig. 2. K, L, M , etc., Series 

Moseley carried out an investigation in 
of the lines in the K and L series for most of the elements. He found that the 
spectra of the different elements, beginning with that of aluminum, and ending 
with that of gold, could be arranged in the same order as in the periodic table, 
and that under these conditions the wave length of any one characteristic line 
of the K or L series decreased regularly with increase in the ordinal number of 
the element in the table. Furthermore, Moseley found that if he assigned to 
each element a number, Z, corresponding to its place in the periodic table 
(A1 = 13, Si = 14, etc., as far as Au = 79), there exists for each type of radia¬ 
tion a simple relation of the form 


material of the target and which is 
much more intense than the contin¬ 
uous radiation. For each element it 
is thus possible to obtain a series of 
monochromatic X-radiations. These 
rays as shown in Fig. 2 (which is a typ¬ 
ical spectrum) are classified according 
to their wave lengths into K, L } M , etc. 
which he measured the wave lengths 


Vv = a(Z - Z 0 ), (24.1) 

where v is the frequency, and a and Z 0 are constants. 

These measurements have been repeated and extended by de Broglie, 
A. W. Hull and M. Siegbahn. 3 Fig. 3 shows the K series for some of the 
elements between As and Rh as photographed by the latter. The dark line 
on the extreme left hand corresponds to a wave length zero. The first line in 
each spectrum is found on closer examination to consist of two lines very close 

1 Phil . Mag., 26, 1024 (1913); 27, 703 (1914). 

2 X-rays and Crystal Structure, 1915. 

8 M. Siegbahn has reviewed the observations on X-ray spectra and their relation to 
Moseley’s law in Jahrb, d. Rad. u. Elektronik, 13, 296 (1916). 
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together. These are known as the a 2 and ax lines of the K series. The darker 
lines to the right may also be separated into two lines, known as the and 
$2 lines of the K series. Now the significance of Moseley’s law is this: If we 
plot the square roots of the frequency, or (what amounts to the same thing) 
the values of Vl/X for any one of these lines, as ordinates against the ordinal 
number Z, we obtain a straight line for each of these characteristic radiations, 


33 As 


34 Se 


35 Br 


37 Rb 


38 Sr 


41 Nb 


45 Rh 


as shown in Fig. 4. The value of Z thus determined is known as the atomic 
number . 

The order of increasing frequency was that of the elements arranged in the 
order of their atomic weights with conspicuous and significant exceptions. A 
missing element in the periodic order gave a missing step in the increment of 
the square root of the frequency. In the whole series of elements ranging from 
hydrogen = 1 to uranium = 92, six such gaps were found indicating that six 
elements were still unknown in this interval. In 1923, Hevesy and Coster 
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Fig. 3. K Series for Elements As-Rh 
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discovered Hafnium, No. 72. In 1925 Noddack announced the discovery of 
Masurium No. 43, and Rhenium No. 75. This was followed by intensive 
study of this latter. In 1926, Hopkins indicated the possible presence of 
Illinium, No. 61, in association with other rare earth elements. Since then, 
through the contributions of workers in induced radioactivity (sec Section 57) 
the periodic system of the elements has been completed and the properties of 
the next higher element, No. 93, have been defined. Element No. 87, has been 
found by Mile. Percy 1 as a rare branching product in the natural radioactive 
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Fia. 4. Relation between Atomic Number and Frequency 


actinium family (Section 31). Perrier and Segr6 2 found No. 43, the masurium 
of Noddack, among the products of neutron and deuteron bombardment of 
molybdenum. Most of its characteristics resemble rhenium very closely and 
Noddack’s method of enriching rhenium should also have concentrated No. 43. 
The rare earth element, No. 61, has probably been produced by deuteron 
bombardment of neodymium but no chemical studies are available. 3 In 

1 Mile. Porey, Compt. rend., 208, 97 (1939). 

2 Porrier and Segrfc, Nature , 143, 4G0 (1939). 

3 Pool and Quill, Phys. Rev., 53, 437 (1938). 
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1940 the final missing element, No. 85, was prepared by alpha-particle bom¬ 
bardment of bismuth. 1 It is much more metallic than iodine but is accumu¬ 
lated, like iodine, in the thyroid gland. It is radioactive, with a half-life of 
7.5 hours and emits two ranges of a-particles, 0.5 and 4.5 cm. respectively. 
Element No. 93 is the only certainly known member of the trans-uranium series 
and arises from neutron bombardment of uranium, which also results however 
in nuclear fission (Section 63). 

Since the X-ray frequencies involved in Moseley’s investigations are prob¬ 
ably due to vibrations arising from electrons proximate to the nucleus, the 
additivity of the square root of the frequency, observed by Moseley, indicates 
or suggests that the charge on the nucleus in a given element differs from that 
of the nucleus of the preceding element in the periodic classification by a 
constant and definite charge. 

(25) Nuclear Constitution: The nucleus, according to the views just de¬ 
veloped, possesses a positive charge equal to the atomic number and equal and 
opposite to that of the extra-nuclear electrons whose number is therefore also 
determined by the atomic number. The mass of the atom, save for the minor 
amount associated with the extra-nuclear electrons, is also concentrated in the 
nucleus. If this nuclear mass were to be ascribed to constituent protons, the 
number of positively charged protons in a nucleus would be given by the atomic 
weight A of the atom. Since the atomic weight is greater than the atomic 
number or net nuclear charge Z, it was suggested that the nucleus might also 
contain electrons, A — Z in number. The stability of such systems was, 
however, regarded as extremely doubtful. 

Rutherford, in 1920, had suggested that, in addition to protons, particles 
might also exist having unit mass but no electric charge. To these possible 
particles he gave the name neutrons. With such particles, the characteristics 
of the nucleus as to charge and mass could be accounted for on the assumption 
that the nucleus contained Z protons and A — Z neutrons. With such a 
structure the stability of the nucleus would become more understandable. 
Indeed the possibility would exist of an increased stability due to a rapid, 
continuous resonating exchange of positive charge between proton and neutron. 
Experimental proof of the existence of such neutral primary particles was fur¬ 
nished in 1932, by J. Chadwick, as products of bombardment of light elements 
by a-particles. The details of their discovery, their methods of preparation 
and the properties of neutrons will be deferred to the discussion, later, of nuclear 
processes. As a preliminary to such a discussion, the phenomena of radio¬ 
activity must first be detailed. From such data, our present knowledge of 
nuclear constitution has been largely derived. 

(26) Radioactive Disintegration: The phenomenon of spontaneous disinte¬ 
gration in the radioactive substances discovered by Becquerel, Pierre and 
Marie Curie (1896-1898) is to be attributed, on the basis of the Rutherford 
nuclear atom, to an instability of the nucleus. Three types of radiations were 

. 1 Corson, Mackenzie and Segrfc, Phys . Rev., 57, 459 (1940); 58, 672 (1940). 
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rapidly recognized by reason of their behavior under the influence of a magnetic 
field, the a-particles carrying a positive charge, /3-particles having a negative 
charge and 7 -rays uninfluenced by the applied field. 

a-Particles: From deflection experiments, under the influence of known 
electrical and magnetic fields analogous to those employed in the case of cathode 
particles, it was shown that the value of e/m for the particles corresponds to 
that of a doubly ionized helium atom. That the particle was in fact such and 
not a singly charged particle of mass 2 was made probable by the observation 
of Rutherford, Ramsay and Soddy that radioactive substances develop helium. 
This was decisively demonstrated by the experiment of Rutherford and Royds 1 
who showed that a thin-walled glass vessel containing the radium emanation, 
and sufficiently thin to permit the passage of a-particles through the glass wall, 

yielded, when the surrounding 
volume had been evacuated, a 
gas easily recognizable as helium 
by spectroscopic observation. 

The deflection experiments 
also showed that the initial ve¬ 
locity of the emitted a-particles 
was a constant and characteris¬ 
tic of the element emitting. This 
velocity may be expressed in 
terms of the range of the a-par¬ 
ticles or the total distance it will 
traverse in a gas. This range 
is inversely proportional to the 
pressure; that is to say, the 
number of molecular encounters 
necessary to exhaust the kinetic 
energy of the particle is con¬ 
stant for a given gas. The re¬ 
ciprocal of the range is termed 
its stopping power, f In its passage through the gas the a-particle removes 
electrons from the gas molecules thus producing ionization. The distribu¬ 
tion of ionization along the path is not constant but varies in the manner 
indicated in Fig. 5 for an a-particle from RaC' with a range of 6.6 cm. in air 
at 0° and 760 mm. For a-particles with smaller initial velocities the path is 
the same, beginning at the corresponding point in the path. An empirical rela¬ 
tionship, found by Geiger, connects the range R 0 in air at 0 ° and 760 mm. 
with the initial velocity v of the a-particle: 

r 3 = 1.08 X 10 27 # 0 . 

The scintillations produced by a-particles on phosphorescent screens, for 
1 E. Rutherford and T. Royds, Phil. Mao„ 17, 281 (1909). 
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example of zinc sulfide, may be utilized to determine the number of a-particles 
emitted from a given source. The number of scintillations produced per unit 
of time on a known area of the screen, e.g., 1 mm. 2 , are counted with the aid 
of a microscope and, from the geometry of the source and screen, the number 
of particles emitted can be calculated. Another method, introduced by 
Rutherford and Geiger, and developed by the latter, measures the number of 
a-particles emitted, by the ionization produced in a chamber on entry of an 
a-particle, the ionization producing a break-down of potential between a me¬ 
tallic point within the chamber and the chamber wall. The apparatus has 
now become familiar in various forms as the ‘Geiger counter/ 

fi-Particles: These are swift electrons emitted by the nucleus with velocities 
in some cases approaching that of light. In the case <#f RaC some of the par¬ 
ticles have a velocity equal to 0.998c. Their electronic nature is readily 
established by deflection measurements of their velocity and of the ratio c/m. 
The number of particles emitted can be ascertained by Geiger counter measure¬ 
ments. Owing to their small mass, compared with a-particles, they have much 
less kinetic energy and consequently a smaller ionizing power. They are 
more easily deflected and their cloud-track in the Wilson chamber will therefore 
be more tortuous than that of the a-particle. A /3-particle of velocity 0.9c 
produces in air about 55 ions per centimeter of path or about >200 the ionization 
of an a-particle. 

The high velocity of /3-particles is unfavorable for loss of energy through 
ionization. Consequently /3-particles are more penetrating than a-particles 
and follow a different absorption law. They do not all complete a path of the 
same length but are successively stopped according to an exponential law, 
according to the equation 

/ = / 0 

in which / 0 is the initial intensity of / 3 -particles, I the intensity after passing 
through a thickness d in an absorbing medium with an absorption coefficient n. 
The half value layer do .5 is given by the expression n = ln2/d 0 .s = 0.693/do.s 
cm. -1 . The absorption coefficient is normally expressed in terms of aluminum 
foils as the absorption medium. The following table lists some typical co¬ 
efficients and half value thickness . 1 

TABLE IV 

Absorption Coefficients of 0-Particles 


Element n cm.' 1 A1 cfo.s cm. AI 

UXi. 460 1.51 x 10-* 

UX*. 18.2 3.8X10-2 

Ra. 312 2.2 X 10-3 

RaB.13; 77; 890 5.3 X 10~ 2 ; 9 X 10* 3 ; 8 X 10*-* 

RaC. 13.5; 50 5.1 X 10“*; 1.3 X 10"* 

RaD.5500 1.2 X 10-“ 

RaE. 43 I. 6 XIO -2 


1 Meyer and Schweidler, Radioaktivit&t, Teubner, Beriin-Leipzig, 2nd ed., 1927. 
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y-Rays: These are electromagnetic waves travelling with the velocity of light 
with wave lengths characteristic of the emitting source. The rays are ‘ harder’ 
even than the X-rays with wave lengths down to 10~ u cm. The crystal lattice 
method employed for X-rays may be successfully applied to the ‘softer ’ 7 -rays 
down to wave lengths of 5 X 10 “ 10 cm. The harder rays are too short to 
produce good interference phenomena. 

The law of absorption for a homogeneous bundle of 7 -rays is exponential 
as witii /3-particles but the absorption coefficient n is much smaller for 7 -rays. 
The half layer, d 0 . 5 , in a given material is, consequently, much greater. For 
example, with lead, the value for d 0 .& is 0.5 mm. for the most penetrating /3- 
particles and 14 mm. for the hardest 7 -rays. The absorption coefficient varies 
approximately with th#density. 

The 7 -radiation from a given source is not always homogeneous and it 
varies frpm source to source. This is shown by the following table of absorption 
coefficients in aluminum. 

Stable v 

Absorption Coefficients of 7-Rays in Ajatminum 
Kadio-elemcnt Hy cm." 1 

Ra.354, 16.3, 0.27 

RaB.230, 40, 0.57 

RaC.0.23, 0.127 

ThB.160, 32, 0.36 

Ms Ths.26, 0.116 

lo.1088, 227, 0.408 

7 -rays produce ionization. This is largely due to the electrons set free 
with sufficient velocity to ionize gas molecules along their paths. The number 
of ions produced by the 7 -radiation of RaC is approximately equal to that of 
the /3-particles. Owing, however, to the much longer paths of the 7 -rays the 
ionization per cm. of path is much smaller than in the case of /3-particles. 

(27) The Velocity of Radioactive Change: The fundamental law governing 
the rate of radioactive transformation states that the number of atoms dis¬ 
integrating per unit time, — dN/di y is proportional to the number of atoms N 
of the given kind which arc present. If X is the constant of proportionality, 
the radioactive decay constant , then it follows that 

- dN/dt - XX. 

Upon integration there results the expression 

N t = Noer*\ 

where No is the initial number of atoms of one kind present (or quantity meas¬ 
ured in any other units), N t the number remaining after any interval of time L 
The rate has been found to be independent of the external conditions, physical 
and chemical, that have, so far, been imposed. The fraction X changing per 
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unit of time is the reciprocal of the average life 6 of the atoms of a given species. 
The half-life period, t Q , h of a given radioactive element is the time required for 
half of any given quantity to undergo change. 

* 0 . 5 = d In 2 - In 2/X = 0.693/X. 

This half-life period is the most fundamental and characteristic constant of 
a radioactive species. The different periods among the various radioactive 
elements embrace a range from 10” u seconds to 10 ,(> years. 

The law of transformation is a statistical law. It implies that each atom 
has the same disintegration probability. The statistical aspect of the law is 
confirmed by the observation that there are fluctuations about the mean num¬ 
ber of particles emitted per unit time and that these fluctuations obey sta¬ 
tistical laws. 

(28) Radioactive Equilibrium: The rate at which one element changes into 
another or the relative periods of the members of a radioactive series of ele¬ 
ments evidently control the quantities of the elements that can coexist. The 
shorter the life of a given element, the smaller the quantity that can coexist 
with its parent or offspring elements. The relations which exist may be vari¬ 
ously classified according to the genetic distribution of elements with different 
life periods. One of the simplest and most important cases is that of a long- 
lived parent succeeded by a much shorter one. The latter will accumulate 
until the rate of its decay just counterbalances its rate of formation, when an 
irreversible dynamic equilibrium results—called radioactive equilibrium. For 
the case of a long-lived parent A i with period Xi of which N i atoms are present, 
the equilibrium quantities of element A 2 , A 3 , etc., are given by 


or 


XiAb = X 2 ;V 2 - X,.V, = •••, 


Xi 

X 2 


n 2 

n] 


etc. 


(28.1) 

(28.2) 


Thus, the equilibrium quantities are inversely proportional to the fraction X. 
This is a principle of first importance, since it fneans that only long-lived 
elements can be accumulated in large quantities and vice versa. 

Another principle of importance in connection with radioactive equilibrium 
is one which for convenience may be termed “constant flux” of atoms. It 
follows directly from the definition of radioactive equilibrium that, in a series 
in equilibrium, the number of atoms of each kind undergoing change in unit 
time must be a constant. Since one a-particle (or /5-particle) is emitted, per 
atom changing, the number of a-particles emitted per second is constant for 
equilibrium quantities of all the elements in a series. It is therefore evident 
that much simplicity is effected by choosing a gram of one member in a series 
as the quantity unit and letting the quantities of other members of the series in 
equilibrium with 1 gram of the standard be designated by a common unit. It 
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must be understood that these simple relations hold only in a straight series, 
where no branching occurs. 1 

(29) The Geiger-Nuttall Relation: A purely empirical relation was dis¬ 
covered by Geiger and Nuttall 2 which has been of great practical service. They 

observed that the more rapid 
the rate of decay of an a-radi- 
ator the greater the range of 
the a-rays. If log X (where X is 
the decay constant) be plotted 
against log R (the range), a 
straight line results. As will 
be seen from Fig. 6, the lines 
have the same slope for all 
three of the radioactive series. 
The equation is: log X = A -f- B 
log Ro, where A is a constant 
characteristic of each series, 
with the value — 37.7 for the 
uranium series; B has the same 
value for all of the series — 
53.9; Ro is the air range at 0° 
and 760 cm. The element AcX 
is an exception to this rule. 

Relation between Range(R) and Decay This empirical rule has been 

Constant (K) of oc-Radiatons of great use in calculating the 

Fl(J 6 immeasurable short periods of 

the long-range a-radiators. It 
has recently become possible to attack the problem of the theoretical signifi¬ 
cance of the relation; evidently, it may be expected to have a profound rela¬ 
tion to the structure of the nucleus and to the instability of the nucleus as 
illustrated by a-ray emission. 

(30) The Gamow-Gumey-Condon Theory: The explanation of the Geiger- 
Nuttall relation was given simultaneously in 1928 by Gamow and by Gurney 
and Condon. A stable atomic or molecular system may be regarded as occupy¬ 
ing a minimum in a potential energy surface as indicated in Fig. 7. The 
ordinates refer to the potential energy of the system, the abscissae to some 
interatomic or intermolecular distance. For a radioactive atom the distance 
r = 0 represents a stable nucleus, r representing the distance between the dis¬ 
integration products, say an alpha-particle and the residual nucleus. The form 
of the outside walls of the potential energy crater is known from scattering 
experiments with a-particles since these show that Coulomb's Law holds down 
to distances of the order of 10~ 12 cm. at least. Since the charge on a helium 

1 N. E. Dorsey, J. Wash. Acad . Sci„ 11, 381 (1921). 

2 Geiger and Nuttall, Phil. Mag. y 22, 613 (1911); 23, 439 (1912). 
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nucleus is 2e it follows that the energy at r is 4 e 2 jr or an energy much greater 
than that of an escaping a-particle. On classical grounds, therefore, an a- 
particle within the potential energy crater could never escape, disintegration 
would be impossible. 

From the standpoint of wave mechanics, on the contrary, there is a finite 
probability^that a particle with an energy less than that at the crater lip can 
exist either inside or outside the potential energy crater. The standing waves 
representative of the material system are not completely annihilated at the 
inside crater walls; they have a certain capacity to tunnel through, the prob¬ 
ability of occurrence of the particle outside the wall being given by the square 
of the amplitude \\p\ 2 of the standing waves. The frequency of penetration 
of the walls is given by the same quantity | \f/ 1 2 and this must clearly diminish 



Fin. 7. Potential Crater of Disintegrating Nucleus 


rapidly with increasing thickness of the wall. That is to say swift, energy-rich, 
a-particles will penetrate the walls.more frequently, due to the shorter tunnel 
at the higher energy level, than the slower a-particles where the tunnel is long. 
This, however, is qualitatively the Geiger-Nuttall relation. The theory was 
tested quantitatively in two ways. Gurney and Condon defined the potential 
energy curve in terms of the radius at the lip of the crater and the energy at that 
point by use of the data of RaA (to. 5 = 3.05 mins.) as the a-emitter. Using 
the same values for radius and energy it was then found that the relationship 
employed gave the correct half-period for the observed energies of the a-particles 
emitted by uranium and RaC' which have half-lives of 6.3 X 10 9 years and 
~ 10“ 6 seconds respectively. Gamow computed, for 23,a-particle emitters, 
the value of r at the crater lip from the known half-lives and energies of the 
several 'species. Concordant values ranging from 5.7 X 10~ 13 to 8.9 X 10~ 13 
cm. were found. It is the constancy of this radius which leads to the constant 
values of A and B in the Geiger-Nuttall relation. 

The Gamow-Gurney-Condon theory had a most important consequence in 
the subsequent history of nuclear physics, since it suggested to Gamow that 
it might not be necessary to produce nuclear projectiles with energies sufficient 
to reach the potential energy of the crater lip; that, on the contrary, projectiles 
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with lower energies than the maximum might penetrate into the crater by 
tunneling. It was this possibility which led Gamow to encourage trial by 
Cockcroft of disintegration experiments with protons of speeds moderate in 
comparison with those of a-particles in the Rutherford transmutation experi¬ 
ments. As recorded later, these trials were successful and the work on trans¬ 
mutation of the elements entered upon a new era of intensive development. 

(31) The Radioactive Series: The spontaneously radioactive elements, some 
forty in number, with atomic, weights lying, with the exception of the feebly 
radioactive elements K, Rb and 8m, between the atomic weight limits of 206 
and 238, belong to three radioactive series. These are designated by the parent 
elements of each series, respectively uranium, thorium and actinium. Radium 
belongs to the uranium series; the parent in the actinium scries is probably a 
uranium isotope present in constant amount in the uranium minerals. Each 
series, in addition to the normal sequence of disintegration products, shows a 
branching of the series. Thus, the change from uranium Xi to uranium II 
occurs in two branches, 99.65 per cent over uranium X 2 and the residue by 
uranium Z; also the change from radium O to D occurs 99.97 per cent via RaC' 
and 0.03 per cent via RaC". A similar branching occurs in the thorium series 
from ThC to ThD, 65 per cent over ThC' and 35 per cent over ThC". For the 
actinium series a branching from AcC to AcD occurs 0.16 per cent over AcC' and 
99.84 per cent over AcC". This branching is shown graphically for the 
RaC-RaD transition in Fig. 8. The UZ transition to Ull is not shown on 


RaC 


RaC' 



this diagram. The individual radioactive elements, their atomic weights and 
atomic numbers, together with their important constants are summarized in 
the three tables which follow (Tables VI, VII and VIII). 

(32) Radioactive Disintegration and the Periodic Table: As knowledge of 
the properties of the elements formed in the successive stages of radioactive 
decay became more complete, it emerged that the loss of a-particles and 
/3-particles by a radioactive element corresponded to a definite shift of the group 
classification of the elements produced in the process of decay. The loss of an 
a-particlo in every case produced a shift, two groups to the left in the periodic 
table. Thus Radium (Group II) loses an a-particle to give Radon (Ra 
Emanation) Group 0. Similarly loss of a /3-particle gives rise to a shift of one 
group to the right in the periodic table. The change of Radium B, Group IV, 
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to Radiflm C, Group V, is one illustration of such change. The credit for 
this important generalization is shared by several investigators: notably Soddy, 1 
Fleck, 2 Russell :i and Fajans. 4 Now, since the a-particle is a helium nucleus 


TABLE VI 
The Uranium Series 


Element 

Symbol 

At. Wt. 

At. No. 

Rays 

Half-life Period 


l 7 ranium-i 

l 

Uranium-Xi 

j 

Uranium-Xi 


IT 

238.2 

92 

a 

4.4 X 10® yr. 



UXi 

(234) 

90 * 

0 

24.5 days 



UX 2 

(234) 

91 

0 

1.14 min. 


1 







Uraniuin-n 

Uii 

(234) 

92 

a 

3.4 X 10 5 yr. 


1 







Ionium 

1() 

(£«>) 

90 

a 

8.3 X 1(P yr. 


i 







Radium 

l 

Radon 


Ra 

220.05 

88 

a 

1590 yr. 



Rn 

222 

80 

a 

3.82 days 


(Emanation) 







l 







Kadium-A 

l 

Radium-B 


RaA 

(218) 

84 

a 

3.05 min. 



RaB 

(214) 

82 

0 

20.8 min. 


l 







Radium-C 

RaC 

(214) . 

83 

0 and a 

19.7 min. 

99.97% | 0v03%> 






1 







Radium-C' 

i i 


RaC' 

(214) 

84 

a 

10“« sec. 


Iladiu 

m-O" 

RaC" 

(210) 

81 

0 

1.32 min. 


i 

Radium- D 

l 

Radium-E 


IiaD 

(210) 

82 

0 

22 yr. 



RaE 

(210) 

83 

0 

5.0 days 


l 







Radium-F 
(Polonium) 

RaF 

(210) 

81 

a 

140 days 


l 







Radium-G 

ItaG 

200 

82 

— 

— 

(Uranium load) 







carrying a double positive charge and since the /3-particle is none other than 
an electron, and since, moreover, these particles are certainly ejected from the 

1 Soddy, Chemistry of the Radio-Elements, Part II, p. 2, 1914; Chem. News, 107, 97 (1913). 

2 Fleck, J. Chem. Sue 103, 381, 1052 (1913). 

8 Russell, Chem . News , 107, 49 (1913). 

^ Fajans, PJiysik. Z., 14, 49, 131, 130 (1913), 
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nucleus, it follows that the difference between the nuclei of successive'atoms in 
neighboring groups of the periodic table consists in the extra unit of positive 
charge which the heavier nucleus possesses. The atom itself being electrically 
neutral, it therefore follows that the extra-nuclear electrons must increase by 
one as the atomic table is ascended. The progressive variation in the square 
root of the frequency of the characteristic X-radiation as discovered by Moseley 
is therefore paralleled by a progressive increase of net positive nuclear charge 
and of extra-nuclear electrons. 


Element 


Protoactinium 

\ 

Actinium 

l 

Radioactinium 

1 

Actinium-X 

1 

Actinon 

(Emanation) 

1 

Actinium-A 

1 

Actinium-B 

. \ 

Aetinium-C 

99.84% | 0.16% 

- 

An tin .-O' 

Ac tin .-C" 

i 

I_ 

. i 

Aetimum-D 


TABLE VII 
The Actinium Series 


Symbol 

At. wt. 

At. No. 

Rays 

Half-life Period 

Pa 

(231) 

91 

a 

3.2 X 10 4 yr. 

Ac 

(227) 

89 

0 

13 yr. . 

Ha Ac 

(227) 

90 

a 

18.9 days 

AeX 

(223) 

88 

a 

11.2 days 

An 

(219) 

86 

a 

3.92 sec. 

AcA 

(215) 

84 

a 

2 X 10~ 3 sec. 

AcB 

’(211) 

82 

0 

36 min. 

AcC 

(211) 

83 

a and 0 

2.16 min. 

AcC' 

(211) 

84 

a 

5 X 10" 3 sec. 

AcC" 

(207) 

81 

0 

4.76 min. 

AcD 

(207) 

82 

— 

— 


(33) The Atomic Number and Defects in the Periodic Table: It was shown 
that, on the basis of weight classification, certain definite transpositions of the 
elements would occur which would not be in harmony with the periodicity of 
properties shown by the bulk of the elements when arranged on a weight basis. 
The transposition of argon and potassium, of tellurium and iodine and of cobalt 
and nickel was noted. When studied by the Moseley method, the order of the 
square-root of the characteristic frequencies of these elements was such as 
would be anticipated on the basis of properties and not that obtained on the 
basis of atomic weight. Argon therefore has an atomic number of 18, potas¬ 
sium 19, cobalt 27, nickel 28, tellurium 52, iodine 53. The answer to the query 
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of Ramsay as to the lack of complete concordance in the periodic classification 
was evident and revolutionary. The atomic weight is not the fundamental 
factor in atomic behavior. The properties of the elements are a function of 
their atomic architecture. Atomic weight is a secondary factor useful as a 
guide in the great majority of cases but at fault in the cases just mentioned and 
certain others now to be discussed. 


TABLE VIII 
Thorium Series 


Element 


Thorium 

1 

M eso thorium 1 

Mesothorium 2 

1 

Radiothorium 
Thorium-X 

i 

Thor on 
(Emanation) 

l 

Thorium-A 

1 

Thorium-B 

Thorium-C 
65% | 35% 

f 

Thorium-O' 

| Thorium-C" 


Thorium-1) 


Symbol 

At. Wt. 

At. No. 

ltays 

Half-life Period 

Th 

232.12 

90 

a 

1.34 X 10 10 yr. 

MsThi 

(228) 

88 

P 

0.7 yr. 

MsThs 

(228) 

89 

P 

0.13 hr. 

RaTh 

(228) 

90 

a 

1.90 yr. 

ThX 

(224) 

88 

a 

3.04 days 

Tn 

(220) 

80 

a 

54.5 sec. 

ThA 

(216) 

84 

a 

0.14 sec. 

ThB 

(212) 

82 


10.6 hr. 

ThC 

(212) 

83 

p and a 

60.5 min. 

ThO' 

(212) 

84 

*> 

a 

c. 10~ n sec. 

ThC" 

(208) 

81 

fi 

3.1 min. 

ThP 

208 

82 

— 

— 


' (34) Isotopes: The existence of elements differing in mass yet identical in 
chemical properties was made familiar by the study of radioactive decay. It 
gradually emerged that the end product in the decay of radium was Radium G, 
radio-lead, identical in chemical properties with that of ordinary lead. More¬ 
over, as the change in group classification brought about by loss of a- and 
0-particles became understood, it was further evident that RadiumB, Radium D 
and Radium G were all members of Group IV in the periodic classification. 
This is evident from the accompanying chart, Fig. 9. Furthermore, since loss 
of an ^-particle (helium nucleus) results in a diminution in the atomic weight 
by four units, while the 0-particle change is without influence on the weight, 
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it is evident that, by calculation of the a-particles lost in the successive changes, 
the atomic weights of successive products could be deduced from that of ra¬ 
dium. Assuming an atomic weight of 226 for radium, that of RaB becomes 214 



(3 a-partides lost), that of RaD becomes 210 (4 a-particles lost), and RaG 
becomes 206 (5 a-particles lost). All these elements have properties identical 
with those of ordinary lead, whose atomic weight is 207.2, in all properties 
except those dependent upon mass. The masses differ as can be seen from the 
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above examples by so much as eight units (206-214). The end-product of 
the thorium series of radioactive elements is likewise a member of Group IV 
analogous to lead with an atomic weight of 208.1. To such elements, identical 
in properties other than those dependent upon mass, the term isotopes was 
applied. The conclusions reached upon the basis of calculation from the atomic 
weight of lead and the or-partielc loss have been abundantly confirmed by actual 
atomic weight determinations. 1 - 2 - 3 

The wide variety bf elements produced in radioactive decay, their similarity 
of properties, in spite of wide differences in atomic weight, would have presented 
a problem of considerable complexity for periodic classification had not the 
Moseley discovery elucidated the true basis of classification and demonstrated 
the secondary importance of the weight relationship. All such isotopes while 
differing greatly in mass are identical in atomic number. Their net nuclear 
charges are identical. They have a common extra-nuclear electronic configura¬ 
tion, and they differ only in the mass of the nucleus. 

(35) Non-Radioactive Isotopes: The existence of atoms of identical nuclear 
charge but differing masses, outside the range of radioactive materials, was 
demonstrated by the investigations of J. J. Thomson and of Aston on the 
properties of the positive rays from a discharge tube. In the earlier sections, 
a considerable discussion has been given of the electrons liberated from atoms 
by the action of various forms of energy. Little has been stated concerning 
the residues from synch changes. Positive rays were discovered by Goldstein 
in 1886 in the discharge of electricity through gases at low pressure. Using a 
perforated cathode he showed that streamers of light were present behind the 
cathode perforations, and assumed that the light indicated the presence of rays 
travelling in the opposite direction from the cathode rays. From the manner 
of their production he termed them ‘kanalstrahlen.’ Wien 4 showed that they 
could be deflected by a magnetic field. The detailed investigation of their 
properties was undertaken by J. J. Thomson, 6 who gave to them the term 
Positive Rays since they were shown to carry a positive charge. The rays are 
produced by ionization of gases at low pressures in a strong electric field of the 
order of 30,000-50,000 volts. They are the residues from such ionization 
processes. 

The method of measurement employed by Thomson to investigate the 
charge and mass of such rays is known as the 1 parabola 1 method. It consisted 
essentially in allowing the rays to pass through a very narrow tube and then 
in analyzing the fine beam so produced by electric and magnetic fields. Under 
the combined influence of an electrostatic and an electromagnetic field a ray 
will be deflected from its normal path and will strike a receiving screen at a 
point x , y } where y/x is a measure of its velocity and xfjx is a measure of c/m, 

1 Richards and Lembert, J. Am. Chem t. Soc ., 36, 1329 (1914); 38, 2613 (1916). 

1 Soddy, J. Chem. Soc., 105, 1402 (1914). 

8 Honigschmid, Compt. rend., 158, 1796 (1914). 

* Wien, Verh . d. Phys. Ges., 17 (1898). 

6 J. J. Thomson, Rays of Positive Electricity, 1913. 
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the ratio of charge to mass. This follows from the application of simple 
dynamics to the separate actions of the electrostatic field X and the electro¬ 
magnetic field H since 

and 

\ mv / 

in the manner previously demonstrated for the electron. The velocity v of the 
rays may vary however over a considerable range. Hence, for constant m but 
variable v , the locus of impact of the rays with the 
screen will be a parabola, pp' (Fig. 10). Kays of 
larger mass m! yield a similar parabola of smaller 
magnetic displacement qq '. The displacement of the 
parabolas along the magnetic axis OF at a given value 
along the electric field gives a measure of the relative 
x masses since 

m' ( pn ) 2 

m ( qn ) 2 

With one known parabola, the mass of all other rays 
can be identified. 

The sharpness of the parabolas, obtained photo- 
8 graphically in this way by using a photographic plate 
as receiving screen for the rays, established experi¬ 
mentally for the first time the fundamental assumption of the Daltonian atomic 
theory, that the atoms (in these experiments the positive rays) of the same 
element had the same mass. 

Aston improved the technique of positive ray analysis by the use of the 
mass spectrograph illustrated in Fig. 11. Positive rays are sorted out into a 




Fio. 10, J. J. Thomson 
Parabola Method 


Fig. 11, Aston’s Positive Ray Spectrograph 
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thin ribbon by means of two parallel slits, Si and $ 2 , and are then spread into 
an electric spectrum by means of the charged plates Pi and P 2 . A portion of 
this spectrum deflected through an angle 6 is selected by the diaphragm D and 
passed through the circular poles of a powerful electromagnet 0, the field of 
which is such as to bend the rays back again through an angle 0, more than 
twice as great as 0. The result of this is that rays having a constant ratio m/e 
will converge to a focus F. If a photographic plate is placed at OF as indicated, 
a spectrum dependent on mass alone is obtained. 

Aston 1 has been able, by successive improvements in his apparatus, to 
increase the accuracy of his measurements to as much as 1 part in 10,000. 
The early results showed that the light elements as well as the radio-elements 
may exist as isotopes and that the large deviations in the atomic weights of the 
elements from whole numbers were due to the presence of several isotopes of 
such masses and in such proportions as would yield the observed atomic 
weight. 

Aston termed this observation the ‘whole number rule.' This discovery 
removes at once the only serious objection to the unitary theory of matter 
which, as has been previously recorded, lay in the deviations from whole 
numbers in the atomic weight tables. Thus, the hypothesis of Prout was hardly 
tenable while exact atomic weight determinations showed the atomic weight of 
chlorine to be 35.457. Aston’s determinations reveal chlorine as a mixture of 
isotopic elements of masses 35 and 37 present in such a ratio as to give an atomic 
weight of the mixture equal to 35.457. This is equally true of the other ele¬ 
ments deviating from the whole number rule demanded on the basis of a 
unitary theory. 

The discovery of isotopes explains also the remaining defect of the periodic 
classification, the inversion of argon and potassium, of tellurium and iodine and 
of cobalt and nickel in the arrangement of elements by weight. Thus, argon 
with an atomic weight 39.944 has isotopes of weight 40 and 3G, the former in 
predominating amount. Potassium has two isotopes, 39 and 41, the former 
also largely predominating. In nuclear charge the argon isotopes are one less 
than those of potassium, as the Moseley investigations reveal. The relative 
amounts of the two isotopes in each case determine the inversion of atomic 
weights. The same holds true for the heavier elements tellurium and iodine, 
cobalt and nickel. 

A second method of positive ray analysis devised by Dempster 2 causes the 
charged particles to fall through a definite potential difference. A narrow 
bundle is separated out by a slit and is bent into a semicircle by a strong mag¬ 
netic'field; the rays then pass through a second slit and fall on a plate connected 
to an electrometer. The potential difference P, the magnetic field H and the 
radius of curvature r determine the ratio of the charge to the mass of the 

1 Aston, Proc. Roy . Soc., [A], 115, 487 (1927). 

a Dempster, Phys. Rev., 11, 316 (1918). 



48 


A TREATISE ON PHYSICAL CHEMISTRY 


particle since 

1 _ 

m H 2 r 2 

This method is essentially that used by Classen 1 for the determination of e/m for 
electrons. Modifications of this method have been used b>^ W. Bleakney, A. (). 
Nier and others for precision determinations of mass ratios in isotopic mixtures. 

Dempster 2 afterwards modified his apparatus to analyze the vapors of the 
metals, the vapor being ionized by bombardment with electrons accelerated 

from a coated plati¬ 
num strip as electron 
source. More recently 
he has developed 
methods using ions of 
elements from high 
frequency oscillating 
spark sources. A nar¬ 
row ribbon of rays is 
selected by slit Sz, 
Fig. 12. The cylin¬ 
drical condenser de¬ 
flects them through a 
right angle and brings 
a divergent bundle of 
one velocity v\ to a 
focus at S 4 . A bundle 
of slightly greater ve¬ 
locity V 2 is reunited 
alongside those of ve¬ 
locity V\. By making 
the radius of curva¬ 
ture in the electric 
field the proper ratio to the radius in the magnetic field the bundles of vary¬ 
ing energy will all reunite on the photographic plate. 

The development of precision mass spectrographic methods revealed that 
the whole number rule was only approximate and not exact. Deviations 
from integers, both positive and negative, amounting to parts per thousand 
of an atomic weight unit rapidly revealed themselves and became increasingly 
significant in the isotope field. This significance, which will later be discussed, 
led to the improvements embodied by Aston in his second mass spectrograph 
for obtaining accurate values of atomic masses. Improved focusing schemes 
were devised, culminating in the m$ss spectrograph of Bainbridge and Jordan 3 

1 Classen, Jahr. Hamburg. Wiss. Anst., Beiheft (1907). 

2 Dempster, Phys. Rev., 20, 631 (1922). 

8 K. T. Bainbridge and E. B. Jordan, Phys. Rev., 50, 282 (1936). 


s, sj 



Fig 12. Dempster’s Mass Speotrograph 



THE ATOMIC CONCEPT OF MATTER 


49 


which has been very successful in obtaining the desired accuracy. Their 
instrument shown in Fig. 13 involves a radial electric field velocity analyzer 
and the magnetic focusing of ions differing in velocity. A radial electrostatic 
field of 7r/V 2 radians, due to A. L. Hughes and V. Rojansky, 1 and a magnetic 
field deflecting the ions through 60° are used. The two fields are so disposed 
that the dispersion of ions in the electric field is exactly compensated by the 
dispersion of the magnetic field for a given velocity difference. This permits 
use of a beam of ions so divergent that higher intensities of ion beams can be 
successfully brought to focus. 



The ions are produced in a low pressure discharge tube at 20,000 volts. 
Ions of gaseous elements are obtained from the gases introduced directly into 
the discharge tube. Metal ions are obtained from the metal or halide salt 
introduced to the cathode, a discharge being operated in neon which serves to 
stabilize the discharge and to produce a controlled evaporation of the sub¬ 
stance under study. The ions with energies of 15,000 to 20,000 volts are de¬ 
flected through the electrostatic analyzer (radius = 25 cm.) by fields of the 
order of 1200 volts per cm. The plate separation of 1.9 cm. permits ions differ¬ 
ing in energy by 4 per cent and diverging in an angle of to be focused after 
deflection through the tt/V 2 radians. The magnetic field operates across a 0.32 
cm. gap and the pole edges are adjusted to correct for stray fields. The focusing 
principle thus attained has the great advantage that the mass scale along the 

1 A. L. Hughes and V. Rojansky, Phys. Rev., 34, 284 (1929). 
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photographic plate is linear , with divergencies from linearity of the order of 1 
part in 7000 over a region of 14 cm. The resolving power attained shows a 
value of M/AM — ca. 10,000 in routine work. Coupled with these two ad¬ 
vantages is the high collecting power, by reason of the focusing employed. 

‘Double focus’ mass spectrographs of the types developed by Aston, 
Dempster, Mattauch and Bainbridge and Jordan suffer from the limitation 
that the focusing obtained is not completely perfect and is limited to a small 
range of initial velocity and direction. A mass spectrograph designated by 
Bleakney 1 makes use of crossed electric and magnetic fields which permits 
perfect focusing properties; the focusing depends only on the m/e of the ion 
selected and not on the velocity or direction of the charged particles entering 
the analyzer. In using this instrument, especially for the determination of 
abundance ratios of ions it was found that a distribution in energy amounting 
to 50 per cent of the accelerating potential had no effect on the resolution. 

A mass spectrograph constructed by Nier which has proved to be effective 
in operation, and readily constructed at only moderate expense is shown in its 
most recent improved form in Fig. 14(a) and (b ). 2 The ionization of the gas or 
vapor is produced by a low voltage discharge maintained by electrons of a 
constant speed emitted by a heated tungsten filament T. The electron emis¬ 
sion is controlled by measuring the portion of the electrons passing through the 
slits Si and S 2 and reaching the Faraday cage E. An electric field between B 
and C draws downward the ions formed. The ions passing through slit S 3 are 
further accelerated by a large difference of potential (about 10 3 volts/cm. in 
routine analysis), the ion beam emerging through slit $ 4 . The pair of elec¬ 
trodes J 1 and ,/ 2 may be used for a finer adjustment of the ion focusing. 

The ion beam enters perpendicularly the homogeneous magnetic field be¬ 
tween the V-shaped poles of the magnet M ; it is bent through such an angle as 
will cause the beam to leave the field boundary perpendicularly, to reach the 
collector through slit $ 5 . The ion source (entrance slit $ 4 ), the apex of the 
effective pole faces of the magnet and the collector (exit slit S b ) have to be in 
one straight line. 

The radius of curvature of an ion in the field is given by the formula 
m/e ~ 4.82 X 10~ 5 r 2 H 2 /F where m/e is the mass-charge ratio of the ion, r the 
radius in cm., H the field in gauss and V the energy of the ion in electron volts. 
The various masses are focused by keeping H constant with varying F. Suit¬ 
able amplification and measurement of the ions collected permits a determina¬ 
tion of relative ion peaks and hence the abundance ratios. 

(36) Precision Masses of the Ions: The masses of the ions as determined 
from traces on a photographic plate are compared with that of the oxygen 
isotope 16 0. Such a scale of masses is known as the ‘physical scale’ since the 
atomic weight tables of the chemist are constructed on the basis of O = 16, 
where the oxygen is now known to contain isotopes of masses 16, 17 and 18. 

1 W. Bleakney and J. A. Hippie, Jr., Phys. Rev., 53, 521 (1938). 

* The details of the original form of this instrument are to be found in A. O. Nier, Rev. 
Sci. Inst., 11, 212 (1940). 
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The present accepted relation between the two scales taking account of the 
isotope content of molecular oxygen ( 16 0 : 18 0 : 17 0 = 510 dt 40 : 1 : 0.2) is: 

Ratio of physical to chemical scale, r — 1.00027 ± 0.00002. 

The errors introduced into mass spectrographic measurements of mass by 
non-linearity of the scale or by errors of experiment have now been considerably 
minimized by a measurement in which ion ‘doublets' having essentially the 
same ejm but differing in nature are simultaneously analyzed. In this way 



two closely-spaced photographic traces can be obtained whose spacing repre¬ 
sents the mass difference of the two ions. In this way the result obtained is also 
relatively free from errors in the calibration of the mass-scale. To illustrate 
the use of the method we shall consider the recent determinations by Rainbridge 
and Jordan 1 involving the isotopes of hydrogen, helium, lithium, beryllium, 
boron, carbon, nitrogen, oxygen, neon and argon. 

» K. T. Bainbridge and E. B. Jordan, Phy *. Rev., 49, 883 (1936); 50, 98 (1936); 51, 384, 
385 (1937). 




52 


A TREATISE ON PHYSICAL CHEMISTRY 


The doublets »CH, - Kl 0, II, - D and IV - C++ yield the masses of H, 
D and 12 C. The helium mass comes from the separation of 1), and He. A 
link between the lighter and heavier elements of the first series in the periodic 
table is provided by 7 Li 4 and l4 N++. Carbon and nitrogen mass values were 
checked from the mass spectrographic data on CO — N,; CHi — NH»; 
OH — NH 3 ; O — NHo. Especial effort was made to obtain doublets matched 
in intensity on the linear section of the recording plate. For beryllium, boron, 
neon and argon the following doublet pairs were studied Irt ()]),'* — 20 Ne f ; 




Fig. 14(b). Details of Ion Source and Slit System, Nier Mass Spectrograph 

io B + - 2 o Ne f^ ; - 12 C+; 10 B H+ - “B+; ll BH+ - 12 C+; 9 BeII - 20 Ne+ + ; 

9 Be H+ - 10 B+; U B+ - 22 Ne+ 4 ; 10 BII+ - 22 Nc++; »NeH+ - 21 Ne+; 0D,+ - 
4 oa++; 2°Ne+ — 40 A++. Complete cycles of interlocking doublets are thereby 
secured giving accurate masses for most of the light elements and their isotopes. 
The errors involved are in general smaller than those of mass values calculated 
from disintegration data (see Section 49). Aston’s 1 measurements in the same 
field agree in general with those of Bainbridge and Jordan within the experi¬ 
mental errors given. They extend to higher njasses including l9 F, 28 Ki, 29 Si, 

* F. W. Aston, Nature, 135, 541 (1935); 137, 357, 613 (1936); 138, 1094 (1936); 139, 922 
(1937); Mass Spectra and Isotopes, E. Arnold, London, 1933. 
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31 P, 32 S, 35 C1 and 37 C1. The data have been examined critically by Livingston 
and Bethe 1 and correlated with the data accruing from disintegration data to 
secure ‘best’ values. For masses lighter than oxygen, Livingston and Bethe 
select the three doublets 


lie — I) - 1.53 dr 0.04 
r ) 3 - ,V 2 C = 42.19 ± 0.05 
12 CII 4 - 16 0 - 30.49 dr 0.08. 

The values are expressed in thousandths of a mass unit. These yield for the 
atomic weights in question If — 1.00813 dr 0.000017; I) = 2.01473 dr 0.000019; 
12 C = 12.00398 dr 0.00009. From these standards the determination of other 
masses from ion doublets is straightforward. Table IX lists the atomic masses 
thus compiled by these authors, the Aston masses being included for comparison. 

TABLE IX 


Nuclear Mashes from Maks Spectrograph (Livingston and Bethe) 


Nucleus 

M JIMS 

Authui 

Aston Mass 

m 

1.00813 ±0.0 B 7 

B 

1.00812 ±0.0 4 4 

H 

2.01473 ±0.042 

B 

2.01471 ±0.0 4 7 

dip 

4.00389 ±0.0 4 7 

B+A 

4.00391 ±0.0d6 

-Li 

7.01818 ±0.0*12 

B 


•Be 

9.01516 ±0.0*2 

B 


10 Bo 

10.01631 ±0.0;*2 

B 

10.0101 ±0.0 3 3 ' 

"Be 

11.01292 ±0.0 3 16 

B 


12 C 

12.00398 ±0.0 4 0 

B 

12.00355 ±0.0*15 


13.00761 ±0.0*15 

B 



14.00750 ±0.048 

B 

14.0073 ±0.0*5 

jf-N 

15.00489 ±0.0*2 

B 


h.() 

16.00000 



i»G 

18.00369 ±0.0*2 

M 

18.0057 ±0.0*2 


19.00452 ±0.0*3 

A 

19.0045 ±0.0*6 

2" No 

19.99881 ±0.0*11 

B 

19.9986 ±0.0*6 

21 No 

20.99968 ±0.0*23 

B 


22 Ne 

21.99804 ±0.0*36 

B 


2"Si 

27.9868 ±0.0*6 

A 

27.9863 ± 0 . 0.38 

2 »Si 

28.9866 ±0.0*7 

A 

28.9864 ±0.0*8 

31 p 

30.9841 ±0.0s5 

A 

30.9836 ±0.0*6 

32S 

31.9823 ±0.0*3 

A 

31.9823 ±0.0*3 

«C1 

34.9813 ±0.0*7 

A 

34.9800 ±0.0*8 

«ci 

36.9788 ±0.038 

A 

36.9775 ±0.0*8 

36 \ 



35.9780 ±0.0 2 1 

40 a 

39.97504 ±0.0*26 


39.9754 ±0.0sl4 


A = Aston. 

B *s Bainbridge and Jordan. 
M = Mattauch. 


1 M. S. Livingston and H. A. Bethe, Rev. Mod. Phys., 9, 366 (1937). 
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Mattauch has re-examined the standard reference masses 1 in the light of 
discussions by Aston and comes to the following values: 

m = 1.008130 dfc 0.0 6 33 
2 D - 2.014722 db 0.0&64 
12 C - 12.003861 ± 0.0 4 24 
14 N = 14.00753 =fc 0.0 4 32. 

(37) The Separation of Isotopes: When the concept of isotopes was first 
discussed by Soddy in connection with the radioactive elements the emphasis 
was placed upon their chemical identity in spite of their differences in radio¬ 
active properties and atomic weights. The identity extended to spectra of 
the radio-elements as examined by the earlier investigators of the radio-isotopes, 
although, as we have seen in the preceding sections, there are limitations to this 
identity dependent, as we now know, on the nuclear masses. The development 
of the concept of the nuclear atom with the mass variable but with an identity 
of nuclear charge among isotopes led to an association of the identity of charge 
with that of chemical properties and spectra. 

The examination of the lighter elements, notably neon, by the ‘parabola’ 
method and more particularly by the mass spectrograph at once revealed that, 
in principle at least, isotopic species were separable. The development and 
refining of focusing methods in mass speetrography indicated that this separa¬ 
tion could be complete if, at the same time, minute in yield. The method 
demonstrated however that, in principle, any property dependent on mass 
could be utilized for separation without, however, assessing the attainable 
efficiency. Aston first tried distillation and diffusion on the neon isotopes with 
results, in 1913, indicative of a partial separation. Harkins tried diffusion on 
hydrogen chloride in 1916 and indicated in 1921 a change of 0.055 of an atomic 
weight unit. Other methods, discussed below, were tried in the intervening 
years but it was not until the spectacular success attained in the separation of 
the hydrogen isotopes by electrolysis in 1932-3 that significant success in isotope 
separation with other elements was attained. The important tool which the 
separated isotopes were shown to be when the hydrogen isotopes were made 
accessible in chemistry, physics and biology supplied the necessary spur for 
recent efforts in this field. We shall summarize here the methods which have 
been employed and the success which has been achieved, reserving to the later 
sections of the book, each at its appropriate place, a detailed discussion of the 
underlying principles. The material to be presented is based on a useful 
summary of this field of work recorded by Walker. 2 

The extent of separation of a mixture of two isotopic elements or compounds 
can be expressed quantitatively in terms of a separation or fractionation factor. 
If n\ and n 2 are the numbers (or moles) of light and heavy isotopic species in a 
mixture before and N i and A T 2 are the corresponding quantities after a given 

1 J. Mattauch, Phys. Rev., 57, 1155 (1940). 

2 O. J. Walker, Ann. Rep. Chem, Soc., 35, 134 (1938). 
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separation process which has enriched the lighter isotope then the separation 
factor for the lighter isotopic substance is 

a = (A r i/Af 2 )/(ni/n 2 ). (37.1) 

If the total process be composite of a series of x single separation processes then 
the total or overall enrichment factor A is given by the expression A = a x . 

(38) Separation by the Mass Spectrograph: The separation is as efficient 
as the focusing equipment of the spectrograph but the quantity separable is 
limited by the fact that the ion beam is small, generally of the order of 10~ 8 amp. 
or less. The use of crossed electric and magnetic fields for the focusing device 
permits the use of more divergent beams with consequent increase in ion 
intensities. A mass spectrograph with such fields was used to separate 6 Li 
and 7 Li in quantities of about 10~ 8 g., 1 with ion currents of several hundred 
micro-amperes. The efficiency of separation was checked by disintegration 
experiments with the separate isotopes using protons and deuterons. Similar 
separations yielding up to 18 /xg. of 6 Li and 200 /xg. of 7 Li have been effected by 
American workers. 2 * 3 The isotopes of potassium were also separated and 
activity measurements showed that it was the 41 K constituent which is radio¬ 
active, while with rubidium it was the 87 Rb which is radioactive. The isotopes 
7 Li, 1() B, U B and 12 C have each been obtained 4 by mass spectrographic separa¬ 
tions in amounts of 2-30 ng. It is for disintegration experiments 5 that these 
minute but efficient separations are obviously suited. Chemically they have 
but slight significance. 

(39) Separation by Diffusion Processes: The velocity of diffusion of a gas 
through porous material is, by Graham’s Law, proportional to the square root 
of its molecular mass. The pores of the material must be small compared with 
the mean free path of the molecules. Applying an analysis of the process due 
to Lord Rayleigh, Aston showed that for isotopes of not too great a percentage 
difference in mass the enrichment r of the heavier isotope m 2 is given by the 
expression r = (Initial volume/final volume) (w,z ~ mi)/(m2+wi \ For neon, with a 
volume ratio between 500 and 10,000, r lies between 1.3 and 1.5 which corre¬ 
sponds to a change in density of 0.003 to 0.005 of a unit. Actually, Aston 
found 0.004. 

Hertz 6 in 1932 enormously increased the efficiency of the diffusion process 
through porous tubes by incorporating them in a series of mercury diffusion 
pumps which permitted the diffusion to occur continuously and automatically. 
The pump system was so disposed that the heavier and lighter constituents 
accumulated at opposite ends of the system. A 24 pump unit gave a consider¬ 
able separation of the isotopes of neon. A 50 pump system gave practically 

1 M. L. Oliphant, E. S. Shire and B. M. Crowther, Proc. Roy. Soc., [A], 146, 922 (1934). 

2 W. R, Smythe, L. H. Rumbaugh and S. S. West, Phys. Rev., 45, 724 (1934). 

8 L. H Rumbaugh and L. R. Hofstad, ibid., 50, 681 (1936). 

4 W. R. Smythe and A. Hemmendinger, ibid., 51, 178, 1052 (1937). 

*E. L. Yates, Proc. Roy. Soc., [A], 168 , 148 (1938). 

•G. Hertz, Z. Physik, 79, 108 (1932). 
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pure ^Ne and a complete separation of hydrogen and deuterium. A modified 
pump system, also devised by Ilertz, 1 eliminated the porous tubes and operated 
the diffusion process through a section of mercury vapor as the diffusion me¬ 
dium, through which the gases to be separated pass in a direction perpendicular 
to the mercury vapor stream. Higher efficiencies of separation were attained 
with this type of apparatus which has been subjected to considerable theo¬ 
retical and practical investigation. 2 Hertz tested his new system on the neon 
isotopes. The isotope ratios of the three argon isotopes were displaced to 
90.89, 0.51 and 8.6 and 99.74, 0.046 and 0.28 per cent for the 40 A, 38 A and 36 A 
isotopes respectively at the two ends of the system. 3 By replacing the gas at 
the ‘heavy’ end with ‘normal’ argon every six hours, a 800 hour run yielded 
500 cc. at 1 mm. pressure of 40 A and 30 A in a 1 : 1 ratio from 1 liter # of normal 
argon at N.T.P. 4 Nitrogen gas was enriched in U, N from 1.9 per cent to 20 
per cent by Kruger. 6 Using 84 Hertz pumps with porous-walled units Wool¬ 
dridge and Jenkins increased the 13 C concentration of methane from 1 to 16 
per cent, and 15 N from 0.6 to 6 per cent. 6 With a battery of 51 of the new 
type Hertz pumps 300 cc. of methane at 1.8 mm. pressure containing 30 per 
cent 13 G was obtained. 7 By attaching a reservoir containing silica gel cooled 
in liquid air to the light end of this system, a large reservoir of methane could 
be introduced thus into the system, increasing the yields and concentration of 
13 C methane to over 50 per cent. 8 All such researches demonstrate the utility 
of the Ilertz method in separating isotopic constituents but reveal at the same 
time its serious limitation, the low yields of enriched gas per unit time of 
operation. 

(40) Separation by Gravitational or Centrifugal Diffusion: The barometric 
formula for the variation of pressure p, with height, A h, over the pressure /q (u) 
at sea level is given (see Vol. II) by the expression 

Pi = Pi M e~ M ^ hlKT , (40.1) 

where M i is the molecular weight of the gas. The expression may be written 
in terms of the number of molecules n per cc. and becomes 

fti = n H{i) c” Ml( ’ lh/RT . (40.2) 

For an isotopic constituent of molecular weight M 2 in admixture with the gas 

1 G. Hertz, ibid., 91, 810 (1934). 

2 H. Barwiek, ibid., 100, 16G (1936); I). MaeGillavry, Rec. trav. chirn., 56, 330 (1937); 
Trans. Faraday Soc., 33, 433 (1937); R. Soherr, J. Chem. Phys., 6, 251 (1938). 

8 H. Barwick and W. Schutze, Z. Physik, 105, 395 (1937). 

4 H. Kopfermann and H. Kriiger, ibid., 105, 389 (1937). 

6 H, Kriiger, Ndtnrwiss., 26, 445 (1938). 

6 D. E. Wooldridge and F. A. Jenkins, Phys. Rev., 49, 404, 704 (1936); D. E. Wooldridge 
and W. R, Smythe, ibid., 50, 233 (1936). 

7 P. Capron, J. M. Delfosse, M. de Hemptinne and H. S. Taylor, J. Chem. Phys., 6, 656 
(1938). 

8 P. Capron and M. de Hemptinne, J. phys. Radium , 10, 171 (1939). 
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Mi, the corresponding expression is 

ft 2 = n 2M e~ M ™ Ah/ItT . (40.3) 

From these two equations it follows that the separation factor a in a mixture 
of two isotopes due to a difference in height Ah under the influence of gravity 
is given by the expression 

a = (ni//i 2 )/(wi (o) /n 2 ( u) ) = e~ iMi ~ M2)l,AhlRT . (40.4) 

This expression was derived by Lindemann and Aston 1 and examined in detail 
by Mulliken. 2 Aston calculated that, for a mass difference of 2, for example 
the neon isotopes, the atomic weight of neon would be 20.163 at a height of 
100,000 feet and 20.12 at 200,000 feet, at a mean temperature of 220° K, 
whereas the normal atomic weight at sea level is 20.183. 

The same principle is applicable to separation under the influence of cen¬ 
trifugal fields and the effective separation can be enormously enchanced by the 
modern high speed centrifuges equivalent to many thousand fold the gravita¬ 
tional attraction. In the centrifuge, the velocity of motion and the centrifugal 
field vary from the center to the edge of the moving mass. In the case of a 
gas we have, for a mixture of two isotopes at total pressure p and density p 
subjected to centrifugal action, 


v 2 pidr Mip\a) 2 rdr 

dpi = — — = piafrdr = — - -, 


(40.5) 


where pi and pi refer to the partial pressure and density of the lighter isotopic 
constituent, v, co and r denote respectively linear velocity, angular velocity and 
radial distance. An analogous equation holds for the heavier constituent. 
The equation takes the form 

M i o) 2 rdr 

dpi/pi = - . - RT ~ = d In pi, (40.6) 

By integration 


1 , Mico 2 (r 2 - r 2 ( 0 )) 

In Pi/Phq) 2RT 


Mi(vi* - t’rhoO 
2 RT 


(40.7) 


A similar equation for the heavier constituent for In p 2 /p 2 (o) permits a com¬ 
bination for Vo — 0 when r 0 = 0 of the form 


PilpH o) 
P*/P*(o) 


e _. (M2 ._Afi) V 8/2i?r > 


(40.8) 


The degree of separation obviously varies with increased distance from the 
axis of the rotating cylinder. An important feature of the centrifugal separa- 

1 F, A. Lindemann and F. W. Aston, Phil. Mag., 37, 530 (1919). 

2 R. S. Mulliken, J . Am. Chem. Soc ., 44, 1033 (1922). 
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tion coefficient which differentiates it from many of the other methods of 
separation is that, being dependent only on a mass difference, it is independent 
of the state of combination of the element. Further, it is obvious that the 
dependence on a mass difference makes it an especially favorable possibility 
in the case of isotope separation with heavy elements. For this reason it has 
been especially considered in recent plans to separate uranium isotopes, possibly 
through the hexafluoride. 

Mulliken called attention to a special adaptation of the centrifugal separa¬ 
tion method which he called evaporative centrifuging. The gaseous isotope 
mixture to be centrifuged is to be admitted through a tube near the axis. With 
increase of speed, more and more gas would be drawn in and compressed or 
condensed in the periphery. At equilibrium, with the bulk of the gas at the 
periphery, the gas would be drawn off very slowly by reducing the pressure at 
the axis. The effect of this procedure would be analogous to a process of 
irreversible evaporation, the gas drawn off from the axis corresponding to the 
‘instantaneous condensate’ in an evaporation. Separations several fold those 
obtainable by a straight cut can thus be achieved. 

This method has been tested recently for the concentration of the chlorine 
isotopes using carbon tetrachloride as the test liquid 1 and the air-driven self¬ 
balancing vacuum type centrifuges developed by Beams. With a rotor, 11 in. 
long and 3 in. inside diameter containing baffles to prevent remixing, and 
spinning at 1060 revolutions per second, carbon tetrachloride vapor could be 
withdrawn from the axis at the rate of 3.2 g. per minute without decreasing the 
separation factor. A separation factor of 1.025 was obtained. Starting with 
105 cc. of carbon tetrachloride in the tubular rotor, 40 cc. of liquid product with 
the isotopic ratio changed by 2.5 per cent in 32.5 min., or 14 cc. of liquid with 
a ratio change of 5 per cent in 46 min. or 1 g. of product with the ratio changed 
12.8 per cent in 52.3 min. were obtained. 

The separation of bromine isotopes has also been studied with the Beams- 
type centrifuge. 2 Ethyl bromide was used to illustrate the applicability of the 
method to heavy isotopes. The rotor, with internal diameter of 3.5 inches 
was operated at 1500 r.p.s. producing a centrifugal field of 388,000 g at a periph¬ 
eral speed of 400 meters per second. Spectroscopic examination of the product 
indicated that 79 B» was enriched 11 per cent relative to 81 Br corresponding to 
a decrease in molecular weight of 0.054 unit. The theoretical separation factor 
was 1.0686. 

(41) Separation by Thermal Diffusion and the Clusius Method of Thermal 
Diffusion and Convection: Thermal diffusion was first suggested by the theo¬ 
retical investigations of Enskog 3 and independently and later by Chapman 4 

1 J. W. Beams and C. Skarstrom, Phys. Rev., 56, 266 (1939). 

2 R. F. Humphreys, ibid., 56, 684 (1939). 

3 D. Enskog, Physik. Z ., 12, 538 (1911); Z. Physik, 2, 538 (1911); Ann. Physik , 38, 750 
(1912); 3, 629 (1929). 

4 S. Chapman, Proc. Roy. Soc. t [A], 93, 1 (1917) ; Phil. Trans. Roy. Soc., 217, 157 (1917); 
Phil. Mag., 34, 146 (1917); 38, 182 (1919). 
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both theoretically and experimentally. If a gas mixture 1 be exposed to a 
temperature gradient in a reaction vessel, a diffusion process sets in whereby 
the lighter constituent concentrates in the hotter zone and the heavier in the 
colder zone. Opposed to this separation the ordinary diffusion process occurs, 
tending to produce uniform distribution. A stationary state is set up in which 
the separation per unit time produced by the thermal gradient is equal to the 
re-mixing in the same time produced by ordinary diffusion. 

For a mixture of two isotopes Chapman deduced a relation (see also, K. 
Herzfeld, Vol. II) which has been given by Mulliken 2 in the form: 


V 17 

D t = Axz = k In - = - 


Mi — Mi x { x 2 T 

m7+~M\ ’ 9J5 — 8.25x,x, hl f ' 


(41.1) 


This equation is applicable to molecules which behave like elastic spheres. 
Ax 2 represents the difference between the two values of x 2 in the two temperature 
regions T' and T , with molecules of mass M j and M 2 not too different in mass 
and in mole fractions of Xi and x 2 . For hydrogen and carbon dioxide, the ex¬ 
periments of Dootson indicated that the separation was only 0.3 to 0.5 that 
to be expected from the above equation. The separation is obviously a 
maximum for xi = x 2 and it can be computed from the above equation that, 
in such a 50 : 50 mixture of hydrogen and carbon dioxide and a gradient of 
temperature from 400° 0. to room temperature, the maximum separation 
should not exceed a ratio of 56 : 44 for the two gases. Applied to most isotopic 
mixtures the separations attainable should be correspondingly smaller. Ther¬ 
mal diffusion alone should therefore be a poorer separation agent than ordinary 
diffusion although it offers the advantage of continuous operation. A number 
of researches by Ibbs and his collaborators 3 from 1921 to 1932 were concerned 
with the effects of temperature gradient, gas pressure and composition, measur¬ 
ing the separations attained by thermal conductivity. Interferometric 
methods of measurements were employed by G. and 0. Bliih. 4 

A new principle was introduced by Clusius and Dickel 5 in that they utilized 
the temperature gradient necessary to produce the thermal diffusion also to 
bring about a thermal convection whereby the hot gas was carried in the oppo¬ 
site direction to the cold gas thus multiplying the effect of the separation due 
to thermal diffusion. In their apparatus an electrically heated vertical wire 
serving as the hot surface was disposed axially in a cylindrical tube the outside 
of which was kept cool. Between the two, the gas mixture, at a suitable pres¬ 
sure, was subjected to separation due to thermal diffusion and, in addition, 
due to the thermal siphon effect, the gas rising at the hot surface carried the 

1 S. Chapman and Dootson, ibid., 33, 248 (1917). 

2 R. S. Mulliken, J. Am. Chem , Soc., 44, 1035 (1922). 

3 T. L. Ibhs et at., Proc. Roy. Soc., [A], 99, 385 (1921); 107, 470 (1925); Proc. Phys. Soc., 
39, 227 (1927); 41, 456 (1929); 43, 142 (1931); 44, 613 (1932). 

4 G. and O. Bluh, Z. Physik, 90. 12 (1934). 

6 K. Clusius and G. Dickel, Naturwiss., 26, 546 (1938). 
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lighter constituent in excess upwards, the gas falling at the cold surface similarly 
concentrating the heavier constituent. 

In tubes of one meter length and 1 cm. diameter heated by a nichrome wire 
0.3 mm. in diameter, with a temperature gradient in different experiments 
varying from 300 to 600° C., it was shown that bromine in helium and carbon 
dioxide in hydrogen could be practically completely separated. With a 3 
meter tube a four-fold concentration of oxygen in air and a three-fold concen¬ 
tration of the heavy neon isotope were secured. In the same tube a displace¬ 
ment of the chlorine isotopes in hydrogen chloride from 76 : 24 to 60 : 40 was 
secured in one operation. 

Clusius and Dickel 1 later recorded a series of five experiments in which 
hydrogen chloride was separated simultaneously into its constituents H 3h Cl 
and H 37 C1. Four tubes were employed of 8, 7, 6 and 6 meters respectively of 
8.4 mm. internal diameter and a fifth tube 9 meters long and 12.8 mm. internal 
diameter. These five could be operated in series, gas from the bottom of one 
column being brought to the head of the next column in series by means of a 
thermally operated circulation system. Parallel operation of some of the 
columns was also possible. Five different dispositions of the columns were 
tried in the five series of experiments. The separation obtained in the final 
two series is best indicated by the following data. 


Light End 


Heavy End 


Atomic weight (theoretical).34.971 

Atomic weight (found).34.979 

Difference. 0.008 

Purity.99.6% 35 C1 


36.908 

36.950 

0.012 


99.4% «C1 


The energy expenditure for the electric heating of the wire was 2.5 kilowatts 
and in 24 hours 8 cc. H 37 C1 and 25 cc. IP 5 C1 were obtained. 

W. Groth 2 has tested the Clusius method on the xenon isotopes in compari¬ 
son with the Hertz diffusion process. A 12-stage Hertz pump system gave a 
displacement of 0.5 unit in the atomic weight in 12 hours at 2 mm. pressure. 
The same displacement can be secured at atmospheric pressure in a 2.5 meter 
tube 12 mm. wall diameter, heated axially by a tungsten wire at 1000° C. With 
a 5 mm. tube and a wire temperature of 1750° a displacement of 1.6 atomic 
weight units was secured. 

The separation of the chlorine isotopes by Clusius and Dickel represents an 
experimentally favorable case since the separation factor due to thermal diffu¬ 
sion on the Chapman basis is proportional to the product X\Xi which, in this 
case, is 0.76 X 0.24. The separation of the carbon isotopes is much less favor¬ 
able since the abundance ratio 12 C : 13 C is 0.99 : 0.01. Experiments by G. G. 
Joris 3 using methane with 3-meter columns with hot and water-cooled glass 
surfaces at wall distances of 7.5 to 10 mm. and mean gas temperature of 400° K 

1 K. Clusius and G. Dickel. Z . physik. Chern., B, 44, 397, 451 (1939). 

2 W. Groth, Naturwiss., 27, 260 (1939). 

*H. S. Taylor, Nature, 144, 8 (1939). 
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gave a separation factor a — 2. A 12 meter iron tube 2 cm. internal diameter, 
heated axially by No. 16 chromel wire gave a separation factor of 3 with a 
heating current of 6 amps, and a separation factor of 20 with a heating current 
of 9 amps. In the latter case a 13 C concentration averaging 1.1 per cent was 
thus changed to 0.1 at the top of the column and 2 per cent at the bottom of the 
column. Similar efficiencies of separation have been reported with methane 
by Taylor and Glockler, 1 by Watson 1 and more recently by Nier. 2 The 
column used by Nier was 24 ft. long, the hot surface of iron with an outside 
diameter of 0.75 in., the water-cooled surface a cylinder of brass, 2 in., diameter. 
The hot temperature was approximately 300° C. and the outer wall 27° 0. 
Power consumption was 2.75 kilowatts. At 65.6 cm. pressure.the separation 
factor changed from 1 initially to 3.23, 3.99, 4.23, 4.06 at 9, 23.5, 46 and 73 
hours. It fell again at 21.7 cm. pressure to ~ 2. Traces of carbon monoxide 
and carbon dioxide present as impurities in the gas concentrated at the bottom 
of the column, the efficiency of separation being indicated by separation factors 
(CO/CH4) and (CC^/CHi) at the bottom and top of the column respectively 
100-180 and 1000-2000. The various ratios of the constituents were deter¬ 
mined mass speetrograpliically. 

The factors which determine the efficiencies of such columns have been 
examined in detail by Clusius and Dickcl, using air as the gas investigated. 
We may define a quantity n, the transport of gas in the column, as the number 
of cc. of the heavy constituent of the initial mixture brought into the column 
by the separating action of the thermal diffusion. Clusius and Dickel find this 
to be proportional to (1) the separation factor at the point of entry of fresh gas, 
(2) the time, (3) the square of the pressure, (4) the fourth power of the radius. 
Within small temperature intervals the transport is proportional to the square 
root of the temperature and it is also independent of the length of the column. 
For laminar flow, the volume of gas V entering the column per unit time is 
proportional to the fourth power of the radius and the force K determining 
the flow 

V cc AV. (41.1) 

The force K is proportional to the density difference between hot and cold gas 
and so varies linearly with the pressure, p, i.e., 

V a pr 4 . (41.2) 

Now, since the number of molecules in a given volume is proportional also to p, 
it follows that the transport n is proportional to pV and hence 

n cc pV 4 . (41.3) 

This is the experimental conclusion reached in (3) and (4) above. 

1 T. I. Taylor and G. Glockler. J. Chem. Phys 7, 801 (1939); 8 , 843 (1940); \V. W. Wat¬ 
son, Phys. Rev., 56, 703 (1939). 

2 A. Nier, ibid., 57, 30 (1940). 
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The concentration obtained at the bottom of a tube with a large reservoir 
of initial gas at the upper end is a measure of the separation efficiency of a 
column. Clusius and Dickel find this to be proportional to the Chapman- 
Enskog separation factor and inversely proportional to the fourth power of the 
radius and the square of the pressure. The time taken for a molecule to pass 
from the hot wire to the cold wall is from the diffusion equation (Vol. II) 

M = ~y (41.4) 

where r is the tube radius and D the diffusion coefficient. The volume of gas 
rising in the tube is proportional to the fourth power of the radius (see above) 
and its velocity v is proportional to the square of the radius. Thus, 

Al 

v = A - = ar*. (41.5) 

At 

Combining these two equations 

Al = r\ (41.6) 


The reciprocal of this length is proportional to the gradient of concentration i.c., 


Xr 


~ Xj 

l 


dx 

dl 



2 D 

ar A 


oc r ~ 4 , 


(41.7) 


where x e and are the end and initial inole fractions of the given constituent. 
The convection velocity is also proportional to the pressure 


Al 

T. * P- (41.8) 


Also, since the diffusion coefficient varies inversely as the pressure, 

r 2 r 2 

At = ^ = 2 P’ (4L9) 


whence, by combining these two expressions, we obtain 


Al cc 



(41.10) 


or, for the reciprocal length, proportional to the gradient of concentration. 


x e — Xi 


dx 

dl 


(41.11) 


These considerations assume implicitly that ordinary diffusion along the length 
of the column is negligible. Such diffusion will always diminish the observed 
separation. 
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The efficiency of a Clusius column can be stated in terms similar to those 
used in expressing the efficiency of a fractionating column generally formulated 
in terms of the number of theoretical plates. The Clusius column can be 
measured in terms of the number of ideal separation units of which it may be re¬ 
garded as composed. An ideal unit can be measured as the length of column, 
At, through which, in the cold gas, the gradient of concentration of the heavy 
constituent is equal to that gradient of concentration obtaining due to thermal 
diffusion under constant and specified temperature conditions from hot to cold 
surface. A column at equilibrium may be thought of as a succession of such 
ideal units one above the other, whose effects are additive. For a given gas it 
is evident that the ideal unit has a length which is independent of gas composi¬ 
tion, provided, of course, that at all parts of the column identical conditions of 
dimensions and temperature prevail. 

For air, in a 93 cm. column, Clusius and Dickel found that the mole fraction 
of oxygen was enriched from 0.209 to 0.395 at the heavy end. The mean con¬ 
centration was therefore 0.5 (0.209 + 0.395) — 0.302. For such a composition 
of nitrogen-oxygen mixtures the Chapman equation gives a thermal diffusion 
separation factor of 0.0126. Since the theoretical figure has been found gener¬ 
ally to be too great by a factor of 2 we may assume 0.006 as the mean concen¬ 
tration gradient across the hot-cold gap. Since the total displacement of 
concentration from bottom to top of column was 0.395 — 0.209 = 0.186, the 
column may be thought of as equivalent to 0.186/0.006 = 31 ideal units. It is 
evident from such considerations how effective the Clusius-Dickel procedure 
is in amplifying the separation efficiency due to thermal diffusion. The ideal 
unit is, in this case and for this gas mixture, about 3 cm. in length. 

The concentration gradient Ax can be expressed in terms of the column 
length Al, the length of the ideal unit U and the thermal separation coefficient D t 

At 

Ax^jDu (41.12) 


Inserting the Enskog equation for D t and collecting all constants in K this 
yields the differential expression 

K Mi - Mi r 

*-i, •srnr ,n T <«•“> 


from which, by integration, the length of tube required for initial concentration 
Xi of the heavy constituent at the top and end concentration x e at the bottom 
is given by 


U Mi + Mi T Xi ( 1 - x e ) 

1 “ K ’ Ml - Ml n r ln x e (l - Xi) * 


(41.14) 


The separation factor a for the column thus becomes 


Xe(l ~ Xj) 
£i(l ~ Xe) 


_ TOT 

~ L t 


a 


(41.15) 
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which, for a given gas, in a tube of constant dimensions and operating condi¬ 
tions, gives 

a - e kl , (41.16) 

where 

k « K(M 2 - MO (In T f /T)/li(M 2 + M x ). 

Waldmann 1 has further developed the theory of the diffusion-thermal convec¬ 
tion process and arrives at a similar expression for the overall separation factor 
which differs however in the term involving the temperature. Waldmann’s 
expression gives the separation in terms of the temperature gradient AT and 
the mean temperature T m in the following form 

a = exp [const. X (M 2 - M0/(M» + Mi) X A(41.17) 

Furry, Jones and Onsager 2 have developed the theory of the process for an 
apparatus composed of two concentric tubes, one hot, one cold, as used by 
Brewer and Bramley. 3 Their theory has been tested recently by Nier 4 on the 
concentration of 13 C in methane with the experimental results already cited 


The separation factor according to this theory is again of the form a 
where the constant in the equation has the form 

_ gCOIlrtt. 1 

2 Ad = 2A/(I + K d /K), 

(41.18) 

where 


’ A = 252 (ar)D/pgd*) /(A 77 T) 

(41.19) 

and 


Kd/K = 1890(77 + T,T 2 + 7Y)(S/V^P0AT) 2 , 

(41.20) 


where rj — coefficient of viscosity; D — coefficient of diffusion; p = density of 
gas; g — gravitational acceleration; d — thickness of annular gas space; 
T i, Tz ~ absolute temperature of outer and inner tube, AT = T 2 — T\\ 
D t /D — aC\C 2 where D t = coefficient of thermal diffusion and (\, C 2 represent 
concentrations of heavy and light components of the gas mixture. 

Since D varies inversely as the density p and the pressure also varies as the 
density it follows from the equations given that 

2 A d l = (x/p*)lt 1 + (y/p 4 )l = (41.21) 

where x and y are constants independent of the pressure and p is the pressure 
in atmospheres. In the case of methane since 13 C is always 1 per cent we 
may write for 13 CH 4 at top and bottom of the column 

Ci B /C\ T = (41.22) 

Nier used two sets of data to determine the constants x and y in the equation 

1 L. Waldmann, Naturwiss ., 27, 230 (1932). 

2 W. H. Furry, R. C. Jones and L. Onsager, Phys. Rev., 55, 1083 (1939). 

8 A. K. Brewer and A. Bramley, ibid., 55, 590A (1939); J. Chem. Phys., 7, 553 (1939). 

* A. Nier, Phys. Rev., 57, 30 (1940). 
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for Z and tested it on a third set of data with excellent agreement with theory 
so far as pressure is concerned. Calculation showed also that the experimental 
values of x and y were in reasonable agreement with the theoretical equations of 
Furry, Jones and Onsager and that the power consumption of 2 kw. was also in 
agreement with theoretical expectation. Bardeen 1 has analyzed the theory 
also to determine the rate of approach to equilibrium obtaining solutions for 
the time-dependent partial differential equation in good agreement with Nier’s 
experimental results. 

(42) Separation by Electrolysis: (a) Hydrogen. The separation of isotopes 
by electrolysis, suggested by Kendall and Crittenden 2 in 1923, came to fruition 
in the observation of Washburn and Urey 3 that samples of water from electro¬ 
lytic hydrogen-oxygen cells were measurably richer in the hydrogen isotope of 
mass 2. Lewis and his collaborators 4 thereupon demonstrated that prolonged 
electrolysis could be used to isolate the pure deuterium ( 2 1I or D), free from the 
lighter isotope. 

Many techniques of producing heavy water (D 2 0) by electrolysis have been 
described; the procedure most frequently employed subjects 0.5 molar sodium 
hydroxide solution to continued electrolysis, using nickel or nickel and iron 
electrodes, until a given solution is reduced to 10-20 per cent of its initial 
volume. The concentrated electrolyte so produced may be neutralized with 
carbon dioxide, distilled to remove the carbonate and then subjected to further 
electrolysis after being brought to 0.5 molar sodium hydroxide by suitable 
addition of undistilled concentrated electrolyte. A succession of electrolyses 
produces successively increasing concentrations of deuterium in the residual 


TABLE X 

Concentration of Deuterium i»y Electrolysis 


Stage 

Liters of Solution 
Electrolyzed 

Density 

(C/4 2 '*) 

Deuterium Content 
of Residue 

1 

2300 

0.998 

~0.1% 

2 

340 

0.999 

0.5 

3 

52 

1.001 

2.5 

4 

10 

1.007 

8.0 

5 

2 

1.031 

30.0 

6 

0.42 

1.098 

93.0 

7 

0.08 

1.104 

99.0 


liquor as indicated in Table X for successive stages of concentration of electro¬ 
lyte from commercial cells. 5 After the third stage, the hydrogen evolved during 

1 J. Bardeen, ibid., 57, 35 (1940). 

2 J. Kendall and E. D. Crittenden, Proc. Nat. Acad. Sci., 9, 75 (1923). 
f E. W. Washburn and H. C. Urey, ibid., 18, 493 (1932). 

4 G. N. Lewis, J. Am. Chem. Soc., 55, 1297 (1933); G. N. Lewis and R. T. Macdonald, 
J. Chem.. Phys ., 1, 341 (1933); J. Am. Chem. Spc., 55, 3058 (1933). 

& H. S. Taylor, H. Eyring and A. A. Frost, J. Chem.. Phys., 1, 823 (1933). 
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the electrolysis contains an amount of heavy isotope sufficient to justify re¬ 
covery. This is accomplished by recombining the electrolytic gas evolved and 
turning the water back into the system at the appropriate stage, normally the 
immediately preceding stage, since the normal separation factor a is approxi¬ 
mately 5 where a = [IT/I)] Ka s -f- [H/D]u q . The fractionation factor in the 
vaporization of water, 1.025, is much smaller than that of electrolysis. Hence, 
to minimize losses of heavy isotope by evaporation the electrolytic cells are 
kept suitably cooled during electrolysis, generally with running water. 

Both acid and alkaline electrolytes may be used for the electrolysis and 
various metals used as electrodes give different separation efficiencies. The 
following data from the work of Topley and Eyring 1 illustrate these factors. 


TABLE XI 

Reparation Factors for Various Conditions of Electrolysis 


Electrode Electrolyte Separation Factor 

Lead.0.5.V KOH 7.2-7.4 

Platinum . “ 6.5 — 7.0 

Platinum .0.5.V H,S0 4 5.7 

Iron.0.5V KOH 0.0-7.0 

Nickel. “ 5.5 

Copper. “ 0.8 

Silver. “ 5.3-5.8 


The data refer to massive metals as electrodes, at current densities of the order 
of 1 amp. per sq. cm. in each case. The separation factor normally increases 
somewhat with increasing current density and decreases with increasing tem¬ 
perature. There is definite evidence pointing to a constant separation factor 
with varying deuterium content of electrolytic solution in the intermediate 
ranges but data of Applebey and Ogden 2 indicate that, with a nickel cathode 
and a 5 per cent sodium hydroxide solution, the separation factor passes from 
5.2 at 3.7 per cent I) 2 0, to 5.56 at 29.5 per cent, to 4.35 at 58.7 per cent and 
3.45 at 86.5 per cent D 2 0. Some data of Trenner * indicate a low separation 
factor in solutions approaching pure deuterium oxide. 

It is known that the exchange reaction, 


H 2 01 4- HD = HDOi + H 2 


can be catalyzed at metal electrode surfaces. 4 The equilibrium constant for 
this reaction, which may be written in the form K — a — [H 2 ]/[HD] -r 
[H 2 01/[HD0J for dilute deuterium concentrations has a value of about 3 
for ordinary temperatures. The operation of this equilibrium at the surface 
of the electrodes tends therefore to diminish the electrolytic separation factors 
obtained. Platinized platinum electrodes are notable for the low separation 

1 B. Topley and H. Eyring, J. Chem. Phys., 2, 217 (1934). 

2 M. P. Applebey and G. Ogden, /. Chem. Soc., 163 (1936). 

3 N. R. Trenner, J. Am. Chem. Soc., 59, 1391 (1937) and unpublished measurements. 

4 A. and L. Farkas, J. Chem. Phys., 2, 468 (1934). 
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coefficients which they yield and are also known to catalyze the exchange re¬ 
action. At low current densities the maximum separation factor attainable 
would, in this case, be 3 as is approximately found. 

A comprehensive investigation of the influence of the cathode material was 
carried out by Eueken and Bratzler, 1 special attention being paid to the previous 
history of the material. The results reported were erratic, separation factors 
for platinum between 3.4 and 14.7, for gold 3.1—17.6, for silver 4.1—9.1 and 
for lead 4.0 —9.8 being found. They concluded that there was no parallelism 
between the actual overvoltage and the separation factor which latter was 
increased by previous anodic treatment of the electrode. Poisons such as 
a-naphthaquinoline decreased the separation factor. 

Horiuti and Okamoto 2 found that the separation factors at metal cathodes 
with normal sulfuric acid in 6 per cent 1) 2 0 as electrolyte were divided into 
two groups, from 6 to 7 with Ni, Au, Ag, Ca and Pt and a value of 3 with Sn, 
Hg and Pb. The result with lead is in disagreement with Topley and Eyring 
who found a = 7.2 —7.4 in potassium hydroxide and 6.2 —6.6 in sulfuric 
acid. Horiuti and Okamoto found a — 6.8 with normal potassium hydroxide. 
They suggest that the two groups correspond to two different cathodic mech¬ 
anisms of hydrogen evolution. The first stage is common to both, a transfer 
of a proton from hydrogen ion (IlaO*) to the metal. 

+e 

M + H+Hjs 0 —> M-11 + 11,0 (rapid). 

Two alternative processes follow, one of which is the rate-determining slow step: 

I. A catalytic mechanism: 2M — II = 2M + H 2 . 

II. An electrochemical mechanism: M — Ii 4- H + H 2 0 = M + H 2 + II 2 0. 

In the latter case other proton donors might act in place of 1I + H 2 0. The 
mechanism predominating would depend on conditions: if the metal is a good 
catalyst or the acid concentration is small or if both simultaneously obtain, 
then reaction I will predominate, the separation factor approximating to 6. 
If the metal is a poor catalyst, the acid concentration high, or if both obtain, 
mechanism II will predominate. Poisoning or change of acid concentration 
may cause the predominant mechanism to change. 

The data of Walton and Wolfenden 3 confirm the existence of two groups 
of metals with different separation factors, and the influence of temperature on 
separation is traced. Their values for a are summarized in Table XII. In 
the experiments with mercury, 0.5 N HC1 -j- 0.5A KC1 was used in 30-50 
per cent D 2 0. The electrolyte for the other metals was 0.2 to 0.5A H^SCh 
in 30-50 per cent D 2 0. 

1 A. Eueken and K. Bratzler, Z. physik. Chem 174, 279 (1935). 

2 J. Horiuti and O. Okamoto, Sci. Papers Phys. Chem. Res. Tokyo , 28, 231 (1936). 

8 H. F. Walton and J. H. Wolfenden, Trans. Faraday Soc., 34 , 436 (1938). 
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TABLE XII 

Influence of Temperature and Electrode Material on the 
Separation Factor 


Metal 

15° 

; 

20° 

55° 

Sf>° 

95° 

Hg 

3.3 


3.5 


3.3 

Sn 

3.0 


3.2 


4.0 

Ag 

Ni 

6.0 

i 

7.0 


5.9 

4.3 

Pt 


5.3 


3.2 



With low separation factors the temperature coefficient is small but may 
be negative (Hg) or positive (Sn). With large separation factors there is a 
large negative temperature coefficient in each case. Increase of current density 
decreases a with Hg, Sn, Ag and Ni, but increases it slightly with Pt; the effect 
decreases with increasing temperature. Walton and Wolfenden suggest that 
at Ag, Ni and Pt electrodes the slow process is either catalytic (2TI—>H-»; 
Horiuti and Okamoto) or proton transfer involving the Erdey-Gruz-Volmer 
theory of overvoltage (see Vol. III). At Hg surfaces the slow process is as¬ 
sumed to be electrochemical. The fact that arsenious oxide has little effect 
on the separation factor at Ag and Ni cathodes seems to be opposed to the 
catalytic mechanism. A. Farkas found that the separation factor at a palla¬ 
dium cathode was different for the occluded gas (6.6) and for that evolved (4.4). 

Theoretical discussion of the electrolytic separation of hydrogen and deu¬ 
terium has quite generally turned upon the influence of overvoltage upon the 
different rates of evolution of the two isotopes, and indeed on the precise 
mechanism of overvoltage which might be responsible. Eyring and Sherman 1 
early pointed out that the formation and liberation of the molecular hydrogen 
isotopes at the electrode might yield a separation factor of 4 on purely kinetic 
considerations and that differences in zero-point energy between the Me —H 
and Me —D bonds would tend to raise this value. Gross and Hal pern 2 and 
Urey and Teal 3 treated this point of view more fully and showed that it would 
lead to reasonable values for the separation factor. 

Bell, 4 arguing from a supposed independence of the nature of the cathode 
material, decided in favor of Gurney’s mechanism of overvoltage (Vol. Ill), 
the slowness of passage of electrons over a potential barrier, the slowness, 
therefore, of the reaction between H 3 0 + or H + with electrons to produce the 
atom. Urey and Teal found that reasonable values of the separation coefficient 
could thus be calculated. It would appear therefore that the electrolytic 
separation of the hydrogen isotopes would not furnish an unequivocal answer 
to the problem of the mechanism of overvoltage. 

1 H. Eyring and A. Sherman, J. Chem. Phys., 1, 345 (1933). 

2 P. Gross and O. Halpern, ibid., 3, 452 (1935). 

*H. C. Urey and G. K. Teal, Rev. Mod. Phys., 7, 34 (1935). 

4 R. P, Bell, J. Chem. Phys., 2, 164 (1934). 
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More recently, Eyring, Glasstone and Laidler 1 have suggested a mechanism 
based upon the new theory of overvoltage developed by them. This theory 
is based upon the absolute reaction rate theory of chemical reactions (Vol. IV) 
and relates the current density I at an electrode to the overvoltage V by means 
of the expression l ~ / 0 exp ( aVF/RT ) where 7o is a constant for a given 
electrode representing the current passing in each direction at the reversible 
potential and a is the fraction of the added potential V operating between the 
initial state and the activated state of the system. The examination of /o in 
terms of the heat and entropy changes of the activation process suggests that 
the slow process may consist in the transfer of a proton from a molecule of 
water in the solution to another water molecule attached to the electrode sur¬ 
face. This prototropic mechanism is shown to be consistent with the higher 
overvoltage for deuterium necessary to account for the observed separation 
factors, and to be due to a difference of approximately 1.2 kcal. between the 
heats of activation of the deuterotropic and prototropic processes. The 
theory explains satisfactorily not only the magnitude of the separation factor 
and its variation with electrode material. It also accounts for the variation of 
the separation factor with temperature. It is with respect to these tw T o last 
factors that the superiority of this newer theory of overvoltage over preceding 
theories is marked. 

(/;) Other Elements: The success which attended the separation of the hydro¬ 
gen isotopes by electrolysis led to the examination of the method for other 
isotopes. Washburn and Urey 2 discussed the possibility of oxygen separation. 
Electrolysis of 117 liters of 0 .5N sodium hydroxide with nickel anodes down to 
1 cc. gave a steady increase in concentration from 0.202 to 0.222 per cent, the 
10 per cent increase corresponding to a separation factor of only 1.01. 3 H. L. 
Johnston, using iron electrodes, fractionated potassium hydroxide solution by 
electrolysis, recombining the hydrogen and oxygen to form water which was 
again electrolyzed. The density change was rapid at first due to deuterium 
removal but the subsequent change in density due to 18 0 enrichment indicated 
a separation factor of 1.008. Tronstad and Brun 4 reported a factor of 1.034, 
which should have given in the earlier experiments recorded a very marked 
enrichment of 18 0. 

The separation of 6 Li from 7 Li electrolytically has been studied by T. I. 
Taylor and Urey, 3 by Holleck, 5 and by Johnston and Hutchison. 3 Twenty 
electrolyses of 800 cc. of a 10 per cent solution of lithium hydroxide with nickel 
anode and a rapidly stirred mercury cathode, until only 1 g. of hydroxide re¬ 
mained, were made, mercury being continuously run through the cell to remove 
the lithium amalgam formed. The residual solutions were united, concentrated 

1 H. Eyring, S. Glasstone and K. Laidler, ibid., 7, 1053 (1939). 

2 E. W. Washburn and H. C. Urey, Proc. Nat. Acad. Sci ., 18, 496 (1932). 

3 P. W. Selwood, H. 8. Taylor, J. A. Hippie and W. Bleakney, J. Am. Chem. Soc., 57, 642 
(1935). 

4 L. Tronstad and J. Brun, Trans. Faraday Soc., 34, 766 (1938). 

3 T. I. Taylor and H. C. Urey, J. Chem. Phys., 5, 597 (1937); L. Holleck, Z. Elektrochem., 
44, 411 (1938); H. L. Johnston and C. A. Hutchison, J. Chem. Phys., 8, 869 (1940). 
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and electrolyzed. The ratio of initial to final lithium was 600 : 1 and the 
isotopic ratio 7 Li : 6 Li was changed from 12.5 : 1 to 14.2 : l corresponding to a 
separation factor of 1.020. Later experiments 1 with lithium chloride gave a 
factor of 1.039. Johnston and Hutchison in still later experiments find 
1.055 db 0.005. Holleck’s experiments with the chloride changed the atomic 
weight of lithium from 6.941 to 6.894, corresponding to an enrichment of c Li 
by 71 per cent of the concentration originally present. Lewis and Macdonald 2 
displaced the atomic weight to 6.855 by exchanging lithium amalgam with 
lithium salt solutions (chloride in alcohol; bromide in alcohol-dioxane). The 
amalgam is preferentially enriched in ®Li. The atomic weight of 6.855 corre¬ 
sponds to an increase in the ratio °Li : 7 Li from 1 : 11.6 to 1 : 5.1. The method 
depends on the difference in electrode potentials of the two isotopes. 

(43) Separation by Fractional Distillation: Aston did not achieve any 
measurable separation of neon isotopes by fractional distillation from charcoal 
cooled in liquid air. Keesom and van Dijk, by rectification of neon in the 
neighborhood of its triple point have produced fractions with atomic weights 
of 20.091 and 20.574 from the normal neon of atomic weight 20.183. 3 Similarly, 
by rectification, Smith 4 has obtained a sample of atomic weight 21.157. Urey 
and his collaborators 5 obtained their first indications of deuterium through 
distillation of liquid hydrogen. Small increases in the concentration of 18 0 have 
been secured by distillation of liquid oxygen.® Only a slight concentration of 
1& N was obtained by distillation of ammonia. 7 

The fractional distillation of water was shown by Lewis and Cornish 8 to 
produce small changes in density and to this change the disturbance of the 
oxygen isotope ratio was also a contributing factor. Urey and Wahl 9 found 
that the separation factor for the oxygen isotopes in the distillation was 1.089 
at 11.25° falling to 1.062 at 46.2° and to an extrapolated value of 1.025 at 100°. 
Specially efficient fractionation columns are therefore essential for such separa¬ 
tions. Huffmann and Urey 10 in one such column obtained water containing 
0.85 per cent H 2 18 0. Stedman operated another with a resultant small 
separation. 

Among the heavier elements the early work of Bronsted and flevesy 11 should 
be recalled. By a process of fractional evaporation from a liquid mercury 

1 T. I. Taylor and H. C. Urey, ibid., 6, 439 (1938). 

2 0. N. Lewis and R. T. Macdonald, J. Am. Chem. Soc., 58, 2519 (1936). 

8 W. H. Keesom and H. van Dijk, Proc. K. Akad. Weicnsch. Amsterdam, 34, 42 (1931); 
37, 615 (1934). 

4 E. R. Smith, J. Chem. Phys., 2, 298 (1934). 

B H. C. Urey, F. G. Brickwedde and G. M. Murphy, Phys. Rev., 39. 164, 864 (1931); 
40, 1 (1932). 

6 R. Klar and A. Krauss, Naturwiss., 22, 119 (1934) ; D. F. Stedman, Can. J. Research, 
13, 114 (1935). 

7 M. H. Wahl, J. R. Huffmann and J. A. Hippie, J. Chem. Phys., 3, 434 (1935). 

8 G. N. Lewis and R. E. Cornish, J. Am. Chem. Soc ,, 55, 2616 (1933). 

• H. C. Urey and M. H. Wahl, J. Chem. Phys., 3, 411 (1935). 

10 J. R. Huffmann and H. O. Urey, Ind. Eng. Chem., 29, 531 (1937). 

11 J. N. Brftnsted and G. Hevesy, Z. physik. Chem., 99, 189 (1921). 
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surface to a liquid air cooled surface in a vacuum, these authors ultimately 
obtained two mercury fractions whose density in terms of normal mercury as 
unity showed displacements of =fc 0.00025. Honigschmid and Birckenbach 1 
used the same method to obtain displacements of + 0.02 and — 0.05 units in 
the atomic weight. Harkins and his collaborators 2 in early experiments pro¬ 
duced similar changes of dt 0.05 unit and, with improved techniques, two 
samples of as much as 100 g. with a total density difference of 0.189 unit. 
Chlorine was displaced 0.02 atomic weight unit by evaporation of aqueous 
hydrochloric acid solutions by Bronsted and Hevesy. Zinc was enriched in 
the same manner by Egerton and Lee 3 and the isotopes of potassium were 
partially displaced by Hevesy. 4 The /3 -ray activity was found to be increased 
in the heavier fraction. It is now known that the activity is a property of 
the isotope ^’Iv. 5 

(44) Separation by Chemical Exchange Methods: Experience obtained with 
the hydrogen isotopes in a variety of exchange reactions and comparison of the 
experimental data with theoretical computations based upon statistical me¬ 
chanics, with due attention to the effects caused by differences in zero-point 
energy, served to indicate that chemical exchange methods might be employed 
for isotopic separations. Systematic exploration of the several possibilities 
with isotopes other than those of hydrogen was made theoretically by Urey and 
Ureiff. 6 For example, the equilibrium between liquid winter and gaseous carbon 
dioxide, 

C l6 O s + 2H? lK 0 = C l8 0 2 + 2H 2 1(5 0, 

was shown by calculation to give a separation factor of 1.047 at 0° favoring 
the concentration of 18 G in the carbon dioxide. The experimental work on 
the concentration of 18 0 in the electrolysis experiments provided some indication 
that this equilibrium was influencing the experimental results since the usual 
method of removing alkali from the solution involved saturation of the electro¬ 
lyte with carbon dioxide. The separation factor was experimentally confirmed 
in Urey’s laboratory. 7 Table XIII summarizes some of the separation factors 
of such isotope exchange reactions. 

The separation factors are small and therefore, for practicable separations, 
they must be multiplied in effect. This is achieved by continuous operation of 
the exchange reaction with a counter current flow of liquid and reacting gas, 
using the technique of the fractionation column. For a column equivalent to 
n single exchange units the overall separation factor becomes a n where a is the 
single separation factor. The chemical exchange method has proved especially 

1 O. Honigsehmid and L. Birckenbach, Her., 56B, 1219 (1923). 

2 Harkins and Madorsky, J. Am. Chem. Soc., 45, 591 (1923); Harkins and Mortimer, 
Phil. Mag., 6, 001 (1928). 

3 A. S. Egerton and W. B. Lee, Proc. Roy. Soc., [A], 103, 499 (1923). 

4 G. Hevesy and Logstrup, Z. anorg. Chem., 171, 1 (1928). 

6 W. R. Smythe and Hemmendinger, Phys. Rev., 51, 178 (1937). 

6 H. G. Urey and L. J. Greiff, J. Am. Chem. Soc., 57, 321 (1935). 

^ L. A. Webster, M. H. Wahl and H. 0. Urey, J. Chem. Phys 3, 129 (1935). 
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TABLE XIII 

Separation Factors for Isotope Exchange Reactions 
( a) Gaseous Exchange Reactions 


Equilibrium Constant 


Reaction at 29S.1° K 


I 2 S' 6 02+H2 18 0 = L2S 18 0 2 -FH 2 16 0.1.02S 

L2(" ,6 02-fIta ,8 0»}- 2 OK) 2 +H2 1 *0.1.054 

, J 2 lfi Oa+ H 2 1H <> = V 8 0 2 4-H 2 lf >0. ... .1.020 

l3 CO+ ia OOa == ia OO -f 13 C() 2 . 1.080 

1 2 35Cl 2 -f-H 37 Cl = .4 37 n 2 -f-H 3t ’(4. 1.003 

f 2 l4 N2-f l6 NO = J 2i & N2+ u NO. . . 1.015 

fi LiH -f 7 Li = 7 LiH + 6 Li_ . . 1.025 


(5) Two Phase Exchange Reactions 

Equilibrium Constant at 29S.1 0 K 

Reaction Calculated Obaerved 


lt NH,(g) -F 14 NH 4 + (aq.) = ll NH 3 (g) + u NlL , (aq.).1.033 1.023 

H«CN(g) + 18 ON”(aq.) =H l3 CN'(g) -f w(^N-(aq.).1.020 1.013 

HON(g) +C ,5 N~(tuj.) = HO lB N(g) +C w N“(aq.).1.003 <1.0 

34 S(> 2 (g) 4-H 32 SOa"(aq.) *= M SOa(g) 4-H 84 S0 3 ~(aq.) ... 1.012 


useful in the separation of the nitrogen and the carbon isotopes and, to a minor 
degree, the isotopes of sulfur. 

For the nitrogen isotopes use was made of the exchange reaction between 
ammonia gas and ammonium ion, the latter in solution as the nitrate: 

16 NH 3 (g) + 14 NH 4 + (sol.)^ 14 NH,(g) + 18 NII 4 + (sol.). 

The process consists of a flow of the liquid phase downward through a column, 
the liberation of the ammonia by addition of sodium hydroxide and subsequent 
boiling, and the return of the ammonia upward through the column. In 
operation 16 N is transported down the column since it concentrates in the liquid 
phase, and, when a steady state has been reached under conditions of total 
reflux at the bottom with a very large reservoir of material at the top, there 
will be an exponential distribution of 15 N in the working material through the 
column. The equilibrium constant of the reaction process is about 1.023. 

Urey, Huffmann, Thode and Fox 1 produced a 6.5-fold change in concentra¬ 
tion, or 2.5 per cent I5 N using ammonium sulfate in a single fractionating 
column. These data suggested an arrangement of several fractionating columns 
in cascade, such that a smaller second column operates on a fraction of the 
product from the first column, a third a product from the second and so on. 
Economy of time can thereby be secured. The sizes of the columns are de¬ 
pendent on the enrichment factor secured in the first column. With an n-fold 
increase in concentration of the desired isotope in the first column, then I/nth 

1 H. C. Urey, Huffmann, H. G, Thode and Fox, J. Chem. Phys. } 5 , 856 (1937). 
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of the product from the first unit should be fed to the second column and the 
remainder stripped in a suitable stripper using alkali to liberate the ammonia 
which then returns to the column. If the second unit is so chosen in size as to 
produce a further n-fold increase in the isotope concentration, again 1/Vith 
should go forward to the third column and the residue to the second stripping 
unit. With three such units the isotopic concentration would become w 3 -fold 
and for s such units n*-fold. Thus arranged, the columns in cascade have 
approximately the same transport in each unit as the system approaches a 
steady state, so long as the concentrations of in gas and liquid are not too 
large. When this is no longer true the rate of flow must be increased to keep 
the transport constant. 

The cascade principle was tested by Thode and Urey, 1 a first unit consisting 
of 24 meters of glass column, 7 cm. in diameter, in four 4.5 meter sections, each 
packed with 6-mm. Berl saddles. A second unit consisted of 12 meters of 
packed column, 2.2 cm. in diameter and the third unit of 7.5 meters of column, 
1 cm. inside diameter packed with glass spirals (Fig. 15). Ammonium nitrate 
was used because of its high solubility. A ten-fold increase in 15 N concentration 
was attained in units 2 and 3 with feeds of 7.5 ce. and 0.85 cc. per minute 
respectively of liquid product (60 per cent ammonium nitrate solution) from 
the preceding unit. With a feed rate of 70 cc. per minute to unit 1 and the 
stated rates in units 2 and 3 with an operating pressure of 5 cm. in the first 
unit and 0 cm. in the second unit the enrichments obtained, at the steady state, 
are shown in Table XIV. After maximum concentrations were reached the 
apparatus produced, in 4 days, 8.8 grams of 70.6 per cent 15 N removed as 
nitrate from the system every twelve hours. 

TABLE XIV 

Enrichment of lf, N in Ammonium Nitrate-Ammonia Exchange Reaction 


Enrichment 

Unit Factor Percentage 15 N 

1 . 7.04 2.01 

2 . 8.7 18.9 

3 . 11.5 72.8 

Over-all.702. 


To concentrate 13 C the exchange reaction between carbon dioxide and bi¬ 
carbonate ion would be the most convenient but Urey found the reaction to be 
slow and failed to catalyze the reaction in a satisfactory and continuous manner. 
Urey and his co-workers therefore finally turned to the use of the hydrogen 
cyanide-cyanide reaction, H 12 CN(r/) + 13 CN~(a$) = H 13 CN(gf) + 12 CN“(a^), 
to concentrate heavy carbon. The 13 C concentrates in the gas phase. The 
cascade process developed for nitrogen is therefore used in reverse with the 
small units at the top, the larger unit feeding more concentrated samples of 
H 13 CN to the bottom of the smaller units. The arrangement of the two-stage 

i H. G. Thode and H. C. Urey, ibid., 7, 34 (1939). 
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fractionation units used by Urey and his co-workers 1 is shown in Fig. 16. The 
larger unit 1 changed the carbon isotope ratio by a factor of about 5. The 
second unit changed the ratio by a factor of about 6. Concentrations as high 


N 



UNIT 1 UNIT 2 UNIT 3 

Fig. 15. Complete Apparatus as used in the Separation of the Nitrogen Isotopes 

as 22 per cent of 13 C have been produced at a rate of 0.1 g. of 13 C per 24 hours. 
Polymerization of the hydrogen cyanide is troublesome unless reduced to 
negligible proportions by the addition of sodium sulfide to the solutions. 

1 C. A. Hutchison, D. W. Stewart and H. C. Urey, ibid., 8, 532 (1940). 
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The concentration of 3, S by the chemical exchange method has also been 
effected. 1 The reaction used was that between sulfur dioxide gas and a solution 
of sodium bisulfite. Using three fractionation units in the usual cascade ar¬ 
rangement, sulfur containing 25 per cent of 34 S could be secured at the rate of 
3.2 g. per day. An experimental value for the simple process fractionation 
factor a of 1.012 was obtained in room temperature operation, the heavy sulfur 



Fig. 10. Arrangement of Fractionation Units in the Separation of Carbon Isotopes 

concentrating in the liquid phase. Heavy sulfur thus becomes available for 
tracer experiments requiring long time intervals of experimentation. Radio¬ 
active sulfur has similar applicability in tracer experiments of limited duration. 

Reference has already been made to the experiments of Lewis and Mac¬ 
Donald who used the exchange reaction between lithium amalgam and lithium 
ion dissolved in alcohol for the fractionation of lithium isotopes. Taylor and 

1 D. W. Stewart and K. Cohen, ibid., 8, 904 (1940). 
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Urey 1 have also used the difference in the exchange reaction between water 
solutions of alkali metal ions and solid zeolites as a means of concentrating the 
isotopes of lithium, nitrogen (ammonium ion) and potassium. Lithium ions 
displace sodium ions from a sodium zeolite, the G Li more readily than the 7 Li 
ions so that the leading sample was enriched in 7 Li. Displacement of exchanged 
lithium zeolite by sodium chloride removed 7 Li more rapidly so that 6 Li was 
enriched in the trailing sample. Changes of 25 per cent in the normal abun¬ 
dance of heavy lithium and of 10 per cent with nitrogen and potassium have 
been thus secured. With the latter elements the heavier isotope is preferentially 
concentrated in the zeolite. 

(45) Isotope Species and Optical Spectra: Optical spectra of atoms and 
molecules may be used to supplement the data of mass spectrography. The 
aid thus obtained has been of prime significance in the recent development in 
this field. Optical spectra have been employed not only for the discovery of 
isotopes but also for the determination of abundance ratios. It will be suffi¬ 
cient, at this juncture, to indicate the lines upon which this work has developed, 
leaving to subsequent chapters the detailed elucidation of the fundamental 
principles involved. 

The energy of a molecule can be expressed, apart from its energy of transla¬ 
tion, in terms of its constituent rotational, vibrational and electronic energies, 

E = E r + E v + E". (45.1) 

Spectra resulting from transitions between two energy levels can be analyzed 
in terms of the changes in these several forms of energy. In each type of 
energy change there will be an isotope effect due to the differences of isotopic 
masses in the molecule. That due to an electronic transition E/ — E e " will 
in general be small and, thus far, it has not been used. Associated with an 
electronic change there are vibrational and rotational changes which will show 
isotope effects in the electronic bands as they will, also, in pure vibration- 
rotation transitions. The energies of a diatomic molecule due to vibration 
and rotation are representable by equations of the form 

E v — hccOe(v + hi) — XrU)e(v + }i) 2 + • * * (45.2) 

and 

E r = hc[B v J(J + 1) + D V J*(J + l) 2 + • • *]• (45.3) 

The vibrational quantum number v may have values of 0, 1, 2, 3, • • •; cc e is 
the frequency of vibration of the molecule expressed in cm.” 1 (1/A) and cw e — v 
the frequency of vibrations in sec." 1 about the equilibrium position in the par¬ 
ticular vibrational state, c being the velocity of light and h the Planck constant. 
The second and higher terms take account of the anharmonicity of the molecule. 
Since the frequency of vibration cu of the nuclei depends upon the reduced 
mass, ;u, o> c « m~ 1/2 where /x = /n J m 2 /(m 1 + m 2 ), it is apparent how the different 

1 T. J. Taylor and H. C. Urey, ibid., 6 , 429 (1938). 
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isotopic masses of a given element will affect the value of oj e and therefore the 
spectra. 

The rotational energy expression contains, in addition to the rotational 
quantum number J with integral values of 0, 1, 2, 3, 4 etc., the constant 
B v = h/Hw 2 cI v . Here I v is the effective moment of inertia of the molecule 
in the given vibrational state. This quantity is given by the expression 
rri\m>>(ri -j- r 2 ) 2 /(^i + wh) = gr 2 where rri\ and ?n 2 are the masses, r\ and r 2 
their distances from the center of gravity of the molecule, r the distance apart 
of the atoms in the molecule. D v is a small negative correction also expressible 
in terms of I v . The effect of these two constants in the energy expression is 
to introduce a corresponding isotope effect into the rotational spectra when 
one of the atoms of the molecule can have different isotopic masses. 

In atomic spectra of hydrogen-like atoms there will be an isotope effect due 
to the effect of changes in nuclear mass Mi on the frequency of the transition 
from the n' to the n" quantum state, given by the Bohr equation, 



where Re has the value 2w 2 mc 



m 



h 3 where m is the electronic mass 


and e the electronic charge, Z representing the nuclear charge. It was this 
shift in frequency which was used by Urey, Brickwedde and Murphy 1 to 
characterize their discovery of the deuterium isotope in hydrogen. 

One further effect due to isotopes in spectra is to be attributed to the nuclear 
spin. The spin moments of isotopic nuclei may differ and, as a consequence, 
the spectra may differ. The effect is best indicated with reference to the 
homonuelear molecules hydrogen and deuterium. In the former the two nuclei 
have each a spin of giving resultant nuclear moments of 1 and 0. Molecules 
with moment 1 are known as orthohydrogen. They have three states of equal 
probability. Molecules with moment 0 are known as parahydrogen and there 
is only one state. Ordinary hydrogen is a mixture of orthohydrogen and 
parahydrogen in the ratio of 3:1. Parahydrogen molecules possessing anti¬ 
parallel nuclear spins have even rotational quantum numbers J — 0, 2, 4, 6 . 
Orthohydrogen with parallel spins have odd rotational quantum numbers 
J = 3 , 5 . This ratio of the two forms results in corresponding alternating 

intensities in the molecular spectra. In the isotopic homonuelear molecule I ) 2 
the isotopic nucleus I) has a spin of unity. The molecule exists in two states, 
the ortho-states with even rotational quantum numbers, the para- with odd 
rotational quantum numbers, the ratio at high temperatures being 2 ortho : 1 
para with corresponding alternations in intensity in the spectra. Heteronuclear 
molecules such as HD and 36 C1 37 C1 show no alternation of intensities in their 
spectra. 

1 H. C. Urey, F. G. Brickwedde and G. M. Murphy, Phys. Rev., 39, 164, 864 (1931); 40, 
1 (1932). 
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In the atomic spectra the hyperfine structure of the spectral lines depends 
to a certain extent upon the nuclear spin and may therefore change from isotope 
to isotope. 

(46) Isotope Discovery from Spectral Data: Hydrogen chloride is an ex¬ 
ample from the spectra of which data on isotopes have been derived. As early 
as 1919 the vibration-rotation bands of this compound were examined by Imes 1 
who found that the rotational components were broadened on the side of lower 
frequencies where a satellite due to H 37 C1 should be found. The interpretation 
of the broadening in this sense was given by Loomis 2 and by Kratzer 3 in 1920. 
The intensive development of infra-red spectroscopy notably that which has 
been achieved in the University of Michigan has permitted the complete 
resolution of the isotopic bands due to the two chlorine isotopes. Not only 
has the calculated vibrational separation of 4 cm." 1 been verified but the small 
increase of this with increasing values of the rotational quantum number J due 
to the additional rotational isotope effect has been found in best agreement with 
theoretical calculation. 4 

A discovery of isotopes from molecular spectra which had far-reaching 
effects in physical science was the observation of (iiauque and Johnston h that 
the spectra of atmospheric air showed that the molecules of ordinary oxygen 
do not consist exclusively of atoms of mass 16, but also contain atoms of masses 
17 and 18. The natural abundances of the three were found to be 99.76, 0.04 
and 0.20 per cent. The correlation of the mass ratios II : O obtained by mass- 
spectrographic and ordinary chemical methods revealed a discrepancy, when 
account was taken of the constituents of masses 17 and 18 in oxygen, such that, 
as pointed out by Birge and Menzcl, 6 the existence of a hydrogen isotope of 
mass 2 was indicated, present to the extent of 1 part in 5000 in ordinary 
hydrogen. This isotope was successfully demonstrated by Urey, Brickwedde 
and Murphy. 7 

The complexity of oxygen also raised doubts with respect to the element 
carbon. These doubts were resolved by the discovery by Birge and King 8 of 
the carbon isotope of mass 13, with an abundance of 1.1 per cent, from a study 
of the band spectra of gaseous carbon compounds, among others that of carbon 
monoxide. 

Nuclear Processes 

(47) Nuclear Transformations by a-Particles: The transformation of stable 
nuclei was first achieved by Rutherford 9 in a series of researches beginning in 

1 Imes, A atrophy*. 50, 251 (1919). 

2 Loomis, ibid., 52, 248 (1920). 

3 Kratzer, Z. Physik , 3, 460 (1920). 

4 J. D. Hardy and G. B. B. M. Sutherland, Phys. Rev., 41, 471 (1932). 

5 W. F. Giauque and H. L. Johnston, Nature , 123, 318, 831 (1929). 

6 R. T. Birge and D. H. Menzel, Phya. Rev., 37, 1670 (1931). 

7 H. O. Urey, F. G. Brickwedde and G. M. Murphy, ibid., 39, 164, 864 (1932). 

* R. T. Birge and A. S. King, Nature , 124, 127, 182 (1929); R. T. Birge, Phys. Rev., 34, 
379 (1929). 

9 E. Rutherford, Phil. Mag., 37, 581 (1919). 
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1919, using the swift a-particles from RaC' as the bombarding source. These 
a-particles have a range of 6.97 cm. in air. The method employed was to 
determine, by observation of the scintillations produced on a zinc sulfide screen 
through metal foils of calibrated stopping powers, the ranges of particles caus¬ 
ing the scintillations. Thus, with an apparatus filled with hydrogen, scintilla¬ 
tions were observed when the combined effects of the gas atmosphere and 
absorption screens were equivalent to 29 cm. of path in air at atmospheric 
pressure and room temperature. Admixture of carbon dioxide with the hy¬ 
drogen did not change this range which was evidently associated with inter¬ 
action between the a-particles and hydrogen nuclei. The curve of scintilla¬ 
tions against range cut the range axis for zero scintillations at 29 cm. The 
particles producing the scintillations were evidently hydrogen nuclei or protons, 
whose energies are derived from elastic collisions with the more massive helium 
nuclei. 

With oxygen as bombarded gas only particles of 26 cm. range were observed 
and these, it was assumed, came from proton impurities in the apparatus. 
With nitrogen in the form of air, on the other hand, particles with a range 
equivalent to 40 cm. in air were obtained. Since such ranges could not arise 
by elastic impacts with helium nuclei of 7 cm. range it was assumed that the 
particles with 40 cm. range were protons shot from the nitrogen nucleus by 
the disintegration process, 

*He + *JN = 'lO + lH. 

Since the energy of these protons was greater than those observed with hydrogen 
it followed that the energy of the interaction, lie + N, must have contributed 
to the kinetic energy of the proton expelled. With aluminum foil as the bom¬ 
barded material the range of the protons reached 90 cm., indicating an even 
larger conversion of inter-nuclear energy. The particles produced were then 
shown to be protons by a study of their behavior in electro-magnetic and 
electrostatic fields. 

With Chadwick, Rutherford 1 demonstrated the production of swift hy¬ 
drogen nuclei by collision of a-particles with boron, nitrogen, fluorine, neon, 
sodium, aluminum, silicon, phosphorus, sulfur, chlorine, argon and potassium. 
In the same period of time Kirsch and Pettersson 2 investigated the production 
of hydrogen nuclei not only from the light elements just cited but also from 
ten heavy elements including iron and copper. They claimed the production 
of nuclei from lithium, beryllium, carbon and oxygen with which Rutherford 
and Chadwick had obtained negative results. 3 The helium nucleus gave 
negative results to both sets of workers. 

1 E. Rutherford and J. Chadwick, Phil. Mag., 42, 809 (1921); 44, 417 (1922); 48, 509 
(1925); Proc. Phys. Soc. London , 36, 417 (1924); J. Chadwick, ibid., 2, 1056 (1926). 

2 H. Pettersson and G. Kirsch, Atomzertrummerung, Akad. Verlagsges., Leipzig, 1926. 

3 M. S. Livingston and H. A. Bethe (Rev. Mod. Phys., 9, 295 (1937)) conclude that “in 
face of the existing evidence we are forced to eliminate these data from Vienna/’ 
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The data obtained by the scintillation method were confirmed subsequently 
by the cloud chamber method. 

(48) Energy Exchanges in Elastic Impacts: For a head-on collision of two 
particles rti\ and m 2 travelling with velocities V\ and ih respectively the principle 
of conservation of momentum demands that 

M\ih + mzVi - m\V\ + tn«v >/, (48.1) 

where V\ and v>/ are the respective velocities after the collision process. If 
we assume that the collision complex before separation of the masses has a 
single velocity a it follows from conservation considerations that 


mp'i -f m »v 

2 ~ (ni\ 

m»)u — m\V\ -f 

(48.2) 

From this we derive 

m\v x 

V = 

m x 

-f niiVo 

+ w« 

(48.3) 


Conservation also demands that 
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a maximum velocity to the proton (0 = 0; cos 0 = 1). The velocity in terms 
of that of the a-particle will be 

v P = 2-~; 1 -0« - 1.6 Va. (48.12) 

We assume with Bohr that the range of a charged particle in a given medium 
is directly proportional to its mass and inversely proportional to its charge. 
Further, according to the empirical relation, due to Geiger, the range varies 
directly as the third power of the velocity. Thus: 

Ra = Ar'r a : \ 

whence, since the charge on the a-particle is 2c, 

m a 

Ra = kv a 3 — > 

4c 2 

whilst the corresponding range for the proton is 

m P 

Rp — kv p * -- 


(48.13) 


(48.14) 


Using the above relation between v a and v p it follows that 

R P (1.6)V 4 1 

TT “-,.. X 7 = 4.1. 

It a V a 1 4 


(48.15) 


Since the range of the a-particles from RaC' in the Rutherford experiment 
was 6.97 cm., it follows that the maximum range of the protons from an elastic 
collision will be 4.1 X 6.97 = 28.58 cm. in agreement with observation. 

(49) Energy Relations in Inelastic Impacts : Ranges of protons observed as 
a result of inelastic impacts between a-particles and heavier atoms obviously 
depend also on the energies of the nuclear transformation processes. From 
the Einstein relation, E — gic 2 , where c is the velocity of light, 2.998 X 10 10 
cm. per sec., energy being expressed in ergs and the mass in grams, a mass of 
one gram is equivalent to an energy of 9 X 10 20 ergs, somewhat more than 
2 X 10 13 calories, approximately 10 9 electron volts (10 3 M.e.v.). 

The accurate mass spectrographic data of Bainbridge and Jordan 1 for 
hydrogen and helium give masses of 1.00813 and 4.00389 respectively. The 
formation of a helium nucleus from 4 protons results therefore in a mass loss 
of 4 X 1.00813 - 4.00389 = 0.02863 mass units or 0.0286 X 9 X 10 20 = 0.257 
X 10 20 ergs per mole, or 6 X 10 u cal. per mole. The mass of the electron is 
1/1837 = 0.00055 on the atomic weight scale or 0.00055 X 9 X 10 20 = 4.95 
X 10 17 ergs = 1.2 X 10 l ° cals. = 0.5 X 10 6 e.v. = 0.5 M.e.v. 

1 K. T. Bainbridge and E. 13. Jordan, Phya. Rev., 49, 883 (1936); 50, 98 (1936); 51, 384, 
385 (1937). 
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For a process involving an inelastic collision such as the interaction of 
a-particles and nitrogen nuclei, 

In + jHe = ‘Jo + !h, 

with a stationary nitrogen atom, the energy of the a-partiele together with 
energy produced or consumed in mass change (AF) is equal to the energies of 
the nuclei formed. In the present case it is found by measurement that energy 
is bound in the process to the extent of 1.26 M.e.v. 1 Since A E — A m-c 2 - 9 
X 10 20 Am ergs, 


6.02 X KF 
300 


0.02 X 1(FX 4.80 X 10~ 10 
300 


V 


or 

whence 


r _ 300 X 9 X 10 20 A m 

1 = 0.02 X 1(F X 4.80 X 10 "' 


931.4 X 10° Am volts 


AE = 1.20 X 10" c.v. - 931.4 X 10" Am, 
Am = 0.00135 mass unit. 


Since N = 14.0075, He = 4.0039 and H — 1.0081 it follows that the mass of 
the oxygen isotope 17 0 should be 


17 G = 14.0075 + 4.0039 + 0.00135 - 1.0081. 
- 17.0046. 


This isotope of oxygen has not yet been measured accurately by mass spectro- 
graphic methods. 

(50) Bombarding Agents for Nuclear Transformations: Prior to 1932 only 
a-particles from radioactive sources were employed in the production of nuclear 
transformations. In that year, as has already been stated, the existence of 
the neutron was recognized by Chadwick and the possibility of employing 
such particles in the problem of nuclear reactions, due to the absence of charge, 
was immediately obvious. In the same year, the first experiments of Cockcroft 
and Walton, 2 in England, to impart high velocities to protons were brought 
to a successful conclusion. Protons having velocities of 7 X HP e.v. were 
obtained in current strengths of 10~ 5 amp. and larger currents at somewhat 
smaller voltages. Even with these relatively small potentials, due to the 
resonance phenomenon already discussed in connection with the Oamow- 
Gurney-Condon theory, it was found possible to bombard the lithium nucleus 
with the production of disintegration products having a range of 8.4 cm. The 
reaction occurring, 

lu + 1H = }He, 

1 M. 8, Livingston and II. A. Be the, Rev. Mod. Rhys., 9, 375 (1937). 

* J. C. Cockcroft and E. T. & Walton, Proc. Hoy. Soc., [A], 136, 619 (1932); 137, 229 
(1932). 
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releases considerable energy by reason of the mass loss involved. Increase in 
velocity of the protons was shown 1 markedly to increase the transformation, 
a ten-fold increase resulting from an increase in velocity from 1 X 10*’ to 2 X 10 6 
e. volts. Simultaneously with the development of the high potential apparatus 
(See Section 56) by Cockcroft and Walton in England and by Crane, Lauritsen 
and Soltan 2 in California Institute of Technology, Lawrence in the University 
of California was developing the new technique of production of ion sources 
at high potentials embodied in the cyclotron. The availability of heavy 
hydrogen, consequent upon Urey’s discovery of this isotope, presented another 
high speed projectile, the deuteron (fll; iD), for nuclear transformation. 
From its nuclear structure, composite of a proton and a neutron, interesting 
properties of the particle could be anticipated and were found in nuclear trans¬ 
formations. With the “Li isotope, the nuclear reaction, 

3 Li + TI> - 2 ^He, 

results while, with the 7 Li isotope, a neutron on is produced in addition, 

sLi T" ill = 2 ^He -j- />n. 

With the modern forms.of the cyclotron, permitting the production of charged 
ions with velocities up to many M.e.v., it is also possible to use helium ions as 
the cyclotron beam, thus to check independently observations with a-particles 
from radioactive sources, and to produce concentrations of these projectiles 
greater than can be secured from available radioactive sources. 

In addition to the material particles, neutrons, protons, deuterons and 
a-particles, short-wave photons, the 7 -rays, have also been employed for 
nuclear transformations. The production of 7 -rays by nuclear disintegration 
was recognized early in the development of the study of radioactivity. Nuclear 
transformation with the aid of high energy 7 -ravs represents therefore a re¬ 
versal of this change. Chadwick and Ooldhaber 8 utilized such a reaction to 
reveal the structure of the deuteron. With the hard 7 -rays from ThC", with 
an energy of 2.6 M.e.v., deuterons are converted into protons and neutrons 

+ hv{ 7) = til -f- (Vb 

a reaction from which the mass of the neutron may be deduced (Section 52). 

(51) The Neutron. Discovery: It was observed by Bothe and Becker 4 in 
1930 that the bombardment of light elements such as lithium and beryllium 
by a-partieles yielded a very penetrating 7 -radiation of short wave length. 
Irene Curie and Joliot then found r * that the radiation, especially from beryllium, 

1 M. L. Oliphant and E. Rutherford, Proc. Roy. Soc ., [A], 141, 259 (1933); E. O. Lawrence, 
M. S. Livingston and M. G. White, Phys. Rev., 42, 150 (1932). 

2 H. II. Crane, C. C. Lauritsen and A. Soltan, ibid., 45, 507 (1934) 

3 J. Chadwick and M. Ooldhaber, Nature , 134, 237 (1934b 

« W. Bothe and II. Becker, Z. Physik , 66, 289 (1930). 

»I. Curie and F. Joliot, ComyL rend., 193, 1412, 1415 (1931); 194, 273, 708, 876 (1932). 
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Bet free protons from materials such as paraffin containing large quantities of 
hydrogen. This behavior led Chadwick to suggest 1 that, in addition to the 
7 -radiation, there must also be present a corpuscular constituent without 
electric charge. This he demonstrated in the following manner. An a-particle 
source from polonium on a silver target was allowed to impinge on a beryllium 
source in an evacuated container. The secondary radiation thus produced 
passed through the walls of the container to an ionization chamber closed with 
aluminum foil equivalent to 4.5 cm. of air. The ionization produced in the 
chamber was measured. If now a 2 mm. thick sheet of paraffin was interposed 
between the source and ionization chamber the number of recorded ions in¬ 
creased considerably. These were due to the protons produced in the paraffin 
by the secondary radiation from the beryllium and their energies could be 
determined by interposition of aluminum screens of suitable thicknesses. 
Maximum proton velocities of 3 X 10 ft cm. per sec. or energies equal to 5.7 X 10 6 
e. volts were recorded. Further, the effect of the secondary radiation from 
the beryllium was but little weakened when lead was interposed between the 
beryllium source and the paraffin. This definitely ruled out a - and /3-particles 
as the cause of the proton formation in the paraffin. It was further shown by 
the Joliots that a strong magnetic field did not influence the intensity of the 
proton-producing constituent. This left only 7 -quanta or an uncharged 
particle. The enormous energies which the former must possess to release 
protons of the energies indicated appeared to exclude 7 -radiation. Chadwick 
concluded therefore that the radiation from the beryllium contained neutrons. 
Experiments with the Wilson cloud chamber by the Curie-Joliots , 2 Feather , 3 
Meitner 4 and Philipp 6 confirmed this. Neutrons passed to the interior of 
the chamber from outside and, since they do not markedly ionize, their paths 
are not visible. Protons from a paraffin sheet within the chamber are, however, 
visible as tracks from the paraffin source. Chadwick was able to determine 
the approximate mass of the neutron by comparison of the maximum velocities 
of protons and nitrogen nuclei produced by the impacts of neutrons in hydrogen 
and nitrogen respectively. By the principle of conservation of energy and 
momentum upon impact, assuming hydrogen and nitrogen initially at rest, 
the velocities will be for a neutron of mass M and velocity v } 


wh 


2 M 

M + m/’ 


Un 


2 M 

- P' 

M + 


(51.1) 


He concluded that, within an error of 10 per cent, the mass of the neutron was 
identical with that of the proton. 

(52) Properties of Neutrons: Neutrons are uncharged particles of approxi¬ 
mately unit mass with a unique penetrating power. Because of their lack of 

1 J. Chadwick, Proc. Roy. Soc., [A], 136, 692 (1932); 142, 1 (1933). 

*1. and F. Ourie-Joliot, Compt. rend., 194, 708 (1932). 

3 N. Feather, Proc. Roy. Soc., [A], 136, 709 (1932). 

4 L. Meitner, Naturwisn., 20, 929 (1932). 

£ K. Philipp, ibid., 20, 929 (1932). 
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charge they are not influenced by the outer electrons of atomic systems but 
suffer collisions with nuclei, the approach of neutrons to which is not hampered 
by the repulsive forces operative between charged particles and nuclei. Since 
the size of the nucleus varies little from substance to substance and the number 
of nuclei per unit volume is the determining factor governing the number of 
neutron collisions it is obvious that, per gram of material, hydrogen-rich ma¬ 
terials will be the most effective agents for neutron absorption. The absorption 
relations sharply distinguish neutrons from 7 -rays. The latter are absorbed 
not only in proportion to the number of atoms but also in proportion to the 
electrons these atoms contain. Hence 7 -rays are more strongly absorbed by 
lead than are neutrons, but in paraffin the neutrons are much more strongly 
absorbed. Again, because of the lack of charge, the range of neutrons will 
be large, several kilometers in air; even lead 30 cm. thick cuts down the neutrons 
from a beryllium source only some 10 per cent. For the same reason also 
neutrons have little ionizing influence on the atoms through which they pass. 
In collisions with the positive nuclei of the atoms they give up energy, especially 
so with the nuclei of light atoms. It is in this manner that Fermi and his 
collaborators reduced the speeds of neutrons by encasing the neutron source 
in materials such as water or paraffin, rich in hydrogen. The successive 
collisions finally reduced the energies of the neutrons to values comparable 
with those due to thermal motion. With decrease in neutron energy, the 
important observation was made that the cross-section of the nucleus for 
neutron capture was markedly increased. For fast neutrons the cross-section 
is of the order of 10~ 24 cm . 2 but with slow neutrons areas from 100 to 10,000 
times this value were observed. 

(53) Neutron Producing Processes: Spontaneous radioactive change is not 
known to produce neutrons. Neutron emission is common from nuclei bom¬ 
barded with high speed particles or 7 -rays. As neutron sources of practical 
importance, either from the standpoint of yield, homogeneity, convenience or 
energy-distribution, the following reactions are the most important. 

(а) Deuteron-Deuteron Interaction: 2 D + 2 D — 3 He -}- 1 n. This reaction is 
important because of high yield and absence of 7 -radiation. Recent observa¬ 
tions on this reaction give 1.2 X 10 ' 7 neutron per deuteron when referred to a 
target of pure deuterium and a deuteron energy of 0.1 M.e.v. The neutrons 
produced are fairly homogeneous with energies around 2.5 M.e.v. A group of 
lower energy, ~~ 1 M.e.v. has been considered as due to scattering of the more 
energetic neutrons but also as due to the 3 He nucleus being produced in an 
excited state. 

( б ) Lithium-Deuteron Interaction: 7 Li + 2 D = 8 Be + l n. Two groups of 
neutrons are produced with energies of 14 and 11 M.e.v. from deuterons of 
0.93 M.e.v. the less energetic five-fold more intense than the more energetic. 
With 5.7 M.e.v. deuterons, neutron energies up to 20.8 M.e.v. in the forward 
direction are obtained. The angular distribution of the neutrons then agrees 
with the reaction 7 Li + 2 D = 2 4 He + rather than with the formation of 8 Be. 
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(c) Beryllium-Helium Interaction: 9 Be 4- 4 He = l2 C + i n. The bombard¬ 
ment of beryllium by a-particles is the earliest and still an important source 
of neutrons due to the size and convenience of the apparatus. A mixture of 
beryllium metal with radium or radon is used and such mixtures are suitable 
as standards of comparison with other neutron sources. From 1 millicurie of 
radium mixed with beryllium powder the accepted value for the yield is about 
25,000 neutrons per second. The range of energies is large, depending on the 
energies of the a-particles, is a more or less continuous distribution and reaches 
as high as 15 M.e.v. 

(d) De uteri um-y-ray Interaction: 2 D 4 ~ y — + l n. This reaction is 

especially useful as a source of neutrons of known energy. The binding energy 
of the deuteron is 2.2 M.e.v. so that a 7 -ray of energy E gives an available 
energy of (E — 2.2) M.e.v., shared approximately equally by both proton and 
neutron. 

(54) The Mass of the Neutron: This last interaction between a deuteron 
and a 7 -ray is the basis of the best method of determination of neutron mass. 
From the Einstein relation, if the energy E ergs is employed to disintegrate a 
mass nh into masses m 2 and m 3 it follows that m 1 + Ejc 2 — m 2 + where c 
is the velocity of light. The best data on the interaction of deuterons and 
7 -radiation, with the greatest refinements in relating proton energies to their 
observed ranges, yield a value for the mass of the neutron of 1.00893. 1 An 
independent determination of the binding energy of the deuteron which does 
not involve the range-energy relation gives a value 1.00895. 2 

(55) Spin and Magnetic Moment of the Neutron: From experiments on 
the scattering of neutrons by ortho- and para-hydrogen it has been concluded 
that the spin of the neutron is 1 2 in units of H/2t; 3 for the magnetic moment 
the value of — 2 nuclear magnetons is obtained . 4 

(56) Techniques for the Production of High Velocity Ions as Projectiles: 

(a) The Voltage Multiplier: The earliest experiments of Cockcroft and 

Walton in the production of high speed protons used the condenser-rectifier 
voltage multiplier. The voltage multiplication principle of charging condensers 
in parallel and discharging in series across a load was employed to triple the 
output from a transformer supplying 60 cycle alternating current at 250 kv. 
Rectifier tubes, used as switches, provide a method of charging the condensers 
60 times a second and thus a direct potential of about 800 kv. is provided across 
a final bank of three condensers, suitably mounted on insulating supports. 
The transformer charges a feeding condenser through two rectifiers which are 
conducting during one half cycle. In the next half cycle these rectifiers are 
non-conducting and the feeding condenser divides its charge with another 

1 H. A. Bethe, Phys. Rev., 53, 313 (1938). 

2 G. Stetter and H. Jentsch, Z. Physik, 110, 214 (1938). 

3 F. G. Brickwedde, J. R. Dunning, H. J. Hoge and J. H. Manley, Phys. Rev., 54, 266 
(1938). 

4 O. R. Frisch, H. von Halhan and J. Koch, ibid., 53, 719 (1938). 

6 M. *S. Livingston and H. Bethe, Rev. Mod. Phys., 9, 247 (1937). 
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condenser through a second set of rectifiers and so on until all condensers are 
fully charged. 

The high voltage discharge tube of porcelain is continuously pumped. 
Canal-ray sources of protons are introduced at the high potential end, ac¬ 
celerated through large tubular electrodes and strike the target at the grounded 
end. Currents were originally about 10/xa. (microamperes) at 800 kv. but 
these have been increased to as much as 100 ga. 

( b ) The Cascade Transformer: Lauritsen and Crane in Pasadena developed 
high voltage transformers for dee]) therapy X-ray tubes. Three transformers 
of 350 kv. are arranged in series; the primaries of the second and third trans¬ 
formers are activated from low voltage tertiarics at the high potential ends of 
the high voltage windings of the first and second transformers respectively. 
The second and third transformers rest on insulators permitting operation 
at 350 and 700 kv. above the ground potential. Currents of protons up to 
20 ga. at 900 kv. are obtained continuously and for short periods as much as 
100 fin. More recently Crane has produced currents of 250 /xa. at 10 fi volts 
(1 M.v.). These currents can be focused on a target of 1.2 cm. diameter. 

(c) The Electrostatic Generator: Van de Graaff 1 developed the electrostatic 
generator. An endless belt of insulating material carries an electric charge 
from a high voltage rectifier to a large hollow collecting sphere, which ac¬ 
cumulates the potential steadily. The Van de Graaff machines range from 
one yielding a few yu. at 80 kv. to the Hound Hill installation yielding several 
milliamperes at 5 M.v. This principle was used successfully by Tuve, Hafstad 
and Dahl 2 for transmutation purposes by reason of their development of a 
discharge tube. They have obtained positive ion currents of 20 fx a. at 1.2 
M.v. The sphere is mounted on Textolite insulating supports. The discharge 
tube is in sections with hollow cylindrical electrodes. The voltage limit is set 
by the corona from the surface of the sphere. The limiting potential may be 
increased by the construction of electrostatic generators of smaller size but 
built inside tanks which can be filled with air at G-7 atm. Ions up to 2.2 M.e.v. 
energy have thus been obtained. 3 

(d) High Intensity Discharge Tube: Oliphant and his collaborators 4 have 
used a high intensity discharge tube with 100 ga. of protons or deuterons ac¬ 
celerated to 200 kv. in a single stage from a 100 kv. transformer with a voltage 
doubler circuit. In later work the intensity was increased to 200 ga. The 
objective in this technique was a beam with high accuracy of energies. 

(e) The Cyclotron: The most popular technique for the attainment of high 
energy ions is that developed by Lawrence in the University of California, 
known as the magnetic resonance accelerator or, more generally, the cyclotron. 
This has proved to be the source of the highest energies obtained by ion ac- 

1 R. J. Van de Graaff, K. T. Compton and L. C. van Atta, Phys. Rev., 43, 149 (1933). 

2 M. A. Tuve, L. R. Hafstad and O. Dahl, ibid., 48, 315 (1935); 50, 504 (1936). 

3 R. G. Herb, D. B. Parkinson and D. W. Kerst, ibid., 51, 75 (1937). 

4 M. L. E. Oliphant and E. Rutherford, Proc. Roy. Soc., [A], 141, 259 (1933); 144, 692 
(1934). 
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celeration and the enormous results already attained are but the prelude to still 
higher energies in prospect. The principle invoked is the successive frequent 
acceleration of the ions in relatively small amounts in a low voltage high fre¬ 
quency field with which the ions are in resonance. The ions circulate back 
and forth from the interior of one electrode to the interior of the other as shown 
diagrammatically in Fig. 17. Two electrodes, A and B, in the form of semi- 
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Fig. 17. Schematic Diagram of the Lawrence Cyclotron 


circular hollow plates (the dees) are mounted in a vacuum tube in co-planar 
fashion with their diametral edges adjacent. The system is placed between 
the poles of a magnet and a magnetic field, IT, is introduced normal to the plane 
of the plates. High frequency electric oscillations are applied to the plates 
so that there results an oscillating electric field in the diametral region be¬ 
tween them. 

With this arrangement, it is evident that, if at one moment there is an ion 
in the region between the electrodes and electrode A is negative with respect 
to B } the ion will be accelerated to the interior of the former. Within the 
electrode the ion traverses a circular path because of the magnetic field, and 
ultimately emerges again between the electrodes, this is indicated in the diagram 
by the arc a • • • b. If the time consumed by the ion in making the semi-circular 
path is equal to the half-period of the electric oscillations the electric field will 
have reversed and the ion will receive a second acceleration, passing into the 
interior of B with a higher velocity. Again it travels on a semi-circular path 
(b • • • c) but this time the radius of curvature is greater because of the greater 
velocity. For all velocities (neglecting variation of mass with velocity) the 
radius of the path is proportional to the velocity, so that the time required to 
traverse a semi-circular path is independent of ion velocity. Therefore, if the 
ion travels its first half circle in a half cycle of the oscillations it will do so on 
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all succeeding paths. Hence, it will circulate on ever widening semi-circles 
from the interior of one electrode to the interior of the other, gaining an incre¬ 
ment of energy on each crossing of the diametral region corresponding to the 
momentary potential difference between the electrodes. Thus if, as in the 
early experiments of Lawrence and Livingston, 1 high frequency oscillations 
having peak values of 4000 volts are applied to the electrodes and protons are 
caused to spiral around in the electrodes 150 times they will receive 300 incre¬ 
ments of energy acquiring thereby a speed corresponding to 1.2 M.v. In¬ 
tensities vary from 10 pu. to 200 jua. The resonance principle involves a mag¬ 
netic analysis of ion masses and velocities; only ions having the same e/m can 
be accelerated. Deuterons and hydrogen molecule ions have approximately 
the same e/m but their mean free paths are quite different. At sufficient gas 
pressures the molecule ions will be absorbed leaving the deuterons alone to 
reach the collector. Variations in ion energies less than about 2 per cent of 
the total energy can usually be attained. The ion beam is caused to emerge 
tangentially from the accelerating chamber by suitable electrostatic deflecting 
fields. It emerges through a thin window and is observable as a bluish ioniza¬ 
tion glow whose length is determined by the density of the atmosphere. The 
energies of the cyclotrons can be stated approximately by the ranges of the 
ion beams in air. Lawrence himself has built a sequence of cyclotrons of 
increasing size, varying in beam energy from 80 kv. to 16 M.e.v. The beam 
from this latter extends 60 inches through the air after leaving the chamber. 
Throughout the world, some thirty-five cyclotrons of varying sizes have been 
built. The majority of these can produce deuterons of 5 to 10 M.e.v. and 
currents of 10 to 200 /ia. A new giant cyclotron whose beam, it is expected, 
will range in voltage from 100 to 300 M.v. is under construction in Berkeley. 
This beam may be expected to penetrate 140 feet of air. 

(57) The Results of Disintegration Experiments: The number of disintegra¬ 
tions already achieved with a-particles from natural radioactive sources and 
with the high-speed ions, neutrons and gamma-rays has become so large that 
it has been found necessary to subdivide them into type-reactions and to devise 
a shorthand notation descriptive of each. There are used as projectiles, and 
appear as disintegration products, alpha-particles, protons, deuterons, neutrons 
and gamma-rays. To these are assigned respectively the symbols a, p, d, n 
and y. The reactions produced by a given projectile and yielding a given 
product are designated by the corresponding symbols in order. Thus, a - 
particle disintegrations yielding protons are designated as reactions of the a~p 
type. A neutron bombardment which yields an a-particle would be symbolized 
as n-a. If such a designation is preceded by the chemical symbol of the sub¬ 
stance bombarded the reaction occurring is completely specified. Thus 6 Li, 
n-a would designate the reaction jjLi + In = ?H + jHe, since, from the 
required balance of charge and mass, the other disintegration product must be 
a hydrogen isotope and of mass 3. More generally, the nuclear charge may 

1 E. O. Lawrence and M. S. Livingston, Phys. Rev., 40, 19 (1932). 



90 


A TREATISE ON PHYSICAL CHEMISTRY 


be designated as Z, the atomic number as A and the type reaction then becomes, 
for example, in an a-p reaction: A Z + 4 He = A+4 (Z + 2) = A +*(Z + 1) + *11. 
In Table XIV are listed the various type reactions that have been secured by 
such nuclear disintegrations. 


TABLE XIV 

Typk-ueai’TIons in Nuclear Transformations 


UIlibtT 

Shorthand 

Notation 


Nuclear Reaction 

1 

a-p 

A Z+ 4 He 

= A ^(Z+ 2) = A ^(z-j- 1) -pH 

2 

a-n 

A Z -f 4 He 

= A +*(Z + 2) = A ^(Z+ 2) -pn 

3 

a-2n 

*Z+ 4 He 

= ^+ 4 (Z + 2) = A '*(Z + 2) +2’n 

4 

jj-a 

A Z -pH 

= A+ '(Z + 1) = A ~ 3 (Z — 1) -pHe 

5 

p~d 

A Z+'H 

= A «(Z + 1) 'Z T 2 H 

6 


A z+m 

= A * 1 (Z-\-l) = - 4+1 (Z -f- 1 ) 4-7 

7 

p-n 

A Z+'K 

= A + l (Z + 1) = A (Z + l)+ l n 

8 

d—a 

A z+w 

= A '-*(Z + 1) = ' 4 ~ 2 (Z — 1) -f 4 He 

9 

d—p 

A Z -j- 2 H 

= A-f2 (Z + i) =a n z + i H 

10 

d—p, a 

A Z -f 2 H 

= ^ +2 (Z4-l)=^“ 3 (Z-2)+ 1 lI+ 4 He 

11 

d-n 

A Z+W 

= ^' 2 (Z+1) - A+l (Z+l) + l n 

12 

d-n , a 

A Z -f 2 H 

- * *(Z +1) = A ~ 3 (Z -1) -pn +‘‘He 

13 

d-2n 

A Z + 2 H 

= A +HZ- f-1) = ^(Z + l) +2 l n 

14 

n-a 

A Z+ l n 

= An Z — A ~ 8 (Z —2) -f 4 He 

15 

n-p 

A Z+ l n 

= » - 4 (Z-1)+ 1 H 

10 

n-y 

A Z+ l n 

— A ~*~*Z =- Ail Z +7 

17 

n~2n 

A Z+ l n 

= A 41 Z = A 'Z +2 l n 

18 

y-n 

A Z +7 

= A Z = A l Z -pn 


A p~2n reaction is to be expected at high energies. The a-y reaction has 
not yet been observed but is to be expected at an energy below the a-n thresh¬ 
old. There appears, also, to be an additional type of nuclear transformation 
with deuterons as bombarding agent and radioactive hydrogen, tritium ( 3 H, t) f 
as the expelled particle. This type of reaction has been found h 2 for 9 Be(d, <) 8 Be 
and 14 N(d, t) u N with indications 3 of similar reactions in 63 Cu and I 07 Ag. 

We can generalize the product in the final column of this table by the general 
formula A=tzx (Z db y) where x varies from + 3 to — 3 and y varies from + 2 
to — 2 depending on the nature of the emitted particle or radiation. If the 
product A±X (Z ± y) corresponds with one of the stable isotopes the nuclear 
transformation is complete. A list of such stable isotopes and their relative 
abundances is shown in Table XV in which are included, also, the more abun¬ 
dant naturally occurring radioelements, indicated by an asterisk. The table 
includes 277 stable isotopes and 9 of the naturally occurring radioelements. 

The products of these nuclear transformations, of the general formula 
A±X (Z =b y ), are not always stable nuclei. In some three hundred and fifty 
cases already known the product is not stable but undergoes further radioactive 

1 R. D. O’Neal and M. Goldhaber, Phys. Rev., 57, I086A (1940). 

2 L. B. Borst, ibid., 59, 941A (1941). # 

8 Krishraan and Gant, Nature, 144, 547 (1939); Krishman and Banks, ibid., 145, 777 
(1940). 
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TABLE XV 

Stable Isotopes of the Elements and Their Abundances 1 


Element 

Atomic 

Weight 

Per Cent 
Abun¬ 
dance 

Element. 

Atomic 

Weight 

Per Cent 
Abun¬ 
dance 

Element 

Atomic 
W eight 

Per Cent 

A bun- 
dance 

iH 

1 

99.98 

21 Sc 

45 

100 

! 3«Kr 

78 

0.35 


2 

0.02 

aaTi 

46 

7.95 


80 

2.01 

2 He 

3 

~io-« 


47 

7.75 


82 

11.53 


4 

100 


48 

73.45 


83 

11.53 

sLi 

6 

7.9 


49 

5.51 


84 

57.10 


7 

92.1 


50 

5.34 


86 

17.47 

<Be 

9 

100 

*»V 

51 

100 

37 Kb 

85 

72.3 

6 b 

10 

18.4 

2<Cr 

50 

4.49 


87* 

27.7 


11 

81.6 


52 

83.77 

3 8 Sr 

84 

0.56 

60 

12 

98.9 


53 

9.43 


86 

9.86 


13 

1.1 


54 

2.30 


87 

7.02 

tN 

14 

99.62 

2bMn 

55 

100 


88 

82.56 


15 

0.38 

2«Fc 

54 

6.04 

30 Y 

89 

100 

8 o 

10 

99.76 


56 

91.57 

4oZr 

90 

48 


17 

0.04 


57 

2.11 


91 

11.5 


18 

0.20 


58 

0.28 


92 

22 

•F 

19 

100 

27 O 0 

57 

0.17 


94 

17 

io No 

20 

90.00 


59 

99.83 


96 

1.5 


21 

0.27 

2*Ni 

58 

67.4 

4 lCb 

93 

100 


22 

9.73 


60 

26.7 

42 M 0 

92 

15.5 

liNa 

23 

100 


61 

1.2 


94 

8.7 

isMg 

24 

77.4 


62 

3.8 


95 

16.3 


. 25 

11.5 


64 

0.9 


96 

16.8 


26 

11.1 

2 »Cu 

63 

68 


97 

8.7 

»A1 

27 

100 


65 

32 


98 

25.4 

uSi 

28 

89.6 

aoZn 

64 

50.9 


100 

8.6 


29 

6.2 


66 

27.3 

44 RU 

96 

5 


30 

4.2 


67 

3.9 


98 

p 

hP 

31 

100 


68 

17.4 


99 

12 

ibS 

32 

95.0 


70 

0.5 


100 

14 


33 

0.74 

8iGa 

69 

61.2 


101 

22 


34 

4.2 


71 

38.8 


102 

30 


36 

0.016 

3 2 Ge 

70 

21.2 


104 

17 

nCl 

35 

75.4 


72 

27.3 

4&Rh 

101 

0.08 


37 

24.6 


73 

7.9 


103 

99.92 

isA 

36 

0.307 


74 

37.1 

4«Gd 

}02 

0.8 


38 

0.061 


76 

6.5 


104 

9.3 


40 

99.632 

aaAs 

75 

100 


105 

22.6 

i>K 

39 

93.3 

3<Se 

74 

0.9 


106 

27.2 


40* 

0.012 


.76 

9.5 


108 

26.8 


41 

6.7 


77 

8.3 


110 

13.5 

aoCa 

40 

96.96 


78 

24.0 

47 Ag 

107 

52.5 


42 

0.64 


80 

48.0 


109 

47.5 


43 

0.15 


82 

9.3 

48Cd 

106 

1.4 


46 

0.0 2 33 

ssBr 

79 

50.6 


108 

1.0 


48 

0.19 


81 

49.4 


110 

12.8 


1 Based on the table of Livingood and Seaborg, Rev. Mod. Phys ., 12, 30 (1940). 
* Indicates natural radioactivity. 
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TABLE XV—Continued 


Element 

Atomic 

Weight 

Per Cent 
Abun¬ 
dance 

Element 

Atomic 

Weight 

Per Cent 
Abun¬ 
dance 

Element 

Atomic 

Weight 

Per Cent 
Abun¬ 
dance 

«Cd 

111 

13.0 

r>*( 

142 

10 

7 2 II f 

172(? 

) <0.1 


112 

24.2 


141 

100 


174 

0.3 


113 

12.3 

•oNd 

142 

25.95 


176 

5.0 


114 

28.0 


143 

13.0 


177 

19 


11(1 

7.3 


144 

22.6 


178 

28 

oln 

113 

4.5 


145 

9.2 


179 

18 


115 

95.5 


146 

16.5 


180 

30 

6»Sn 

112 

1.1 


148 

6.8 

7sTa 

181 

100 


114 

0.8 


150 

5.95 

74 W 

180 

~0.2 


115 

0.4 

628 m 

144 

3 


182 

22.6 


116 

15.5 


147 

17 


183 

17.3 


117 

9.1 


148* 

14 


184 

30.1 


118 

22.5 


149 

15 


186 

29.8 


119 

9.8 


150 

5 

7t.Ro 

185 

38.2 


120 

28.5 


152 

26 


187 

61.8 


122 

5.5 


154 

20 

76< )S 

184 

0.018 


124 

0.8 

63 E 11 

151 

49.1 


186 

1.59 

6iSb 

121 

50 


153 

50.9 


187 

1.64 


123 

44 

64Gd 

152 

0.2 


188 

13.3 

62Te 

120 

<0.1 


154 

1.5 


189 

16.1 


122 

2.9 


155 

20.7 


190 

26.4 


123 

1.0 


150 

22.6 


192 

41.0 


124 

4.5 


157 

16.7 

77lr 

191 

38.5 


125 

0.0 


158 

22.6 


193 

61.5 


120 

19.0 


160 

15.7 

7sPt 

192 

0.8 


128 

32.8 

6sTb 

159 

100 


194 

30.2 


130 

33.1 

eeDy 

158 

0.1 


195 

35.3 

53 ! 

127 

100 


160 

1.5 


196 

26.6 

|4Xe 

124 

0.094 


161 

21.6 


198 

7.2 


120 

0.088 


162 

24.6 

79 A U 

197 

100 


128 

1.90 


163 

24.6 

8oHg 

196 

0.15 


129 

26.23 


164 

27.6 


198 

10.1 


130 

4.07 

67 H 0 

105 

100 


199 

17.0 


131 

21.17 

esEr 

162 

0.25 


200 

23.3 


132 

26.90 


164 

2.0 


201 

13.2 


134 

10.54 


166 

35.2 


202 

29.6 


136 

8.95 


167 

23.5 


204 

0.7 


133 

100 


168 

29.3 

8lTl 

203 

29.1 

tcBa 

130 

0.101 


170 

9.8 


205 

70.9 


132 

0.097 

nsTm 

169 

100 

8 2 Pb 

204 

1.48 


134 

2.42 

7oYb 

168 

0.06 


206 

23.59 


135 

6.59 


170 

2 


207 

22.64 


136 

7.81 


171 

8.8 


208 

52.29 


137 

11.32 


172 

23.5 

asBi 

209 

100 


138 

71.66 


173 

16.7 

»oTh 

232* 

100 

ftTLa 

139 • 

100 


174 

37.2 

9 iPa 

231* 


*sOe 

136 

<1 


176 

11.8 

«U 

234* 

0.006 


138 

<1 

7iLu 

175 

97.5 


235* 

0.71 


140 

90 


176* 

2.5 


238* 

99.28 
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change as was first pointed out by Curie and Joliot 1 early in 1934. With their 
observation the study of induced radioactivity was begun. 

(58) Products of Induced Radioactivity: The data in Column 2 of Table 
XVI reveal that the principal types of radiation from induced radioactive 
elements are negative /3-particles, (/3~), positive /3-particles or positrons, (/?+) 
and 7 -rays. Internal-conversion electrons, c“, may be formed and A'-electron 
capture also occurs. In this case, nuclear stability is achieved by capture of 
an extra-nuclear electron, normally from the X-shell. Radioactive nuclei also 
exist in isomeric states and isomeric transitions (I.T.) are also found. Thus, 
f,9 Zn with a half-life of 13.8 hr. undergoes an isomeric transition to a radioactive 
isomer 6<J Zn with emission of y-radiation to the amount of 0.47 M.e.v. The 
G9 Zn isomer in the lower energy state has a half-life of 57 min. and emits a 
negative /3-particle (/3") with an energy of 1 M.e.v. but no gamma-radiation. 
Both isomers are produced by the same bombardment processes as the data of 
Table XVI indicate. The table also includes the products of nuclear fission 
(see Section 63). The reactions are designated by the symbols U, n; Th, n 
and Pa, n respectively in the fifth column of the table. The fission product is 
the radioelement listed in the corresponding line of the first column of the table. 
A second or later unit in a sequence of products from a nuclear fission is listed 
as produced by the beta-decay of its immediate parent isotope. 

(59) Positron-Production from Nuclear Disintegration: In January 1934 
Irene Curie and F. Joliot 2 announced that a-particle bombardment from 
polonium sources of boron, magnesium or aluminum produced artificial or 
induced radioactivity, that the radioactive rays emitted consisted of positrons, 
the half-lives of the radioactive materials being characteristic of each species 
bombarded. Thus, with aluminum, a half-life period of 2.55 min. was ob¬ 
served, now known to be due to a sequence of two processes, the first yielding 
a neutron and radio-phosphorus, 

?JA1 + *He = in + $P, 

the latter disintegrating to a silicon isotope with positron emission 

fip - f2si + 

This sequence of processes constituted about 5 per cent of the total of nuclear 
change involved in the interaction of aluminum and a-particJes since the direct 
reaction to yield the same silicon and a proton occurs twenty times as often 

flAl + tile = ? 4 °Si + lH. 

The positron activity was then reported from other elements such as nitrogen, 
fluorine, sodium, phosphorus and potassium. The same reaction sequence 
occurs as in the case of aluminum just cited. Also, other bombarding agents 

1 I. Curie and F. Joliot, ibid., 133, 201 (1934). 

2 1. Curie and F. Joliot, Compt. rend., 198, 254, (1934); J . phys . Radium , 5, 153 (1934). 
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than a-particles have been employed. As examples we may cite carbon bom¬ 
barded with protons to yield l3 N with a half-life of 10 min., carbon bombarded 
with deutcrons to yield 13 N and the same half-life period. Longer half-lives 
obtain with 34 C1 from bombardment of phosphorus with a-particles (33 min. 
half-life), and with 42 8c with a positron activity of 13.5 days half-life. 

(60) Positron Production from y-Radiation: It was quickly found that 
positrons also resulted from the interaction of hard y-rays with metals such as 
lead. 1,2,3,4 Thus, the y-rays from ThC', having energies of 2.0 M.e.v., absorbed 
by a lead target were shown to produce positron-electron pairs whose tracks 
are visible in the cloud-chamber, and, originating at one point in the metal are 
deflected in opposite directions by a magnetic, field. The Curie-Joliots showed 
similar paired tracks when y-rays from ThC' impinged on argon atoms in the 
cloud chamber. 

The neutrons (see Section 51) produced by the a-partiele-beryllium tech¬ 
nique are also accompanied by penetrating y-radiation. Sources consisting of 
beryllium-polonium with energies of y-radiation equal to 5 M.e.v. were em¬ 
ployed by the Curie-Joliots and others for the production of positron-electron 
pairs in cloud chambers situated within a strong magnetic field. In such 
experiments, an excess of electrons over positrons is always found; the electronic 
absorption coefficient is in excess of that which would be computed on the 
basis of the photoelectric and Compton effects produced by the y-radiation. 
The excess reaches as much as 20 per cent of the total with y-radiation from 
ThC' and with elements of high atomic number. With y-radiation of higher 
energies, the “excess” absorption reaches 60 per cent for radiation of 5.4 
M.e.v. 5 and more than 90 per cent with radiation of 12 M.e.v. 6 It is assumed 
that the excess absorption is to be ascribed to production of positron-electron 
pairs by annihilation of y-radiation and the extensive cloud-chamber experi¬ 
ments of Chadwick, Blackett and Occhialini confirm this conclusion. 

(61) Mass and Charge of the Positron: The y-rays from ThC', with an 
energy of 2.6 M.e.v., produce both in lead and aluminum foils positive particles 
whose maximum energies are 1.6 M.e.v., with values for the energies of many 
not more than half this value. In the production of positron-electron pairs 
by the same radiation it w f as found that their joint energies were 1.6 M.e.v. 
although many electrons with energies up to 2.6 M.e.v. are observed. These 
latter obviously arise from the extra-nuclear electrons of the atoms which are 
the most loosely bound. More accurate measurements gave a maximum 
positron energy from this source as 1.55 ± 0.03 M.e.v. The same authors 7 
found that electron and positron have the same value for e/m within an error 

1 J. Chadwick, P. M. S. Blackett and G. Occhialini, Nature , 131, 473 (1933). 

2 O. Anderson and S. H. Neddermeyer, Phys. Rev., 43, 1034 (1933). 

•I. Curie and F. Joliot, Compt. rend., 196, 1581 (1933). 

4 L. Meitner and K. Philipp, Natururiss., 21, 468 (1933). 

• E. McMillan, Phys. Rev., 46, 325A (1934). 

«H. R. Crane, L. A, Delsasso, W. A. Fowler and C. C. Lauritsen, ibid., 46, 531 (1934). 

7 J. Chadwick, P. M. S. Blackett and G. Occhialini, Proc. Roy. Soc., [A], 144, 241 (1934), 
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of two per cent. The rest-mass of an electron, 0.00055 oil the atomic weight 
scale, corresponds to 0.5 M.e.v. of energy. Thus, the difference in energy 
between the 7 -radiation and the average positron-electron pair is wholly ac¬ 
counted for in terms of the masses of positron and electron formed. 

The identity of e/m for positron and electron within an error of less than 
one per cent has recently been demonstrated by Zahn and Spees 1 using a 
method developed by them for their work 011 the specific charge of /3-rays from 
RaE. Data on the positron and electron were obtained with the aid of the 
radioactive isotope of copper, 64 0 u, which emits both positrons and electrons, 
with a half-life of 12.8 hours. By reversing electric and magnetic fields measure¬ 
ment could be changed from electron to positron without disturbing the geom¬ 
etry of the apparatus. Peaks corresponding to maximum number of particles 
transmitted as a function of the electric field were found to have the same 
position for both types of particles, within the accuracy of one per cent. 

(62) The Fate of the Positron: In contrast to the electron, the positron is 
very short-lived. Within a period of the order of 5 X 10 ~ 10 sec. it will have 
lost the greater part of its kinetic energy and is then annihilated by interaction 
with an electron with the simultaneous production, to conserve momentum, of 
two 7 -ray photons whose joint energy, from the considerations advanced in 
the previous section, must be approximately 1 M.e.v. Experiments of Chao 2 
and of Gray and Tarrant 3 demonstrated the existence of a secondary isotropic 
radiation with an energy of about 0.5 M.e.v. 

(63) Nuclear Fission: 4 A new type of nuclear process involving neutron 
interaction was discovered by Hahn and Strassmann 5 early in 1939, the novelty 
of which is abundantly evidenced by the appearance of some one hundred 
papers dealing with the subject in the intervening months. The work which 
culminated in this discover}^ began in 1934 when Fermi 6 examined the bom¬ 
bardment of uranium by neutrons, a process which might be expected to produce 
atoms with an atomic number of 93. With his collaborators, Fermi had shown 7 
that nuclei resulting from the capture of neutrons were unstable and reverted 
to stability by the ejection of beta-particles, a process which produces nuclei 
whose atomic number is one greater than the bombarded nucleus. Observa¬ 
tions of neutron inteVaction with thorium and uranium showed two and four 
or possibly five beta-ray activities respectively. These results pointed to the 
occurrence of unusual processes since only three isotopes of uranium were 
known. Element No. 93 would be a seventh group element in the series, 2 sMn, 
43 Ma, 7 sRe and so precipitation of irradiated uranium with added manganese 

1 C. T. Zahn and A. H. Spees, Phys. Rev., 53, 365 (1938). 

*C. Y. Chao, Proc. Nat. Acad. Sci ., 16, 431 (1930); Phys. Rev., 36, 1519 (1930). 

* L. H. Gray and G. T. P. Tarrant, Proc. Roy. Soc., [A], 136, 662 (1932); 143, 681 (1934). 

4 This section is based upon a comprehensive review of the subject by L. A. Turner, 

Rev. Mod. Phys ., 12, 1 (1940). 

* O. Hahn and F. Strassmann, Nahirwistt ., 27, 11, 89 (1939). 

* E. Fermi, Nature , 133, 898 (1934). 

7 E. Fermi, E. Amaldi, O. D’Agostino, F. Rassetti and E. Segrfc, Proc. Roy. Soc., [A], 146 
483 (1934). 
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salts as Mn0 2 was studied. Two of the activities with approximately 13 and 
90 minute half-lives were brought down partially in this manner but no activi¬ 
ties of » 2 U, 9 oUXi, or 9 iUX 2 (Pa) were detected in the precipitate. Additional 
experiments showed that the activities were not ascribable to isotopes of any 
of the elements from radon to uranium inclusive (86-92). The process of 
interaction of uranium with neutrons was therefore not capture with beta-ray 
emission, nor an (n-p) nor an (n-a) process. The hypothesis was therefore 
adopted that the activities observed were due to trans-uranic elements of 
atomic number 93 and higher. 

It was pointed out by Noddack 1 that precipitation with manganese dioxide 
was not compelling evidence of seventh group elements since other elements are 
precipitated, for example, polonium 8 4 Po. She also pointed out that a rigorous 
proof that the new substances were trans-uranic elements would require ex¬ 
clusion of all known elements including those which might be formed by the 
splitting of bombarded nuclei to form elements of lower atomic number. Von 
Grosse and Agruss 2 showed that 9 iPa was also precipitated with Mn0 2 and 
with rhenium sulfide and suggested that the new material might be in part a 
new isotope of element 91. This was tested by Agostino and Segrf) 3 and dis¬ 
proved. Hahn and Meitner 4 intervened to test also the assignment of the 
13 min. and 90 min. activities to an isotope of 91 Pa, utilizing a new technique. 
Using potassium perrhenate and platinic chloride as the added agents for the 
precipitation technique they showed that, after precipitation with sodium 
hydroxide which should have removed quantitatively elements Nos. 90, 91 and 
92 but not elements higher than 92, the activity remained in the filtrate and, 
on weak acidification with hydrochloric acid, came down with platinum as the 
sulfides on treatment with hydrogen sulfide. With stronger acidity, the 
rhenium was also precipitated. The 13-min. and 90-min. activities were there¬ 
fore not attributable to isotopes of elements 90, 91 and 92 but to elements 
somewhat more like platinum than rhenium. 

With thorium, the products reported by Fermi were shown to have half-lives 
of 1 and 24 min., the latter attributable to an isotope of thorium, possibly a 
member of the missing 4n + 1 family of radioactive bodies. The mass numbers 
of the known Th, U and Ac series are representable by 4n, 4n + 2 and 4n + 3 
respectively. Hahn and Meitner 5 stressed this possibility and both they and 
Curie, von Halban and Preiswerk 6 found that the 24-min. product was en¬ 
hanced by the use of slow neutrons (paraffin technique) and identified it as 
an active thorium. A 2.5 min. product found by the latter authors was identi¬ 
fied as a 9 iPa isotope and the 1 min. product precipitable with barium was 

1 1. Noddack, Z. angew. Chem ., 37, 653 (1934). 

2 A. von Grosse and M. S. Agruss, J. Am. Chem. Soc., 57, 488 (1935). 

* O. D’Agostino and E. Segrfc, Gazz. Chim. Ital ., 65, 1088 (1935). 

4 O. Hahn and L. Meitner, Naturvriss., 23, 37, 230 (1935). 

6 O. Hahn and L. Meitner, Naturwiss ., 23, 320 (1935). 

•I. Curie, H. von Halban and P. Preiswerk, J. phys. Radium , 6, 361 (1935); Compi . 
rend., 200, 1841, 2079 (1935). 
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identified as an isotope of ssRa. This radium would necessarily be the product 
of an ( n-a ) process which does not occur for other heavy nuclei owing to the 
high potential energy barrier. Products with 12 min. and 3.5 hr. half-lives 
had the chemical properties of lanthanum and were attributed to actinium. 

As a result of further work, Meitner, Hahn and Strassmann 1 came to the 
conclusion that slow and fast neutrons were capable of producing three different 
active isotopes of uranium which decayed by successive /5-ray disintegrations 
in three separate ways: 

1. 92 U + n —> M U(10 sec.) —■» 93 Eka Re (2 *2 min.) —> 94 Eka Os(59 njin.)— 

—» asEka Ir (66 hr.) —* 9 eEka Pt(2.5 hr.) 9 ~Eka Au(?). 

2. 92 U + n —»92U(40 sec.) —> 93 Eka Re(16 min.) —> 94 Eka Os(5.7 hr.)— 

-> 9 »Eka Ir(?) -> 

3. 92 II + 9 2U(23 min.) —> 93 Eka Re(?) —> 

The uranium isotope with 23 minute life was positively identified by the 
sodium uranyl acetate precipitation, and, occurring with slow neutrons only, 
it is a typical case of neutron capture. The large measure of neutron absorp¬ 
tion found in this process was compatible only with absorption by the abundant 
isotope m \J. The 23 min. isotope became therefore 239 U. The 10 sec. and 
2.5 hr. isotopes were less positively identified as uranium isotopes. The prod¬ 
ucts of sequences ( 1 ) and ( 2 ) were produced both by fast neutrons (Ra-Be) 
and thermal neutrons. The probabilities of the two processes appeared equal 
and the relative amounts of the products were independent of the neutrons 
employed, whether thermal or fast, and the absorption of the neutrons indicated 
the abundant isotope 238 U as the source. Detailed comparisons of the proper¬ 
ties of the products with their supposedly chemical analogues were given in a 
subsequent paper 2 which comparisons, while moderately successfully support¬ 
ing the disintegration schemes just cited, very definitely raised problems of 
isomerism of uranium nuclei of mass 239, and an isomerism of such a nature 
that so diverse and so prolonged series of emissions were initiated. 

Meanwhile Curie and Savitch 3 produced products by a modified technique 
with half-lives of 3.5 hr., 16 min., 2 min., and ^ 40 sec. Chemical tests 
showed that the 3.5 hr. product was precipitable with lanthanum, and more 
closely related to this element than to actinium of which it might possibly have 
been the (n-a) isotope 89 Ac. They believed that it was so like lanthanum that 
it could only be separated by fractionation of which they obtained some evi¬ 
dence. Actually it is now known that what they then obtained was lanthanum 
and their fractionation may have been the separation of an yttrium isotope of 
the same half-life. They showed that their 3.5 hr. body could not have been 
derived from any active substance with a half-life of more than 0.5 hr. The 

1 L. Meitner, O. Hahn and F. Strassmann, Z. Physik , 106, 249 (1937). 

• * O. Hahn, L. Meitner and F. Strassmann, Ber 70, 1374 (1937). 

*1. Curie and P. Savitch, J. phys. Radium , 8, 3S5 (1937); 9, 355 (1938). 



112 


A TREATISE ON PHYSICAL CHEMISTRY 


assumption that it was a trans-uranic substance and yet chemically similar to 
lanthanum in a region of the periodic table beyond uranium was one more 
puzzle that the trans-uranic theory posed. 

The experiments just recorded led Hahn and Strassmann to repetition of 
their studies, with the result that these authors, using barium and lanthanum 
as carriers, found that it was possible to precipitate active bodies with both 
elements. With the Ba precipitate substances of half-lives of 25 min., 110 min. 
and several days were identified and, from these, daughter substances with 
half-lives of 40 min., 4 hr., and 60 hr., precipitable with lanthanum resulted. 
They were, 1 it was suggested, isomeric ^Ra-nuclei and ^Ac-nuelei respectively. 
Again arose the problem of threefold-isomerism of nuclei, arising from 239 U by 
ejection of two alpha-particles. Search by various workers for these alpha- 
particles was unsuccessful. 

To confirm the chemical evidence obtained in their preceding studies Hahn 
and Strassmann initiated elaborate tests to prove rigorously the nature of their 
active products. In so doing they found evidence for a fourth ‘Ha’ and a 
corresponding fourth ‘Ac.’ 2 Their next test was fundamental and established 
the existence of nuclear fission. Using the well-known techniques employed in 
separating radium from barium in radio-chemistry they succeeded, contrary to 
their expectations, in showing that the RalV, with a half-life of 250-300 hr., 
was an isotope of barium rather than of radium. They forced themselves as 
chemists to the conclusion ‘‘that the new bodies are not radium but barium; 
that elements other than barium and radium are not involved.” The next test 
was decisive, for, if the parents were a group of active bariums, the daughters 
should be active lanthanums and not actinium isotopes. “Actinium II” with 
a half-life of 2.5 hr., remained with the lanthanum fraction when admixed with 
a solution containing both lanthanum and MsTh*, the latter an isotope of 
actinium which concentrated in the oxalate precipitation. 

The reserve with which their conclusions were reached was rendered un¬ 
necessary by their subsequent publication. 3 Both Rail I and RalV were 
shown to be isotopes of barium; the “radiums” from bombarded thorium were 
also shown to be barium isotopes, some of which were identical with barium 
isotopes known from other work. The half-life of 86 minutes of one such prod¬ 
uct agrees well with the 139 Ba of half-life 85 min. produced by beta-particle 
emission from 139 Cs. RalV with a half life of < 40 hr. has been identified with 
the known 140 La, of half life 31-46 hr., produced by a (d — p) reaction from the 
stable lanthanum isotope 139 La. 

From a uranium isotope 239 U the fission of a barium nucleus of mass 139 
must leave a residue of mass ^ 100. Hahn and Strassmann found an active 
strontium and an active yttrium. A gas swept out of the solution of the 
bombarded uranium gave active deposits which precipitated with both stron¬ 
tium and cesium, indicating both active krypton and xenon in the gas. 

1 O. Hahn and F. Strassmann, Naturwua., 26, 755 (1938). 

2 O. Hahn and F. Strassmann, ibid., 27, 11 (1939). 

* O. Hahn and F. Strassmann, ibid., 27, 89 (1939). 
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In the two years which have elapsed since these discoveries there has oc¬ 
curred an extraordinary activity in confirmation and extension of the phe¬ 
nomenon of fission. Turner summarized the chemically identified fission 
products from uranium and thorium as follows: 6 iSb(The atomic number 
precedes the symbol; the masses of the nuclei found are placed in parentheses) 
34 Se(?); 35 Br(82); a «Kr(83 and 88 ); s 7 Rb( 88 ); 3 | Sr(S9, a); 39 Y(> 90); 42 Mo(99 or 
101); 43 Ma(99 or 101); 47 Ag(?); 51 Sb(127, 129, 132, a, b ); 62 Te(127, 129, 131, 
132, a, b); 6 iI(131, 132, a, b); 54 Xe(139, 140?, ?); „Cs(139, 140?, ?); 5 6 Ba(139, 
140? a, 6); 57 La(140?, a, 6 , ?). Grosse and Booth 1 found the two missing 
elements in the light-weight group, 4 oZr and 4 iCb, the former with a 17.0 h. 
period and the latter with a 75 in. period as a daughter product. As indicated 
below, the elements with atomic numbers between 43 and 51 do not appear 
with neutrons of energy up to ~ 10 M.e.v. but are being found with energies 
of ^ 17 M.e.v. Von Grosse, Booth and Dunning 2 have found fission of 
protoactinium with fast neutrons, but not with thermal neutrons. Roberts, 
Meyer and Hafstad 3 found no fission equal to 1/1000 of that with thorium by 
fast neutron bombardment (up to 13 M.e.v.) of Bi, Pb, Tl, Hg, Au, Pt, W, 
Sn, Ag. 

(64) Neutron Energy and Nuclear Fission: It is now known that the 
fission process and its nature is dependent both on the energy of the neutron 
and on the isotope of uranium which is bombarded. As already mentioned, 
with neutron energies up to ^ 10 M.e.v. no fission products of uranium or 
thorium with atomic numbers between 43 and 51 have been reported. Nishina, 
and his collaborators , 4 as well as Segr& and Seaborg 5 now report fission products 
of uranium and thorium in this range with neutron energies of ~ 17 M.e.v. 
Radioactive isotopes of palladium, silver, cadmium and indium have been 
found. Segre and Seaborg report two chains from both fission elements having 
the characteristics: 

^ 2 Pd(17 h.) -> i; 2 Ag(3.4 h.) — ]J 2 Cd(stable) 

4o'P'd(26 m.) -» «’Ag(7.5 d.) -> li’Cd (stable). 

The isotopic assignments are based upon the identifications of the two silver 
isotopes 1Il Ag and 112 Ag. They have also examined a 4 h. activity which was 
presumably that of radioactive ruthenium, 44 Ru. Nishina and Yasaki, 
Kimura and Ikawa confirm both the existence of the ruthenium and rhodium 
isotopes , 6 separated as sulfide and metal respectively from uranium oxide 
irradiated with fast neutrons. The rhodium fraction shows a decay curve of a 
single period of 34 h., while the ruthenium portion gave two periods of about 
4 and 60 h. The rhodium decay is an electron emission, the period suggesting 

1 A. von Grosse and E. T. Booth, Phys. Rev,, 57, 664 (1940). 

2 A. von Grosse, E. T. Booth and J. R. Dunning, ibid., 56, 382 (1939). 

2 R. B. Roberts, R. C. Meyer and L. R, Hafstad, ibid., 55, 416 (1939). 

* Y. Nishina, T. Yasaki, H. Ezoe, K. Kimura and M. Ikawa, ibid., 58, 660 (1940). 

6 E. Segrfe and G. T. Seaborg, ibid., 59, 212 (1941). 

• Y. Nishina and T, Yasaki, K. Kimura and M, Ikawa, ibid., 59, 323, 677 (1941). 
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an isotope of mass greater than 105 and yielding, probably, a stable palladium 
isotope of mass either 106, 108 or 110. The ruthenium period of 4 h. has been 
shown to be the mother substance of the 34 h. rhodium and the 60 h. decay 
first reported is found to be, in reality, a superposition of the growth and decay 
curve of the 34 h. rhodium produced from the 4 h. ruthenium. 

Both fast neutrons (with energies greater than 0.5 M.e.v.) and very slow 
thermal neutrons (with energies of ~ 0.025 M.e.v.) are effective in producing 
uranium fission. In addition, 239 U is produced by a strong resonance absorption 
with a large cross-section at 25 e.v. The 23ft U emits electrons giving element 93. 
The cross-section for fast neutrons rises rapidly with neutron-energies from 0.5 
to 2 M.e.v. and then does not markedly increase at high energies. The fission 
cross-section for thermal neutrons is as much as40 times that of the cross-section 
for fast neutrons. By experiments on the bombardment of the separated 
isotopes of uranium carried out by Nier, Booth, Dunning and Grosse, 1 Kingdon 
and Pollock, 2 it is now certain that it is the uranium isotope 236 U which under¬ 
goes the major portion of the fission with thermal neutrons. This isotope is 
present to the extent of 1 part in 140 of the total, the isotope of mass 238 being 
139 times more abundant and the isotope of mass 234 being only 0.006 per cent 
of the total. The several isotopes were separated by means of the mass spectro¬ 
graph and the number of fissions per unit time observed after the separated 
samples had been irradiated with thermal neutrons. While it cannot yet be 
excluded that 234 U undergoes some slow neutron fission, its total contribution, 
if any, must be small. The results show conclusively that the abundant 
isotope 238 U undergoes fast neutron fission only and is responsible for practically 
all the fast neutron fission observed with unseparated uranium. 

(65) Energy and Range of the Fission Fragments: The total energy of the 
fission fragments has been measured by Henderson, 3 who determined the heat 
produced in a sample of uranium subjected to an intense beam of neutrons. 
The energy thus determined amounted to 175 M.e.v. ±10 per cent. This 
represents an upper limit, since it includes that heat which is produced in the 
subsequent ^-disintegrations of the fission fragments. Early measurements of 
the energy liberated compared the ionization produced by the single fission 
fragments with that produced by a-partieles of known energy. Two maxima 
were observed in the number-ionization curves and the energy-sum corre¬ 
sponded to from 125 to 160 M.e.v. 4 More precise measurements by Kanner 
and Barschall 6 show that the number-energy curve shows two peaks corre¬ 
sponding to 65 and 98 M.e.v. The ionization produced simultaneously by the 
two fragments was measured by using a very thin foil coated with uranium. 
The number-energy curve has then one peak with 159 M.e.v. and a half-width 

1 A. O. Nier, E. T. Booth, J. R. Dunning and A. von GroBse, ibid., 57, 546, 748 (1940). 

^ K. H. Kingdon, H. C. Pollock, E. T. Booth and J. R. Dunning, ibid., 57, 749 (1940). 

a M. C. Henderson, ibid., 56, 703 (1939), 

4 W. Jentsche and F. Prantl, Naturwies., 27, 134 (1939); E. T. Booth, J. R. Dunning and 
F. G. Slack, Phys. Rev., 55, 981 (1939). 

b M. H. Kanner and H. H. Barschall, ibid., 57, 372 (1940). 
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of 30 M.e.v. These results are in good agreement with the data of Jentsche 
and Prantl. The energy ratio of the two peaks should he inversely proportional 
to the mass ratio of the fission fragments. For the 239 U nucleus this would give, 
as the masses of the most probable fragments, 96 and 143, which are quite 
compatible with observed fragments. The result is also in good agreement 
with the theoretical conclusions of Bohr and Wheeler . 1 The data of Booth, 
Dunning and Slack 2 show that the ranges in air of the two energy groups of 
fission fragments are 1.5 and 2.2 cm. respectively. 

(66) The Emission of Neutrons in Fission: The proton-neutron ratio in 
the uranium nucleus is of such a nature that two fission fragments, with masses 
distributed around the mean masses of 96 and 143, may be thought of in two 
ways. They may be regarded as too feebly charged for their mass, that is to 
say they will be electron emitters until stable nuclei are produced. Or, alter¬ 
natively, they may be thought of as too massive for their charge, and should 
thus be able to emit neutrons, the energy consumed being about 4 M.e.v. per 
neutron emitted. H. von Halban, Joliot and Kowarski 3 determined whether 
neutrons were produced in the fission process by placing neutron detectors at 
various distances from a fission source surrounded first by a uranyl nitrate 
solution and, for comparison, by a solution of ammonium nitrate of the same 
molar concentration. Although uranium absorbs neutrons, the average neu¬ 
tron density in the tank was larger when uranium was present than w r hen this 
was replaced by ammonium salt. They concluded that 3 to 4 neutrons might 
be produced per fission. Zinn and Szilard 4 found a lower figure of 2.3. These 
neutrons are emitted within 10 ~ 3 sec. after fission . 6 Data by von Halban, 
Joliot, Kowarski and Perrin 6 give a value of 3.1 secondary neutrons per fission. 

(67) Nuclear Fission as a Chain Process: The emission of more than one 
neutron, on the average, as the result of a fission process evidently suggests the 
possibility of the whole fission reaction as a self-perpetuating or chain process 
capable of yielding, from an initial neutron-uranium nucleus interaction, a 
multiplying chain of similar processes. In view of the extremely high energy 
yields of each unit fission, the possibility of energy production by these nuclear 
changes becomes at once a matter of importance. 

Early suggestions of the danger of a catastrophic explosion so produced do 
not now appear to be probable. On the other hand, careful enquiry is being 
made into the possibility of gearing such nuclear processes to power production 
in one or another form. Absorption of neutrons by other elements than uranium 
is one method whereby the efficiency of a chain process is decreased. Further, 
the fast neutrons produced in the fisssion process must be slowed down to 
thermal energies before they become efficient as fission agents. Because of 

1 N. Bohr and J. A. Wheeler, ibid., 56, 426 (1939). 

* E. T. Booth, J. R. Dunning and F. G. Slack, ibid., 55, 9S1 (1939). 

* H. von Halban, F. Joliot and L. Kowarski, Nature, 143, 471, 680, 939 (1939). 

4 W. H. Zinn and L. Szilard, Phys. Rev., 55, 799 (1939). 

6 D. F. Gibbs and G. P. Thomson, Nature, 144, 202 (1939). 

*H. von Halban, F. Joliot, L. Kowarski and F. Perrin, J . phys. Radium, 10, 428 (1939). 
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the high uranium mass this si owing-down is very gradual in pure uranium. 
Neutron-capture to yield 239 U constitutes an additional factor decreasing effi¬ 
ciency. Finally, the data cited in Section 64 indicating that it is only the rarer 
isotope 236 U which undergoes fission with thermal neutrons, account also for 
the decreased probability of a catastrophic change. 

It has been pointed out by Adler and von Halban 1 that the development of 
chains involving slow neutrons can be controlled by the admixture of cadmium 
with the uranium and hydrogen-containing medium. As energy is released 
there will be a rise in temperature which will increase the average energy of the 
thermal neutrons. The number of fissions remains constant, however, since 
the target-area varies inversely as the neutron-energy. For cadmium, the 
cross-section is constant and, hence, the number of neutrons removed by 
cadmium will rise with increasing temperature. A steady state of temperature 
will thus develop due to the competing processes. 

The efficiency of the fission-process as a source of atomic energy would 
obviously be increased by the concentration of the rarer isotope 23r ’U which is 
the source of fission with thermal neutrons. Various schemes of isotope separa¬ 
tion are being investigated in this case. The separation is obviously a difficult 
one by reason of the high masses of the isotopic species involved. 

(08) Photo-Fission: No fission was observed in early experiments 2 with 
the y-rays produced by proton bombardment of lithium or fluorine. Later 
work by Haxby, Shoupp, Stephens and Wells 3 was successful. A beam of 
0.5 fm. of protons having 2 to 3 M.e.v. energy was used to bombard calcium 
and aluminum fluoride targets. With the y-rays so produced fission recoils 
from both uranium and thorium targets were observed with cross-sections of 
3.5 ± 1.0 and 1.7 dr 0.5 X 10~ 27 cm. 2 respectively for the photo-fission process. 
No fissions were observed with calcium or with aluminum targets. Below 2 
M.e.v. the fission rate was too low for observation. With 2.9 M.e.v. protons 
the observed fission rate in uranium was one fission per 3 X 10 13 protons hitting 
calcium fluoride, the protons being estimated to yield 10 H y-quanta. The effect 
in thorium is roughly equal in intensity. 

(69) Fission by Deuterons and a-Particles: Fission with 9 M.e.v. deuterons 
was established by Gant. 4 The yield was small and fell off rapidly with de¬ 
creasing energy. Jacobsen and Lassen 5 found a rapid rise in fission yield from 
8 to 9.5 M.e.v. deuterons. For 9 M.e.v. deuterons the cross-section in uranium 
is 5 X 10~ 27 cm. 2 and the ratio of uranium to thorium cross-section is 0.7. 

Fermi and Segr& 6 have shown that 32 M.e.v. a-particles yielded fission 
with uranium, iodine isotopes 1(54 m.), 1(3.4 h.), ,33 I(22 h.) and 131 I(8 d.) with 

1 F. Adler and H. von Halban, Nature, 143, 793 (1939). 

2 R. B. Roberts, R. O. Meyer and L. R. Hafstad, Phys. Rev., 55, 416 U939); F. A. Heyn, 
A. H. W. Aten, Jr., and C. J. Bakker, Nature, 143, 516 (1939). 

8 R. O. Haxby, W. E. Shoupp, W. E. Stephens and W. H. Wells, Phys. Rev., 58, 92 (1940); 
59, 57 (1941). 

4 D. H. T. Gant, Nature , 144, 707 (1939). 

6 J. C. Jacobsen and N. O. Lassen, Phys. Rev., 58, 867 (1940). 

® E. Fermi and E. Segrfc, ibid., 59, 680 (1941). 
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tellurium members of the same chains being identified. The possibility of the 
effect being due to neutron and deuteron contamination was eliminated. 

(70) Thermo-nuclear Processes: To produce by thermal means the reac¬ 
tions attained by high speed projectiles such as a-particles, protons, deuterons 
and neutrons, temperatures of one or more million degrees would be necessary 
for any reasonable rate of change. Actually such temperatures, quite imprac¬ 
ticable in the laboratory, occur in the interior of the sun and many stars. The 
central solar temperature of 20 X 10 c degrees makes the occurrence of such 
nuclear reactions rapid processes in the sun’s interior. Indeed, it is now be¬ 
lieved that such nuclear reactions are responsible for the enormous energy 
resources of the sun, which previously had never been satisfactorily explained. 
Independently, Bethe and Weizsackcr found a sequence of nuclear changes 
which is in satisfactory accord with the best data on the energy output of the 
sun. The sequence of reactions forms a closed circular chain in which the 
participants are nuclei of carbon, nitrogen and the thermal protons with which 
they collide. The sequence may be summarized thus: 

(1) 12 C + l K = 13 N + hv 

(2) ,3 N - 13 C + 3 + 

(3) ]3 C + 'll - 14 N + hv 

(4) 14 N + *H - lf >0 + hv 

(5) I5 0 - 15 N + 3+ 

(6) 15 N + 'll = 12 C + 4 He. 

It will be noted that the 12 C consumed in the first reaction is regenerated in the 
final reaction to permit the repetition of the cycle. The carbon and nitrogen 
nuclei, 12 C and 14 N are catalysts for the net overall change which may be repre¬ 
sented as the summation of the sequence in the equation 

4*H = 4 He + 23 + + 3 hv. 

Hydrogen, which is present in the sun’s atmosphere in abundance (sufficient 
for 10 9 years yet!), is converted into helium, two positrons and the energy of 
three 7 -rays given in reactions 1, 3 and 4 of the sequence, and of magnitude 
determined by the mass-energy relation applied to these processes. 
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Introduction 

In 1901 there appeared a paper by M. Planck 1 in which he pointed out 
that the observations on the distribution of energy in black body radiation 
could not be reconciled with the wave theory of light as formulated by Huyghens 
and subsequently developed by Clerk Maxwell into the electromagnetic theory 
of radiation. He therefore suggested the hypothesis that energy is emitted 
or absorbed discontinuously in multiples of a certain unit or quantum of mag¬ 
nitude hv , where v is the frequency of the radiation and h is a constant, which 
has become known as Planck’s or the quantum constant. The new theory 
thus represented, in a limited sense, a return to Newton’s corpuscular theory, 
inasmuch as it assigned to radiation an atomistic structure quite in contra¬ 
diction with the prevalent or classical point of view. 

While Planck’s views were applied by A. Einstein to develop a theory of 
atomic specific heats and also in formulating a relation for the photoelectric 
effect, it was not until N. Bohr incorporated the quantum hypothesis into a 
theory of electronic energy levels in atoms, with very striking success, that 
physicists in general began to realize the generality of these so-called quantum 
effects. All these phenomena, which are described in the first part of this 
chapter, have this characteristic in common: the loss in translational energy 
of an electron, or the loss in vibrational energy of a molecule, is transformed 
into radiation of frequency v , where 

hv — A E 

and AE is the loss in kinetic energy. The converse effects are also observed, 
in which radiant energy of magnitude hv is converted into kinetic energy of a 
corpuscle. It is because of the existence of these effects that these energy- 
units or quanta have also been designated “light darts” or “photons.” In no 
other phenomenon is the corpuscular nature of radiation exhibited more strik¬ 
ingly than in the Compton effect which is most adequately interpreted as the 
result of a collision between a photon and an electron. Yet, when we wish to 

1 Ann. Physik, 4 , 553 (1901). 


119 



120 


A TREATISE ON PHYSICAL CHEMISTRY 


determine the magnitudes of the energy quanta recourse must be had to a 
measurement of wave length, i.e., a method which involves the application of 
the undulatory theory of light. 

Until about 1925 this dualistic conception of the nature of radiant energy 
presented to the physicist a well-nigh insoluble riddle. At the same time there 
were encountered more and more difficulties in the efforts to reconcile observa¬ 
tions on atomic spectra with the model of atomic structure which Bohr, 
Sommerfeld and others had built up on the basis of a hybrid theory involving 
both classical mechanics and quantum conditions. A much more satisfactory 
solution was derived, as a result of, firstly, the introduction of the idea of 
electron spin, and secondly, the discovery of the phenomena of electron diffrac¬ 
tion. The latter necessitated the view that associated with corpuscular motion 
there exists a wave length, the so-called de Broglie wave length, A#, which is 
intimately connected with the momentum of the particle through the relation 

\b — h[mv, 

where m ~ mass, and v = velocity of the particle. Thus, along with the 
dualistic behavior of radiation, previously regarded as exclusively an undulatory 
phenomenon, it was found that there also exists a similar dualism in the nature 
of infinitesimal material particles, inasmuch as their behavior could not be 
interpreted satisfactorily in terms of classical mechanics. 

In attempting to reconcile these apparent contradictions, W. Heisenberg 
was led to formulate his famous Principle of Indeterminism, which provides 
the philosophical foundation for the mathematical developments by himself, 
E. Schroediriger, P. A. M. Dirac and others. This new technique, known as 
quantum mechanics, while more difficult to present in terms of naive physical 
concepts, such as the Bohr electronic orbits, has not only proven much more 
successful than the latter, in correlating quantitatively the observations on 
atomic spectra and on electronic behavior, but has also led to the introduction 
of new concepts, such as those of penetration through potential barriers, and 
exchange energy. These deductions from the mathematical derivations of the 
new mechanics have made possible a more adequate understanding of the 
observations on transformation in radioactive nuclei on the one hand, and of 
ferromagnetism and valence bonds on the other. 

It is the main object of this chapter to present the experimental observa¬ 
tions upon which our present views of the structure of the atom are based. 
Inasmuch, however, as any satisfactory theory provides an interpretation and 
correlation of observations of apparently diverse nature, it will also be necessary 
to present as the occasion demands, some of the simpler mathematical aspects 
of the new theory and, to a greater extent, the significant physical implications 
involved. 

The first eight sections of the chapter deal with the fundamental observa¬ 
tions which lead on the one hand to a corpuscular theory of radiation, and on 
the other, to a wave theory of corpuscular motion. These observations may 
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be designated as quantum effects and constitute the basis for the interpretation 
of a very extensive range of spectroscopic observations which are discussed in 
the subsequent sections in terms of electronic configuration of atomic systems. 

In presenting this material it has been necessary to adopt self-consistent 
values of certain basic physical constants, such as e, the charge on the electron, 
m, the mass of the electron, h, Planck’s constant, and c, the velocity of light, 
from which a large number of other constants are derived, that are of im¬ 
portance in the discussion of spectroscopic data and atomic behavior. 

In 1929, R. T. Birge published a comprehensive and critical survey on this 
topic 1 and a table of values of physical constants which were accepted for 
many years as based on the most accurate observations available. During 
the past few years, as a result of new observations, some question has arisen 
regarding the accuracy of some of the fundamental constants. For instance, 
the value accepted in 1929 for e was (4.770 =t 0.005) X 10 -10 absolute electro¬ 
static units. It is now recognized that this value is too low, and more recently 
Birge has recommended * the value 4.8022 X 10~ 10 , while F. G. Dunnington 2 
favors the value (4.8025 =t 0.0004) X 10~ 10 e.s.u. and Ii. T. Wensel, 3 who has 
also given this topic critical consideration, concludes that the best value is 
e — (4.800 rk 0.004) X 10' 10 e.s.u. Since one method for the determination of 
h depends on that of e, it is necessary to assign to the quantum constant a 
value which is approximately f per cent greater than the value h — (6.547 
± 0.008) X 10~ 27 erg sec., published in 1929. While Birge’s suggested value, 
based on considerations discussed in a subsequent section, is 6.6236 X 10~ 27 , 
both Dunnington and Wensel favor the value 6.610 X lO"* 27 . It is all a question 
of deciding between the relative accuracy of different sets of observations and 
different methods for the derivation of the various constants. 

In view of this situation it is impossible, at the time of writing, to assign 
to some of the fundamental physical constants values upon which there is 
universal agreement. In fact, it is a question, in some cases, as to which 
constant is to be regarded as fundamental, and which as derived. It would 
seem, however, highly desirable that the values of the different constants should 
form a self-consistent set. For instance, the value of hje as used in formulae 
for the photoelectric effect should be the same as that calculated from the 
Rydberg constant. 

In the ensuing chapter the writer has used the values of fundamental 
physical constants recommended by Birge. The basic constants are given in 
Table A of the Appendix to this volume; the values of the other constants, 
derived from those in Table A f are given in Table B. A more detailed discussion 
of the different observations and relations upon which these derived values are 
based, will be found in the subsequent sections. 

1 Phys. Rev, (Supplement), 1, 1 (1929). 

* Personal communication, August 1939; see also, R. T. Birge, Phys. Rev., 58 , 658 (1940) 
and the Appendix to this volume. 

* Rev. Mod. Phys., 11, 65 (1939). 

* J . Res . Nat. Bur. Stand., 22, 375 (1939). 
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PART I—QUANTUM PHENOMENA 
1. Spectral Terms and Critical Potentials 

(1) Series Relations for Spectral Lines: * While an incandescent solid body 
emits a continuous spectrum, that is a spectrum in which the energy in any 
range between X (the wave length) and X -j- riX is a continuous function of X, 
the radiation from gases and vapors consists either of sharply defined lines 
(line spectra), or bands which extend over certain ranges of wave lengths 
(band spectra). The latter are characteristic of diatomic and polyatomic 
molecules, while the former are due to excitation of atoms. Both these types 
of spectra are observed in an electrical discharge in hydrogen, the band spec¬ 
trum being due to ^he presence of the molecules, while the line spectrum occurs 
because of the presence of atoms formed by dissociation of the molecules. In 
the case of sodium and mercury vapor, the spectrum consists ordinarily of a 
series of discrete lines, and since the time of Kirchhoff and Bunsen it has been 
recognized that each element possesses a characteristic line spectrum. This 
observation has been applied, as is well known, to the identification of the 
various elements in spectroscopic methods of analysis. 

The very existence of line spectra led physicists to conclude that the struc¬ 
ture of the atom must be quite complex in order to give rise to such spectra. 
It was only, however, with the discovery of the existence of certain interesting 
relations among the lines of any one element that the foundations were laid for 
our present views on atomic structure. In 1885 Balmer 1 pointed out that in the 
ordinary spectrum of (atomic) hydrogen there exists an interesting relation 


Red Blue Violet Ultraviolet 0 

8000 5000 4000^— A in A 



Ficj. 1.1. Spectrum of Balmer Series 


between the different lines. This spectrum (see Fig. 1.1) consists of a series 
of lines known as II a , H#, H T , Ha, etc., extending from the red into the ultra- 

* This topic is discussed comprehensively in the following treatises: 

F. K. Richtmeyer, Introduction to Modern Physics, 2nd Ed., Chapter X. McGraw-Hill 
Book Co., Inc. New York. 1934. (Ref. F. K. R.) 

H. E. White, Introduction to Atomic Spectra, Chapter I. McGraw-Hill Book Co., Inc 
New York, 1934. (Ref. H. E. W.) 

A. C. Candler, Atomic Spectra and the Vector Model, Volume I, Series Spectra. University 
Press, Cambridge, 1937. (Ref. A. C. C.) 

The early observations and systems of classification as well as the different notations 
have also been discussed very fully by R. C. Gibbs, Rev. Mod. Phys., 4, 278 (1932). This 
report contains a bibliography of papers published during 1920-1931 on the spectra of the 
different elements. 

1 Ann. Physik , 25, 80 (1885). 
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violet region. R. W. Wood 1 has been able to obtain photographs of this 
spectrum as far as the 20th line, while in photographs of nebular clusters the 
series have been obtained as far as the 33rd line. Balmer observed that the 
wave length of each of the lines of the series (then known) could be represented 
satisfactorily by the formula 


X = 



( 1 . 1 ) 


where X denotes the wave length, m has the values 3, 4, 5, 6 for H a , Up, H 7 , 
respectively, and A is a constant. 

The formula is more usually written in the form 

>si 

where R ~ 109,677.76 cm.” 1 is known as the Rydberg constant, m = 3, 4, 5, 6, 
etc., and v is known as the wave number * 

“This relation gives with an accuracy of one part in 100,000 the frequencies 
not only of the four lines discussed by Balmer ** 



X - 6562.8 A, 

v = 15,233.0 cm. 

H* 

4861.3 

20,564.6 


4340.5 

23,032.3 

Ha, 

4101.7 

24,372.8 


but also all of the other observed lines in the Balmer series. 7 ’ 2 

Equation (1.2a) may also be written in terms of the frequency in the form 



where c — velocity of light = 2.99776 X 10 10 cm. sec.” 1 . From this equation 
it will be observed that Balmer’s formula expresses the frequency of a line in the 
spectrum of hydrogen as the difference between a constant term Rc/2 2 and a variable 
term Rc/m 2 . Putting m — °o, we obtain the limiting frequency or head of the 
series, corresponding to v — Rj 4. This is represented in Fig. 1.1 by the line 
on the extreme right. 

» R. W. Wood, Proc. Roy. S or.., [A], 97, 455 (1920). 

* This method for distinguishing between wave number and frequency has been used by 
A. E. Ruark and H. C. Urey, Atoms, Molecules and Quanta, McGraw-Hill, 1930. 

** In the case of optical spectra wave lengths are usually expressed in terms of Angstroms 
(A) where A « 10~ 8 cm. In the past it has also been customary to use the micron (1 y *= 10 -4 
cm. = 10~ 6 meter) and millimicron (1 m/u « 10~ 7 cm.). The micron is a convenient unit in 
the case of infra-red spectra, 

2 L. Pauling and S. Goudsmit, The Structure of Line Spectra, p. 3. McGraw-Hill Book 
Company Inc., New York, 1930. (Ref. P. G.) 
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Before discussing the investigations of Rydberg (1890) which followed that 
of Balmer, mention should be made of other series in the spectrum of atomic 
hydrogen which have been discovered since the earlier work. 

In 1909 Paschen found a series in the infra-red region for which the wave 
numbers could be expressed by the relation 

? (1.3) 

V 3 2 m l ) 

with the same value of R as that given by Balmer’s relation. 



seir/es BPBcrRA or hydrogen 

Fig. 1.2. Series Spectra of Hydrogen, Showing Wave Numbers Corresponding 
to Different Values of m 


Also, Lyman (1904, 1906) observed a series in the ultra-violet corresponding 
to the relation 


v = R 




(1.4) 


More recently Brackett 1 discovered a series still further in the infra-red 
corresponding to 



(1.5) 


and Pfund 2 observed two members of the series whose limit is jR/ 5 2 . Since 
then Poetker 3 has found other members of this series of still longer wave length. 


» F. S. Brackett, Aatrophya. J., 5(5, 154 (1922). 

2 A. H. Pfund, J. Opt. Soc. Am., 9, 193 (1924). 

* A. H. Poetker, Nature , 119, 123 (1927); Proc . Roy. Soc., [A], 30, 418 (1927). 
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Each of these series may be expressed by an equation of the type 

y = Hc ( \ ~ A)’ ^ i,6; 

\ n 2 m 2 ) 

in wliich m and n are integers, with ra ^ n -f- 1, and Rc/?i 2 is the limit of the 
series. 

Figure 1.2 shows graphs for the series in which the value of the wave number, 
v, for each line is plotted against the corresponding value of m. The limit for 
each scries (v for m — oo) is represented by the line to the left of each curve, 
which corresponds to one of the terms in equation (1.6). 



Fig. 1.3. Plot of Rjm 2 versus m, Illustrating the Relation Between Wave Numbers 
of Spectral Lines and Those of the Associated Terms 


If we plot these limiting wave numbers or spectral terms against m as abscissa, 
we obtain the curve shown in Fig. 1.3. It will be observed that each of the 
vertical lines marked with an arrow corresponds to a first member of the series 
for which the lower term is the limit. Thus \l is the first member of the 
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Lyman series, i.e., 




1 

2 2 


)• 


while \b and \p represent first members of the Balmer and Paschen series 
respectively. 

If we multiply each side in equation (1.(5) by Planck’s constant, we obtain 
the energy relation , 


hv = 




(1.7) 


which, on the basis of Planck’s theory, leads to the conclusion that the emis¬ 
sion of the energy quantum hv corresponds to a transition of the atomic system 
from a state of higher to one of lower energy. Apart from an additive constant, 
these energy states correspond to the values, 


E n = 


Rcli 


and 


/,■ = _ Rrh 
& m — 


where the emitted radiation is given by the relation 

* - 7 {K m - E„). 

h 


( 1 . 8 ) 


That is, the spectral terms derived from a study of the line spectra correspond to 
different possible energy states of the atomic system. 

It was considerations of this nature that led Bohr to his theory of the origin 
of spectral lines and the nature of atomic structure. Before, however, de¬ 
scribing this theory and some of the deductions from it, it is necessary to resume 
the discussion of the investigations which followed the remarkable suggestion 
by Balmer. 

In 1890 Rydberg showed that for a number of elements (those of the alkali 
and alkaline earth groups) the .spectral lines can be classified into a number of 
different series, for each of which there exists a relation similar to Balrner’s 
of the form 


Kc 


_R_ 

(m -f- a ) 2 7 


(1.9) 


where the value of R is approximately identical with that deduced by Balmer, 1 

1 The differences in values of R for different elements are quite small. Thus according 
to R. T. Birge ( Phytt. Rev. (Supplement), 1, 60 (1029)) the values for hydrogen and helium 
are as follows: 

Rn = 109,677.759 cm. -1 ; Rju = 109,722.40 cm."‘. 

According to the Bohr theory the Rydberg constant for any element is given by 

*-*-/(‘ + 5 )- 

where m — mass of electron, M — mass of atom. Hence Ran = Rydberg constant for infinite 
mass, and from the values for R& and Rn e , it follows that R m = 109,737.45 cm.* 1 . 
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while m is an integer whose value increases from 1 or 2 by unity for each suc¬ 
cessive member of the series in order of decreasing wave length (increasing 
wave number). For any one series (the limit or convergence of the series) 
and a are characteristic constants. 

Thus in the case of sodium (and other metals of the same group) the spectral 
lines can be arranged in four series which are designated as follows: 


Principal: 


Sharp: 


Diffuse: 


Fundamental: 


1 

X 

1 

X 

1 

X 

1 

X 


R 


R 


R 

R 


r_!_ 

La + *)■ 

[d 
[d 
[« 


+ pY 

pY 

i 


(3 + dY 


(m + 

1_ 

(m + 

1 


+- pY ] ’ 

b]' 


(m 4 d ) 

1 

(m 4- 


+/)*]’ 


m — 2, 3 . . . 
m — 2, 3 . . . 
m — 3, 4 . . . 
m, = 4, 5 . . . 


In these formulae, s, p, d and / designate the particular values of the constant 
a of equation (1.9) for each series of terms. 

A further investigation of the spectra of the alkali elements shows that the 
terms involving p, d and / are actually doublets. Thus the two D-lines of 
sodium, X5896 and X5890, which constitute the first members of the principal 
series, correspond to two terms of the form R/( 1 4 pi ) 2 and 77/(1 4 p?) 2 , with 
the term involving s common to both lines. For the sodium D-lines the value 
of AP, the separation of the doublet, is 17.18 cm." 1 and for higher members of 
the series this separation decreases continuously. 

In the case of the elements of the second group it has been found that the 
spectral lines can be classified into two groups in one of which the lines are 
singlets and in the other triplets. Furthermore, in each of these groups the 
lines can be arranged in four series as in the case of the alkali elements. 

As we pass in the periodic arrangement to Group III (the B-Al group) and 
groups more to the right, the maximum attainable number of multiplets, 
analogous to the doublet terms in the case of Na, increases, so that for an 
element such as Mn the number of multiplets observed may be as high as eight. 
It is the existence of these multi pie t terms in the spectra of elements of Groups 
III to VIII that made it difficult, for a long time, to arrange their spectra in 
series. In fact, it was only after Bohr had announced his theory of the origin 
of spectral lines that methods were developed, suggested by this theory, by 
which these more complicated spectra could be investigated successfully for 
the determination of the corresponding terms. 

It will be observed that in the case of the sharp series for Na, the limit of 
this series is the first term in the principal series. Similarly the limit of the 
fundamental series is the first term in the diffuse series. In the case of the 
spectrum of mercury, lines are observed which are due to combination of 
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singlet and triplet terms. These are known as intercombination lines . These 
observations illustrate a general law, discovered by Rydberg and Ritz, known 
as the Principle of Combination , which states the possibility of the occurrence 
of spectral lines as a result of the combination of terms in different series. 
Actually not all such possible combinations are observed because of the exist¬ 
ence of selection rules (see subsequent discussion), according to which certain 
transitions between terms are forbidden. 

(2) Bohr Theory of Energy Levels: As mentioned in the previous section, 
these observations made by Balmer and Rydberg, when combined with the 
concept of energy quanta of magnitude hv , lead to the view that the spectral 
lines arise from transitions of an atomic system from states of higher to those 
of lower energy. This deduction which has been stated already in the form 
of equations (1.7) and (1.8) is essentially the fundamental idea in Bohr's 
theory. 1 

It is well to point out that in suggesting this theory of the origin of spectral 
lines Bohr modified Planck’s original hypothesis quite radically. For according 
to Planck’s original theory, which followed in some respects the classical ideas 
on the mechanism by which electromagnetic waves are radiated, the energy 
quantum is emitted or absorbed by an oscillator (electric doublet) having the 
same frequency of vibration as that of the radiation. That is, according to 
Planck’s original suggestion, the change in energy, AE is determined by the 
frequency of an oscillator and is identical with the latter, according to the 
relation, 

AE — hv — hiOj 

where v is the frequency of the radiation and w that of the oscillator. 

This point of view was completely discarded by Bohr, and instead he pos¬ 
tulated the relation 

v = AE/h t 

that is, the frequency of radiation emitted or absorbed by an atomic system is 
determined only by the magnitude of the change in total energy. 

4 ‘If this law is assumed,” Bohr states, 2 “the spectra do not give us informa¬ 
tion about the motion of the particles in the atom as is supposed in the usual 
theory of radiation, but only a knowledge of the energy changes in the various 
processes which can occur in the atom. From this point of view the spectra show 
the existence of certain definite energy values corresponding to certain distinctive 
states of the atoms. These states will be called the stationary states of the atoms, 
since we shall assume that the atom can remain a finite time in each state, and 
can leave this state only by a process of transition to another stationary state.” 

Bohr’s assumptions on which he bases his theory of spectral series have 
been stated by him in the following form. 3 

I Phil Mag., 26, 1, 476 (1913). 

2 N. Bohr, The Theory of Spectra and Atomic Constitution, p. 23, Cambridge Univ. 
Press, 1922, 

3 N. Bohr, On the Quantum Theory of Line Spectra, Copenhagen (1918). Part I, p. S. 
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Postulate A: 11 An atomic system can, and can only, exist permanently in a 
certain series of states corresponding to a discontinuous series of values for its 
energy, and consequently any change of the energy of the system, including 
emission and absorption of electromagnetic radiation, must take place by a 
complete transition between two such states. These states will be denoted as 
the 1 stationary states 9 of the system .” 

Postulate B: That the radiation absorbed or emitted during a transition 
between two stationary states is monochromatic and possesses a frequency v , 
given by the relation 

hv = E m - E n . (1.10) 

Let us consider from this point of view the significance of the series of 
spectral terms observed for atomic hydrogen. The line corresponding to the 
limit of the Lyman series, that is the line defined by the value v — R = 109,678 
cm. -1 , represents the highest frequency and therefore the maximum value of 
hv emitted by a transition from any of the upper energy states to that of lowest 
energy. The latter must evidently correspond to the normal or unexcited 
state of the hydrogen atom, while all the upper states arise from excitation of 
the atom through some external source of energy. This energy may be sup¬ 
plied by collisions of the atoms with electrons in an electrical discharge. While 
Bohr actually developed a model of these “excited states” in terms of elec¬ 
tronic orbits, it is not essential, in the present connection, to discuss the details 
of this model. For the most important aspect of Bohr’s theory is his interpreta¬ 
tion of spectral terms as “stationary states.” In other words, the spectral 
terms, as derived from a study of the line spectrum of an atomic system, give 
us information on the sequence of these states and their relative energy values. 

Now it is evident that in the case of hydrogen, the highest possible state 
of excitation is that associated with the limit of the Lyman series, which we 
shall designate as v If the corresponding amount of energy, hv^c, is im¬ 
parted to a normal hydrogen atom it becomes ionized, that is, the electron 
is completely removed from the atom.* We can therefore regard the energy 
hv^c as a measure of the energy of binding between the electron and the posi¬ 
tively charged residue (which in the case of hydrogen is a proton). 

Similarly it is observed that in the case of other atomic systems, such as Na 
and Hg, the stationary state corresponding to the highest value for v Xj the limit 
of any of the spectral series, represents the minimum energy for the ionization 
of the atom. 

If therefore we regard energy that is emitted as positive, then the normal 
or unexcited state must be one of negative energy as compared with any of the 
excited states. Evidently the simplest procedure is to assume that the ionized 
state corresponds to the zero of the energy scale y in which case the energy for the 
normal or lowest state has the value, E = — hv^c. 

* This identification of the limit of the series with the ionization energy is confirmed by 
experimental observations, as mentioned belbw. 
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Thus the energy of the normal state for II is 
E — — hRnc 

- - 6.624 X 10~ 27 X 109,678 X 2.9976 X 10 10 

- - 2.178 X 10" 11 erg, 

while the successive stationary states have the energies — hRuc/ 4, — hRnc/ 9, 
and so forth. 



Fio. 1.4. Energy Level Diagram for Atomic Hydrogen 


In this manner we obtain the energy level diagram shown in Fig. 1.4, in which 
the transitions corresponding to the different spectral lines are shown as vertical 
lines with arrows. The value of the energy may be expressed in terms of 
calories per gm-atom, by means of the conversion factor 

N 

cal. gm.-atom^ 1 * erg atom" 1 • - 

10 7 X J\6 


= 1.439 X 10 16 erg atom - " 1 
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where 

N = Avogadro’s constant = 6.0227 X 10 23 mole .* -1 
J 15 = Mechanical equivalent of heat 
= 4.1847 abs. joule cal.i 5 -1 . 

Thus the energy required to excite a normal hydrogen atom to the state of 
zero energy is equal to 313,400 cal. gm.-atom -1 : this is approximately three 
times the heat of dissociation of H 2 (102,700 cal. mole -1 ). 

For reasons, which will become apparent after the discussion in the following 
sections, it is customary in the case of energy levels of atomic systems to ex¬ 
press the energy in terms of electron volts (e.v.). An electron, of charge e , 
accelerated through a potential difference of V volts acquires a kinetic energy 
given by the relation 


E = 1 = Ve.l0 H /c (1.11) 

= 1.6019 X 10 -12 V erg, 

where m = mass of electron (gm.), 

v — velocity (cm. sec. -1 ), 

and !0 8 /c is the factor required to convert absolute volts to electrostatic units. 
Thus to excite H to the zero energy state (the ionization potential) requires 
(2.178 X 10/1.6019 —) 13.595 electron volts.* 

Figures 1 5 and 1.6 show energy level diagrams for sodium and mercury 
respectively as deduced from a study of the spectral lines. Similar diagrams 
are now available for a large number of elements. 1 

In this connection it is also necessary to make some remarks regarding the 
notation used to designate spectral terms. 2 Evidently it is necessary to indi¬ 
cate, with respect to any term the series of which it is a member and the order 
in which it occurs in the series. During the development of spectroscopy 
previously to about 1920, various systems of notation were used. 3 However, 

. . Wc.10 8 

It is also convenient to note the following conversion factors:-* = 23,055 cal. mole 1 

JlbC 

abs.-volt" 1 . Energy associated with unit wave number, Ejv — he = 1.9856 X 10“ 16 erg cm 
Wave number associated with unit abs.-volt, v/V — 8067.7 cm. -1 abs.-volt -1 . Wave length 
associated with unit abs.-volt, X = hc*/e = 12,395 X 10“ 8 cm. abs.-volt. Energy per mole 

Nh 

associated with unit frequency, Ejv = -- = 9.533 X 10 11 cal. sec. mole -1 . 

10 7 .,/ 16 

1 W. Grotrian, Graphische Darstellung der Spektren, Two volumes, Julius Springer, 
Berlin (1928). 

R. F. Bacher and S. Goudsmit, Atomic Energy States, McGraw-Hill Book Company 
(1932). (Ref. B. G.) This gives values of the spectral terms for a very large number of 
elements, from which energy level diagrams may be readily plotted. See also Refs. H E. W. 
and A. C. O. 

2 Further details will be given in a subsequent section. 

1 See Refs. F. K. R., and H. E. W. 
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at the present time, it has become common practice to refer to the different 
series thus: 

Sharp series S 

Principal series P 

Diffuse series D 

Fundamental series F 



Fig. 1.5. Energy Level Diagram for Sodium 


In the case of elements of higher valence, other series have been observed 
which are designated similarly by the letters G, H , etc. A prefix at the upper 
left-hand corner of the series symbol indicates the degree of multiplicity. For 
instance, l P and *D signify terms in the singlet P series and triplet D series 
respectively. 
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The order of the terms in a series is indicated by an integer. Formerly the 
number 1 or 2 was used for the lowest term and this was increased by unity 
for each successively higher term. This is followed to some extent even now, 
but in the case of the alkalis and alkaline earth elements it is usual to assign 


Fig. 1.6. Energy Level Diagram for Mercury 



to the lowest term the corresponding total quantum number, n, of the valence 
electron. Also it is customary to add a suffix at the lower right hand corner of 
the series symbol, which serves to distinguish the different members of a 
multiplet term and is designated the inner quantum number. (The significance 
of these quantum numbers will be discussed in a subsequent section.) 
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In accordance with this notation the spectral lines of the different series in 
sodium, for example, are represented as follows: 


Principal series: 

n 2 P 1/2 - 

- 3VJ,/* 

n*P vt 

- 3-VSi/»; 

Sharp series: 

1l 2 S ij 2 * 

- 5WV; 

nV S' 1/2 

- :m /2 ; 

Diffuse series: * 

n 2 I ) b , 2 - 

- 3 2 / J 3/ 2 ; 

»*/>*/* 

- 3 •Put 




nWy. 

- 3 *P Vi[ 

Fundamental series: 

n 2 F v 2 - 

- .m /2 ; 

ii~ I' (, /•> 

— 3 2 /)a/2 




n-F 6 /2 

- 3 2 7) 6/ 2 


In these series n ^ 4, and it will he observed that the limit of each series 
constitutes the second term. 

Similarly the lines X2537 and X5461 in the spectrum of mercury are repre¬ 
sented by the notations 

6 3 Pi — GhSo and VS\ — 6 3 / > *> respectively. 

(3) Absorption Spectra and Resonance Lines: If the D-lines of sodium as 
obtained from a sodium vapor electric discharge lamp are viewed through 
sodium vapor at a sufficiently high temperature (300° C. approximately) the 
two lines appear dark. 1 That is, sodium vapor absorbs radiation of these 
wave lengths. A similar observation may be made with a low pressure mercury 
vapor lamp, which is a very efficient source of the ultra-violet line X2537. 
This radiation may be detected either by means of a sodium photo-tube or by 
the fluorescence produced on a plate coated with a suitable material such as 
willeipite. If now a stream of mercury vapor (the vapor pressure of mercury 
at room temperature is sufficiently high to produce the effect), is passed be¬ 
tween the source of radiation and the detector, the latter shows that the line 
X2537 has been absorbed. The Fraunhofer lines, observed as dark lines on 
the continuous background of the solar spectrum, have been interpreted in a 
similar manner as absorption lines due to the presence of different elements in 
the sun's outer atmosphere. 

On the basis of Bohr's theory of energy levels the explanation of these 
observations is obvious. Since the D-lines of sodium, as shown in Fig. 1.5, are 
due to a transition from the lowest excited states (3P 3 /2 and 3 Pi/ 2 ) to the normal 
(3 S) state, it follows that sodium atoms in the normal state absorb this radia¬ 
tion and are thereby excited to the 3 P states. The interesting point to note is 
that radiation of lower frequency is not absorbed, nor is radiation of higher 
frequency than that of the D-lines, unless this frequency coincides with that 
of a transition between one of the higher excited states in Na and the lowest 

* It will be observed that in the diffuse and fundamental series there are actually present 
three components for a given value of n. However, the separation between two of these is 
usually so small that it can be observed only under very high resolving power. 

1 Apparatus for observations on the absorption of light by sodium vapor has been de¬ 
scribed by D. C. Stockbarger, J. Opt. Soc. Am., 30, 362 (1940). 
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state. Actually Wood and Fortrat 1 found that in a long column of sodium 
vapor they obtained in absorption 58 lines of the principal series m 2 P — 3 2 S. 
Similarly, by absorption of X2537, mercury atoms are excited* (as is seen from 
Fig. 1.6) from the normal to the 6'\Pi state. Evidently the measurement of 
characteristic absorption lines may be used to determine the energy of the 
ground or normal level with respect to the level from which the corresponding 
lines originate. However, as will be pointed out in another connection, it is 
also possible under certain conditions to obtain absorption of lines which 
correspond to transitions from excited states. Thus, if the gas or vapor is at 
a high temperature, as in stellar atmospheres, or electrically excited, there 
may be a sufficiently high concentration of atoms in excited states to absorb 
monochromatic radiations of such frequencies as will excite them to still higher 
energy states. 

Because of the similarity to the resonance phenomena observed with 
electromagnetic waves these lines which correspond to transitions from the 
normal to the next higher excited states are known as resonance lines . In the 
period immediately following the publication of Bohr's papers the subject of 
line absorption spectra received considerable attention, 2 since such observations 
led not only to determinations of the wave numbers for the normal energy 
states but also to some very interesting conclusions regarding the “life” of 
excited states—a topic which is discussed more fully towards the end of this 
chapter. 

While the theory of energy levels and Bohr's concept of energy emission 
and absorption in units of magnitude hv gave a better interpretation of observa¬ 
tions on absorption of spectral lines, even more direct evidence for this new 
point of view was obtained through a series of investigations initiated by 
Franck and Hertz. 

(4) Critical Potentials: Bohr’s concept of the existence of discrete energy 
levels suggested to J. Franck and G. Hertz 3 a method for the determination of 
these levels which has not only served to confirm the validity of the theory but 
has also proved useful in supplementing the information deduced from spectro¬ 
scopic observations. 

The method consists essentially in bombarding atoms of the vapor or gas 
by electrons having a definitely known kinetic energy. The gas or vapor is 
at such a low pressure that the electrons can make at the most only one collision 
in passing from the cathode to a positively charged grid. For electrons starting 
from a thermionic cathode (so that the initial velocity is negligible) and 
suffering no collisions, the velocity v acquired on reaching the grid is given by 
the relation 

E — § mv 2 = Ve. 

1 Astrophys . 43, 73 (1916). 

2 P. D. Foote and F. L. Mohler, The Origin of Spectra, The Chemical Catalog Company, 
Inc. New York, 1922. (Ref. F. M.) 

2 Verh. Deutsch. Physik. Ges. 16, 512 (1914); Physik . Z 17, 409 (1916). 
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Expressing V in volts, * the energy in ergs is given by equation (1.11), that is, 
E = 1.6019 X 10" 12 V erg 
and the velocity of the electrons, by the relation 
v — ^2.10 *(e/m)V 

= 5.9314 X 10 7 VF cm. sec." 1 . (1.12) 

Now let us consider what happens as the kinetic energy of the electrons is 
increased from zero. In the case of Na vapor, no radiation is observed until 
the energy is increased to 2.10 volts, but at this point the emission of the D 
lines is observed. The interpretation is that the electrons have given up this 
energy in exciting some of the atoms to the 3 P state in accordance with the 
relation 

E = Ve = hv = hcAv, (1.13a) 

where Av is the difference in the wave numbers of the normal (3$) and 3 P 
levels, and v is the frequency of the emitted radiation. 

To obtain the relation between V in absolute volts and the wave number 
difference in cm.~ l , it is necessary to express the potential in e.s.u., and conse¬ 
quently equation (1.13a) assumes the form, 

h 

V = c 2 -10~ 8 Av 
e 

= Av/ (8067.7) = 1.2395 X lO~ 4 Av. (1.135) 

Since the values of v for the 3$ and 3Pi/ > levels in the case of Na, are 41,449 
cm.” 1 and 24,493 cm. -1 respectively, Av — 16,956, and it follows from the last 
equation that V = 2.10 volts, as observed. 

At accelerating potentials below this value, the electrons suffer only elastic 
collisions with Na atoms. On the basis of ordinary dynamics it may be shown 
that the loss in energy of the electrons is (2 rn/M)E t where m/M denotes the 
ratio of the mass of the electron to that of the atom. For sodium, 


2m 

~M 


J2_ 

1837.5 X 23 


- 4.73 X 10~ 5 , 


and the loss of energy is therefore negligible. 

When the energy of the electrons exceeds 2.10 volts, inelastic collisions 
occur, because of the excitation of Na atoms to the 3 P state, and then as the 
latter return spontaneously to the normal state the additional energy is emitted 
in the form of monochromatic radiation of frequency 

v = AE/h - Ve/h. 

* The term volts is used in this chapter as synonymous with absolute volts. 
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In terms of wave length of the emitted line, this relation takes the form, 


X 


c ch 
v Ve 


(1.14) 


For V expressed in volts, 


X = 12,395 X 10- 8 /F cm. 


which is equivalent to equation (1.136). 

As the electron voltage is increased beyond 2.10 volts, no other lines appear 
until the value 3.18 volts is reached at which point additional lines are emitted 
due to excitation of the sodium atom to the 4>S level. These have the wave 
lengths X11382 and XI1404 and are in the infra-red region. As the kinetic 
energy of the electrons is increased still more, other lines in the visible region ap¬ 
pear until finally, for V = 5.14 volts or higher,* all the lines in the arc spectrum 
of Na are brought out. At this potential the Na atom loses its valence electron 
and becomes a Na + ion. Thus the complete arc spectrum of sodium is ob¬ 
tained only at voltages exceeding the so-called ionization potential, which as 
mentioned already, corresponds to the state of zero energy. On the other 
hand, if the electron velocity is maintained at a value just above that corre¬ 
sponding to the first excited, or resonance , state only a single line spectrum is 
emitted (which of course may actually be a close doublet or triplet). In the 
decade following the publication of Franck and Hertz’s paper the investigation 
of single line spectra formed a very useful method for the determination of 
resonance potentials. 1 

Figure 1.7a taken from a paper by J. A. Eldridge 2 shows the mercury spec¬ 
trum at 8.7 and 9.7 volts, while Fig. 1.76 shows similar observations for helium 
taken at 23.6 and 24.4 volts by G. Hertz. 3 

These observations are in agreement with the conclusions to be drawn from 
the energy level diagrams for the two elements as shown in Figs. 1.6 and 15.2 
(see page 307). Those voltages at which new lines appear and which from the 
point of view of Bohr’s theory correspond to stationary states of the atomic 
system are known as critical potentials. It follows that the potentials for 
ionization (F{) and for resonance (F r ) are merely two of these potential values 
which are of special importance. Furthermore, if we indicate by vx and vx the 
wave numbers for any excited state and the normal state respectively, it fol¬ 
lows from the preceding relations that the critical potential ( V c ) corresponding 
to the line of wave number vn — vx is given by equations (1.136), that is, 


V c - 


VN ~ VX 

8067.7 


volts. 


* Since v w = 41,449, V * 5.138. 

1 Illustrations of such single line spectra are given by F. M. op. cit., pp. 128-9. 

*Phys. Rev., 23 , 685 (1924). 

* Z. Physik, 22 , 18 (1924). These two spectrograms (based on photographs) are taken 
from the Nobel address by G. Hertz, Stockholm (1927). 
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In Figs. 1.7a and 1.76, the value of V c corresponding to each line is indi¬ 
cated beside the value of X for the line.* 


(a) 


(b) 


$ 461 ( 7 , 7 ) 


■+ 49 / 6 ( 9 . 2 ) 


7065 (225) 
$676(23)7) 

5876(21.0) 


4338 ( 71 )' 

4078 ( 79 ) - 
4047 ( 7 . 7 ) * 


'+ 4348 ( 95 ) 

+ 4)09(9.7) 


47/3(215) 

4472(216) 


■4922(216) 

- 4438 ( 23 $.) 


3906(98) 


8.7 VOLT 


Z$6£S}(8.S) 

3650) 


9.7 VOLT 


■4/21(233) 

■4026(24.0) 

3966 ( 237 ) 


- — 3820(24!) 

23.6HOLT 24:4 VOLT 


Fig. 1.7(a) and (b). Spectra of Mercury (a) and Helium ( b ) for Different Velocities 
of Bombarding Electrons 


A number of other methods have also been used for the determination of 
critical potentials. Typical is the one used by Franck and Hertz 1 in which thi 
electrons from a hot cathode are accelerated by means 
of a positive voltage applied to a grid situated be¬ 
tween a plate and the cathode. If the electrons 
have lost energy by inelastic collision they are pre¬ 
vented from reaching the plate by a small retard¬ 
ing potential. In consequence the current to the 
plate exhibits a maximum at each critical poten¬ 
tial. The plot in Fig. 1.8, obtained by Tate and 
Foote 2 shows data obtained in this manner for so¬ 
dium vapor. 

Other methods are fully described in the report 
on “Critical Potentials” by K. T. Compton and F. L. Mohler, 3 in the trea- 

* These values were calculated by means of the relation V c = A7/8106, which was based 
on the 1930 values of h and e. 

1 hoc. at. An excellent description of this method is given by G. P. Harnwell and J. J. 
Livingood, Experimental Atomic Physics, McGraw-Hill (1933), p. 314 et seq. (Ref, H. L.) 

2 J. Wash. Acad. Sci. t 7 , 517 (1917). The figure is actually taken from H. E. W., p. 94. 

3 Bull. Nat. Kes. Council , 9, Part 1 (1924). 
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Fig. 1.8. Critical Poten¬ 
tial Curve for Sodium. 
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Accelerating Potential, V mt between Filament and Grid, Volts 
Fig. 1.9. Inelastic Impact Curve Obtained for Mercury. 


Laboratory methods for the determination of critical potentials have been 
described by G. P. Harnwell and J. J. Livingood, 4 from which Fig. 1.9 is taken, 

1 Anregung von Quantenspriingen durch Stoase, Julius Springer, Berlin (1926). 

2 Phyaik. Z., 32, 621 (1931). 

a Rev. Mod . Phya ., 3, 347 (1931). 

< Ref, H. L., p. 317. 
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this shows an inelastic impact curve obtained for mercury vapor in a three- 
electrode tube, in which the retarding potential used was 0.5 volts. The plot 
shows the existence of the resonance potential at 4.89 volts, corresponding to 
A2537. 


TABLE 1.1 

Critioal Potentials and Transitions for Helium 


Spectral Notation 

X(A) 

Volts 

Spectroscopic 

Electron Impact 

lbS’o - 2^1 



19.75 

- 2bS 0 

000.5 

20.55 

20.55 

- 2 l / J i 

584.4 

21.11 

21.2 

- 3»Pi 

537.1 

22.97 

22.9 

lbSo (Ionization) 


24.405 

24.47 


Table 1.1 gives the values of the critical potentials for helium as measured 
by Franck and Knipping 1 with the corresponding spectral terms as determined 
from Lyman’s 2 observations. 

Table 1.2, taken from the' Report on Critical Potentials by Compton and 
Mohler gives similar data for the alkali group elements. 

TABLE 1.2 * 

Critical Potentials and Related Series Terms, Alkali Metals 


Element 

v for l J *Si /2 

Vi 

VS m — 

2 J jPl/2.8/2 

Vr 

Comp. 

Obs. 

?(cm. _1 ) 

X(A) 

Comp. 

Obs. 

Li 

43480 

5.368 

— 

14904 

0707.9 

1.840 

— 





(16973 

5890.0 

2.0951 


Na 

41449 

5.116 

5.13 

\16956 

5895.9 

2.093 J 

2.12 





(13043 

7664.9 

1.610l 


K 

35000 

4.321 

4.1 

\12985 

7669.0 

1.603/ 

1.55 





f12817 

7800.3 

1.5821 


Rb 

,33689 

4.159 

4.1 

\12579 

7947.6 

1.553/ 

1.6 





f11732 

8521.1 

1.4481 


Cs 

31405 

3.877 

3.9 

(11178 

8943.5 

1.380 / 

1.48 


* The values of Vi and V r are computed on the basis of the relation used previously, 
V (volts) = 1.2344 X 10~* r. The values of P are taken from ref. B. G. 


1 J. Franck and P. Knipping, Phyaik. Z ., 20, 484 (1919); J. Franck, Z. Physik , 11, 155 
(1922). 

2 T. Lyman, Nature , HO, 278 (1922). 
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In view of the fact that it is possible to measure wave numbers with a very 
high degree of precision (better than 1 part in 10 6 ), it is not surprising that 
efforts have been made to derive accurate values of h/e from measurements of 
critical potentials. For this purpose, equation (1.13a) can be written in the 
form 


h _ Vcl ° S 
e vc 2 * 


(1.15) 


where V c is expressed in absolute volts, e in e.s.u., and h in erg sec. 

By noting the minimum voltage at which electrons directed into mercury 
vapor produce ionization of the atoms, E. 0. Lawrence 1 determined for the 
ionization potential the value 10.40 =fc 0.02 int. volts. 2 Since the wave number 
for the limit of the principal series is 84,178.5 cm. -1 , we obtain for the ratio h/e 
the value 

h 10* 10.40 

e~V 84^5 = h375 X 10 " 7 Crg 8CC - /C - S - U - 

L. C. Van Atta 3 measured the excitation potentials of a number of lines 
in helium, neon and argon. Thus his observations constitute a refinement of 
those previously made by Franck and Knipping and others. Referring to 
Table 1.3 the values observed by Van Atta for the excitation of the two helium 
lines corresponding to the spectroscopic values 21.11 and 22.97 were 21.13 
and 23.02 volts respectively. F. G. Dunnington 4 finds that for the five lines 
investigated the weighted mean value is 

h/e = (1.3753 ± 0.0025) 10~ 17 erg sec./e.s.u. 

These and other transitions in the spectra of helium, neon and argon have 
been investigated more recently by R. Whiddington and E. G. Woodroofe 5 
by a method 6 involving a precise determination of the energy losses of the 
electrons on collision with the atoms. Their results are summarized in Table 
1.3 taken from their paper. 

From six of these lines, “the precision of w T hich,” according to Dunnington, 
“was fairly good and the spectroscopic classification reasonably certain,” he 

1 Phys. Rev., 28, 947 (1926). These observations and those of the other investigators 
discussed in this section have been examined critically in the report by F. G. Dunnington, 
Rev. Mod. Phys., 11, 65 (1939), which the reader should consult for more complete details 
regarding various corrections. * 

2 For very accurate determinations a correction should be introduced to convert interna¬ 
tional (int.), to absolute volts (abs. volts). This factor is 1.00041 according to F. G. Dunning¬ 
ton (Rev. Mod. Phys., 11, 05 (1939)) and 1.00034 according to H. T. Wensel (J. Re$. Nat. 
Bur. Stand., 22, 375 (1939)). 

*Phys. Rev „ 38, 876 (1931); 39, 1012 (1932). 

4 Loc. cit. 

* Phil . Mag., 20, 1109 (1935). 

6 J. E. Roberts and R. Whiddington, ibid., 12, 962 (1931). 
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TABLE 1.3 

Critical Potentials for Rare Gases 


Atom 

Energy Loss 

Transition 

Spectroscopic, 

Value * 

He 

21.11 ±0.03 

ILSo - 2 1 Pi 

21.11 


23.00 ± 0.00 

- 3LPi 

22.97 

Ne 

10.70 ± 0.02 

lbS’o - 2 

10.70 


18.62 ± 0.05 

- 2 :, Ps 

18.02 



- 3«Pi 

18.00 

At 

11.77 dt 0.03 

ILS’o - LSb 

11.77 


12.91 ±0.08 

— 2pm 

12.84 


14.23 ± 0.03 

- 3.sV 

14.23 


* These are calculated on the basis hjc = 1.374 X 10~ 17 
t The notation in this case is that used in the older sj>ectroscopic literature. 


concludes a weight mean value, 

h/e - (1.3737 ± 0.0018) X 10” 17 erg sec./e.s.u. 

On the basis e — 4.802 X 10“ 1() e.s.u. and h — 0.6236 X 10~ 27 erg sec., the 
calculated value is 

h/e — 1.3793 X 10" 17 erg sec./e.s.u. 

which is somewhat higher than that derived from the most accurate determina¬ 
tions of critical potentials available at present. 

Data on critical potentials, similar to those already mentioned, have been 
obtained for a large number of the elements by electron impact methods and in 
all cases these observations are not only in agreement with spectroscopic data 
but have also been used frequently to supplement the latter. These investiga¬ 
tions will be discussed in a subsequent section in connection with electron 
configuration in atoms. The main object of the remarks in this section has 
been to emphasize the extremely important conclusion, which is deduced from 
the observations on spectral terms and critical potentials, that spectral lines 
are due to quantum transitions between discrete stationary states of atomic 
systems in accordance with the relation 

hv = Ei — Ef, 

where Ei and Ef refer to the initial and final states for the emission of a line of 
frequency v. Such a conclusion is quite at variance with any classical model 
for the emission or absorption of radiation. For according to the electromag¬ 
netic theory the only conceivable mechanism for the emission or absorption of 
radiation is an electric doublet oscillating with the same frequency v as the 
radiation. That the phenomena discussed in this section involve an atomistic 
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view of the nature of radiant energy is also deduced from other series of in¬ 
vestigations, and of these, those dealing with the photoelectric and inverse 
photoelectric effect are quite remarkable. 

(5) Atomic Number and X-Ray Levels: An even more striking confirmation 
of the Bohr theory of energy levels has been furnished by the investigations 
on characteristic X-ray lines which were initiated by an English investigator, 
H. G. J. Moseley, shortly before the first World War, which was to cut off 
what would undoubtedly have been a brilliant scientific career. To understand 
the significance of his achievement it is necessary to review briefly the nature 
of the observations upon which have been based our present views on atomic 
structure. 

These views originated from a series of experiments carried out in the 
Cavendish laboratory during the period 1909-1913. The electron theory had 
already been developed by J. J. Thomson, H. A. Lorentz and others, while 
E. Rutherford and F. Soddy formulated their theory of the disintegration of 
radioactive elements. It was discovered that during the process of disintegra¬ 
tion the atoms of these elements emit high velocity charged particles which are 
known as a- and /3-rays respectively. It was shown that a-particles are iden¬ 
tical in mass with helium atoms, but differ from the latter in carrying two units 
of positive electricity. On the other hand, the /3-particles are extremely high¬ 
speed electrons with velocities ranging from one-tenth to nine-tenths that of 
light. 

Observations by C. T. R. Wilson showed that when a- and /3-particles are 
shot out from a radioactive element through a gas they travel in straight lines 
for fairly large distances—so large, in fact, that they must, according to all 
our notions based on the kinetic theory of gases, collide with an extremely 
large number of molecules on the way. The paths of the a-and /3-particles 
have been photographed by C. T. R. Wilson and other observers by a very 
ingenious method and these photographs have led to the conclusion that /3-par¬ 
ticles must pass right through the atoms in their path until they come near 
enough to an electron in some atom to detach it and thus produce an ion. 
Similarly the a-particles traverse a large number of atoms before they are 
deflected, and from the observations on the directions and distribution of the 
paths of the deflected particles it has been shown that the cause of the deflec¬ 
tion must be a strong field of force produced by a positive charge, situated at 
the center of the atom. The cross-section of this nuclear charge is so small that 
the probability of its being struck by an a-particle is extremely low, even though 
there are millions of atoms in the path of the particle. 

These observations led to the view that the electrons and positive consti¬ 
tuent or constituents of the atoms must occupy an extremely small fraction 
of the total volume of the atom. Practically the whole of the space occupied 
by an atom must be empty to an a - or /3-particle. 

More quantitative results regarding the actual dimensions of the positive 
and negative constituents of the atom were obtained as a result of experiments 
carried out by Geiger and Marsden in 1909-11. They observed that when 
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a-rays are allowed to fall on a thin film of gold the majority of the particles 
pass through with little absorption, but occasionally, approximately in one 
case out of 20,000, a single particle is thrown back through an angle of more than 
a right angle. 

“Taking into consideration,” Rutherford writes, 1 “the great energy of motion of the 
a-particle, such a result is as surprising as it would be to a gunner if an occasional shot at a 
light target was deflected back towards the gun. It was found that these large deflections 
must result from an encounter with a single atom. If the forces causing the deflection were 
electrical, it was at once evident that the electrical field within the atom must be exceedingly 
intense. The distribution of positive electricity assumed in the Thomson atom 2 was much 
too diffuse to produce the intense fields required. To overcome this difficulty the writer 
inverted the role of positive electricity. Instead of being distributed through a sphere com¬ 
parable in size with a sphere of action of the atom, positive electricity is supposed to be con¬ 
centrated in a very minute volume or nucleus, and the greater part of the mass of the atom 
is supposed to be resident in this nucleus. The latter is supposed to be surrounded by a dis¬ 
tribution of negative electrons extending over a distance comparable with the diameter of the 
atom as ordinarily understood. On this point of view the a-particle is the minute nucleus of 
the helium atom, which has lost its two external electrons. In this type of atom the large 
deviations of the a-particle take place when it passes through the intense electric field close 
to the nucleus of the colliding atom. The nearer it passes to the nucleus, the greater the 
deflection of the particle. Assuming that the forces between the a-particle and the nucleus 
of the colliding atom are mainly electrical and vary according to an inverse square law, the 
a-particle describes a hyperbolic orbit around the nucleus, and the relative number of a-partieles 
deflected through different angles can be simply calculated.” 

Rutherford thus assumes that the scattering is due to a positive charge of 
magnitude Ze (where e is the unit of charge and Z is the number of these units 
of positive charge present on the nucleus) situated at the center of the atom; 
and that this nucleus is surrounded by Z electrons uniformly distributed within 
a sphere of atomic radius. Furthermore, assuming the validity of the inverse 
square law, as mentioned already, it is possible to calculate not only the rela¬ 
tive distribution of the a-particles for the different angles at which they are 
deflected, but also the minimum distance, &, corresponding to the sum of the 
radii of the a-particle and the colliding atom. 

Geiger and Marsden showed that the actually observed distribution is in 
accordance with the conclusion based on the assumption of the inverse square 
law. Also, from their results, it may be shown readily that the radius of the 
nucleus of the gold atom cannot exceed 3 X 1Q“ 12 cm., which is about one ten- 
thousandth part of the diameter of the atom. In the case of the scattering of 
a-particles by hydrogen, where the mass of the nucleus is only one fourth that 
of the a-particle, we would expect to find, from ordinary dynamical considera¬ 
tions, that some of the hydrogen atoms could be made to recoil four times as 
far as the penetrating distance (or range) of the a-particle. Marsden showed 

1 The Constitution of Matter and the Evolution of the Elements, Smithsonian Report 
for 1915, pp. 167-202. 

a According to the theory developed by .T. J. Thomson some years previously, the atom 
was considered as consisting of a uniform sphere of positive electrification throughout which 
the electrons were distributed uniformly. 
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that this actually occurs, and it can be calculated that, in this case, the centers 
of the nuclei must approach to within 10~ 13 cm. of each other. This is a smaller 
distance than even the diameter of the electron, which, if we assume its whole 
mass to be electromagnetic in origin, is approximately 1.90 X 10~ 13 cm. Thus 
the nucleus, which contains practically the whole mass of the atom, is neverthe¬ 
less infinitesimally small as compared with the diameter of the atom. From 
the observations on the disintegration of the radioactive elements during the 
course of which both a-particles and extremely high speed electrons are ejected, 
we are driven to the further conclusion that the nucleus itself is an extremely 
complex structure. 

Formerly the view was held that the fundamental units of nuclear structure 
are the proton , that is the nucleus of the hydrogen atom, and the electron. How¬ 
ever, in 1932, Cockcroft and Walton demonstrated the disintegration of atomic 
nuclei by high speed protons, and C. D. Anderson discovered the existence 
of positrons , corpuscles of approximately the same mass as electrons, but having 
a charge of opposite sign. Then came in 1933, the discovery by J. Chadwick, 
of a new particle of approximately the same mass as the proton, but possessing 
no electric charge, which has been designated the neutron. As a result of these 
observations and others which have given a tremendous impulse to the in¬ 
vestigation of nuclear phenomena, we now believe that the nucleus is built up 
of neutrons and protons.* 

According to this view of atomic structure each element has a different 
nuclear charge and therefore a different number of electrons external to this 
nucleus, since the charge on the nucleus must be equal to the total charge on the 
electrons. The scattering experiments led to the conclusion that the nuclear 
charge Z (measured with the electronic charge as unit) is about half the atomic 
weight for the lighter elements, and rather less than half for the heavier. 
Earlier observations of C. G. Barkla on the scattering of X-rays were also found 
to be in accord with this conclusion. In 1913, van den Broek suggested that Z 
probably represents also the ordinal number which determines the position of 
the element in the periodic table, while in 1914 Rydberg pointed out that the 
properties of the elements are determined not by the atomic weight but by the 
position of the element in the periodic table. 

It remained for H. G. J. Moseley 1 to point out a method by which the 
magnitude of Z could be determined. If a stream of electrons is directed against 
any solid, X-rays are obtained. This observation constitutes the basis of both 
the original gas-filled Roentgen-ray tube and the more modern Coolidge tube 
in which electrons are accelerated from a hot cathode, in a good* vacuum, by the 
application of very high positive voltages on the anode or target. It was 
discovered very early that the “hardness,” or penetrating power, of the rays 
increases with the anode voltage, and after von Laue, Friedrich and Knipping 

* For a semi-popular account of these investigations up to 1935, see R. A. Millikan, 
Electrons (4- and —), Protons, Photons, Neutrons, and Cosmic Rays, Chicago University 
Press (1935). (Ref., R. A. M.) 

i Phil . Mag., 26, 1024 (1913); 27, 703 (1914). 
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demonstrated in 1913, by using a caleite crystal as a diffraction grating, that 
X-rays are of the same nature as ultra-violet and visible radiations but of 
much shorter wave length, the observation was made that increased hardness 
of the rays corresponds to decreased wave length.* 

An examination of the radiation obtained from an X-ray tube for the 
distribution of intensity as a function of wave length shows a continuous 
spectrum which increases from very low values at the longer wave lengths, 
passes through a maximum, and then decreases rapidly with decrease in 
wave length, to zero at a definite wave length. If the voltage used exceeds a 
certain value which is characteristic of the anode material, there are also 
observed one or more peaks superimposed upon the continuous spectrum, which 
are of considerably greater intensity than the general or “white” radiation. 

For each element it is thus possi¬ 
ble to obtain a scries of monochro¬ 
matic X-radiations. These rays as 
shown in Fig. 1.10, which is a typi¬ 
cal spectrum, are classified accord¬ 
ing to their wave lengths into 
groups known as I\, L, M, etc. 
Moseley carried out an investiga¬ 
tion in which he measured the wave 
lengths of the lines in the /v- and L-series for most of the elements. He found 
that the spectra of the different elements, beginning with that of aluminum,and 
ending with that of gold, could be arranged in the same order as in the periodic 
table, and that under these conditions the wave length of any one character¬ 
istic line of the K- or L-series decreased regularly with increase in the ordinal 
number of the clement in the table. Furthermore, Moseley found that if he 
assigned to each element a number, Z, corresponding to its place in the periodic 
table (A1 = 13, Si = 14, etc*., as far as Au = 79), there exists for each type 
of radiation a simple relation of the form 

yfv = a(Z - a), 

where v is the frequency, and a and a are constants. 

These measurements have been repeated and extended by M. de Broglie, 
M. Siegbahn and others. 1 Fig. 1.11 shows the K -series for some of the ele¬ 
ments between As and Rh as photographed by Siegbahn. The dark line on 
the extreme left hand corresponds to zero wave length. On closer examination 
the first line in each spectrum is found to consist of two lines very close to¬ 
gether. These are known as the a\ and a 2 lines of the A"-series. The darker 
lines to the right may also be separated into two lines, known as the ($i and /3 2 

* These wave lengths range from 10 to 0.01 A, approximately. It is customary to express 
wave lengths in this range in terms of the X-unit, where 1 X-unit = 10“ 3 A * 10' 11 cm. 

1 M. Siegbahn has reviewed the observations on X-ray spectra and their relation to 
Moseley’s law in Jahrb. Rad. Elektronik, 13, 290 (1916). 
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lines of the K- series. Now the significance of Moseley’s law is this: If we plot 
the square root of the frequency, or (what amounts to the same thing) the 
value of Vl/X for any one of these lines, as ordinate against the ordinal 
number Z, we obtain a straight line for each of these characteristic radiations, 
as shown in Fig. 1.12. The figure actually shows values of ^v/R where R 
is the Rydberg constant. The reasons for using this value instead of V*7 = Vl/X 
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41 Nb 


45 Rh 


Fig. 1.11. A-Series for Elements As-Rh 


7 # aa' 

o V V 



are discussed in a subsequent section. The value of Z thus determined is 
known as the atomic number. That this number also corresponds to the 
charge on the nucleus has been proved definitely as a result of J. Chadwick’s 
investigations, 1 in which Z was determined directly from careful observations 
on the scattering of a-particles by different substances. 

The fact that such a relation exists which enables us to determine the atomic 
number, Z, for each element and that this atomic number coincides in all cases 

1 J. Chadwick, Phil. Mag., 40, 734 (1920). 
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with the order in which the element must be placed in the periodic table in 
accordance with its physical and chemical properties, must be regarded as one 
of the most important discoveries in the history of science. 

To the chemist, the periodic arrangement which was first expressed clearly by Mendelejeff 
has been the most important guiding principle in all speculations upon atomic structure. No 
matter what property is considered, whether it be atomic volume, compressibility, melting 
point, valence, or electro-positivity (and electro-negativity), we observe a periodic variation 
in this function as we pass from the elements of lowest atomic weight to those of highest. 1 



Fig. 1.12. Illustrating Relation Between Frequency and Atomic Numl>er for the X-Series 

in X-Ray Spectra 


That, however, the position of any element in the periodic table is not governed primarily 
by the atomic weight was a belief that gained greater and greater credence as the number 
of exceptions to the rule increased. Thus the relative positions of argon and potassium, 
tellurium and iodine, cobalt and nickel as determined by their chemical and physical properties 
are in the inverse order of their atomic weights. Furthermore, the discovery of isotopes by 
Aston and others has also served to emphasize the relative unimportance of atomic weight as 
compared with atomic number. As is well known, it was first shown in the case of radioactive 
elements and subsequently found to be true also for a number of other elements that we may 

1 See especially the paper by W. D. Harkins and R. E. Hall, J. Am. Chem. Soc. t 38, 
169 (1916). 
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have elements of the same atomic number but different atomic weights. Such elements, 
since they occupy the same place in the periodic arrangement, are known as isotopes. In all 
their chemical properties and all physical properties (except those which depend upon mass 
and radioactive properties), the isotopes corresponding to any given atomic number are 
identical, yet the atomic masses are different. # 

These facts lead to the conclusion that the charge on the nucleus, or atomic number, 
governs all the physical and chemical properties of the atom (except, of course, the radio¬ 
active and gravitational properties which depend upon the structure and mass of the nucleus 
itself). 

Furthermore, in order to account for chemical combination and periodic 
properties, we must assume that the electrons arranged around the nucleus 
possess different functions according as they belong to the outer or inner set. 
The outer electrons are active in chemical combination and conduction of 
electricity through metals. They also must give rise to the ordinary or optical 
emission spectra which we know are similar for elements of the same group 
in the periodic arrangement. The number of electrons in this outer set must 
undergo periodic change in distribution and number as Z increases. 

On the other hand, the inner 
electrons are unaffected by or¬ 
dinary chemical operations, but 
high velocity electrons (such as 
cathode rays) may stimulate 
them and thus produce the high- 
frequency spectra observed by 
Moseley and others. As pointed 
out by W. Kossel , 1 the fact that 0 
for any one type of monochro¬ 
matic X-radiation (such as the 
Kot\ line) the frequency varies 
in a regular manner from ele- 
ments of low atomic number to 5 
those of highest atomic number £ 
shows that the periodicity ob¬ 
served in the outer electrons does 
not extend to the innermost. 

From the point of view of 
the Bohr theory the occurrence - _ 
of characteristic X-ray lines 
must be interpreted as due to 
transitions of the inner electrons 
between energy levels which are normally filled. Fig. 1.13 * shows such an 
energy level diagram for molybdenum, in which X, L, M, etc. designate the 
different levels in order of decreasing energy of binding of electrons. If the 

1 Ann. Physik , 49, 229 (1916). 

* From A. H. Compton and S. K. Allison, X-rays in Theory and Experiment, p. 34. 
MacMillan and Co., London (1935). (Ref. C. A.) 



Fig. 1.13. Energies of Electrons in the 
Molybdenum Atom 
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electron incident on the molybdenum anode has acquired the energy Ek (or 
higher), a secondary electron is ejected from the X-level. The vacant place 
is now filled by electrons from higher levels, such as the L and M levels, and 
the transition is accompanied by the emission of the energy difference as a 
radiation of frequency 

h^Ka = Ei — Ek 
or 

hvKfl — Em — Ek, 

and so forth. 

If the energy of the incident electron exceeds Ek, the excess is imparted to 
the emitted electron in the form of kinetic energy, and by determinations of this 
quantity it has been possible, as pointed out in a subsequent section, to measure 
the values of Ek, El, etc. very accurately. 

As in the case of optical energy levels, the values of this energy for the 
X-ray levels may be obtained either by absorption measurements or by observa¬ 
tions on the critical voltages required for the excitation of the different series. 



Fiu. 1.14. A Logarithmic Plot of the Mass Absorption Coefficient of Bismuth 
in the Region of Its L Discontinuities 

Figure 1.14 * shows the variation with wave length in the mass absorption 
coefficient of bismuth, in the region of its L discontinuities. The value of X 
at which a jump in absorption coefficient occurs corresponds to an energy of 

* Ref. C. A., p. 527. 
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binding in accordance with a relation of the form 

hv L = E l . 

The presence of these discrete peaks in the absorption spectra of X-rays 
is indeed additional evidence not only for the existence of energy levels of 
electrons in atomic systems, but also for the Planck-Einstein view that radia¬ 
tion is emitted or absorbed in units of magnitude hv. 

The other method for determining energy levels is illustrated in Fig. 1.15 * 
in which the ionization current produced by the X-rays is plotted against the 
voltage applied to the anode. In this case the latter consisted of rhodium and 
it will be observed that there was a rapid rise in ionization current at just 
above 23.2 kilovolts. At this voltage all the lines of the /v-series appeared 



Fig. 1.15. Excitation of the Hh-X a Line by Electron Bombardment 

and further increase in voltage increased the absolute intensities of the lines 
but left their relative intensities unaltered. Evidently 23.2 kv. corresponds 
to the energy of binding of the electrons in the iv-level, and once an electron 
is ejected from this level, all the lines appear that correspond to transitions 
to the X-level from higher levels. This accounts for the fact that the Ka 
line, for which the energy of excitation is 20.1 kv., did not appear until the 
voltage was raised to the higher value, 23.2 kv. 

As a result of a large number of investigations of the type discussed there 
are now available very accurate values on the X-ray energy levels for most of 
the elements. The application of these data to the elucidation of electron con¬ 
figuration forms an extremely interesting topic which will be discussed in a 
subsequent section. 

* D. L. Webster, Phys. Rev., 7, 559 (1916); Ref. O. A., p. 587. 
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v 7 2. Photoelectric Effect * 

(1) Einstein’s Law: When the negative^ charged surface of a metal, such 
as zinc or sodium, is illuminated by light of very short wave length, electrons 
are emitted. The method used in experiments on this effect is quite simple in 
principle. An evacuated bulb containing the surface under investigation as 
one electrode and a grid or plate as the other electrode, is connected in series 
with a battery and galvanometer. As the potential on the photo-emitting 
surface is made more and more negative with respect to the other electrode the 
current increases and finally reaches an approximately constant value which 
varies directly with the intensity of the illumination. That is, the saturation 
electron emission is proportional to the intensity of the incident light. 

The spectral sensitivity of the surface depends upon the nature of the metal 
used. Thus, while zinc or cadmium responds only to radiation in the far ultra¬ 
violet, sodium is sensitive to the nearer ultra-violet and from a surface of 
cesium prepared by suitable treatment, electrons are emitted by radiation in 
the near infra-red (X > 7000A). 

This is in agreement with the observation that for each type of surface there 
exists a minimum frequency of radiation (po) for the emission of electrons. 
It has also been found that this threshold frequency corresponds to the so-called 
‘work function’ for thermionic emission in accordance with the relation 


hv o = </>oe — kbo, 


( 2 . 1 ) 


where <j >o — the work function (expressed in electron volts), 

k — Boltzmann’s constant; and bo = Richardson’s constant in the 
thermionic emission relation, 1 

I = AT*c- b * lT . 

From the point of view of the quantum theory this relation is extremely 
significant. But even more important are the observations which have been 
made on the relation between frequency of incident radiation and kinetic 
energy of emitted electrons. The latter may be determined, in accordance 
with the relation, 

E — mv 2 /2 — Ve, 

by noting the magnitude of the retarding potential, V, required to reduce the 
electron current to zero. Now, according to any wave theory of light the 
energy of the emitted electrons should vary directly as the square of the 
amplitude of the electric vector, that is, directly as the intensity of the light, 

* For further references on this topic the reader should consult the following: 

A. LI. Hughes and L. A. DuBridge, Photoelectric Phenomena, McGraw-Hill (1932)—an 
extremely comprehensive treatise. (Ref. H. D.) 

L. A. DuBridge, New Theories of the Photoelectric Effect, Hermann, Paris (1936). 

L. R. Koller, The Physics of Electron Tubes, Second Edition, McGraw-Hill (1937) contains 
a discussion of the more technical aspects. See also refs. F. K. R. and H. L. 

1 See, for instance, ref. H. L., Chap. 6, or L. R. Koller, op. cit. 
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and should be independent of the frequency. Actual observations showed, 
however, that while the rate of emission of electrons is proportional to the in¬ 
tensity of the incident radiation, the kinetic energy of the electrons varies 
linearly with the frequency in accordance with the relation 

\ mv 2 — Ve — h(v — vo), (2.2) 

where vq, as mentioned already, is the photoelectric threshold frequency and V 
is the retarding potential on the receiving electrode. 

The simplest interpretation of this equation is that the incident radiation 
behaves as if constituted of energy “ bundles/’ or photons , each of magnitude hv. 
If this magnitude exceeds the value kb 0 required for the passage of an electron 
through the potential barrier at the surface then it is possible for an electron 
to be emitted and the excess energy (hv — kbo) is imparted to the electron as 
kinetic energy. 

This equation was first suggested by A. Einstein in 1905 as a consequence of 
Planck’s theory. However, many of the earlier attempts to test the validity 
of the equation did not succeed, and it was only as the result of a series of 
investigations carried out by R. A. Millikan and his students, during 1915-1917, 
that actual confirmation of Einstein’s relation was obtained. 1 

Plotting the values of the maximum retarding potential against the fre¬ 
quency, a straight line is obtained, the slope of which, according to Einstein’s 
equation gives the value of h/e. 

The values of this ratio which Millikan obtained for sodium and for lithium 
were 1.374 and 1.379 X 10“ 17 , respectively, which, on the basis e = 4.803 X 10 -10 
e.s.u., lead to the values h = 6.605 and 6.628 X 10~ 27 erg sec., respectively. 2 
Similar investigations were carried out, in Millikan’s laboratory, on magnesium 
and aluminum by A. E. Henning and W. H. Kadesch 3 and on cadmium and 
copper by A. E. Sabine, 4 all demonstrating the validity of Einstein’s relation. 

More recently P. Lukirsky and S. Prilezaev 5 have carried out similar 
measurements with surfaces of Al, Zn, Sn, Ni, Ag, Cd, Pb, Cu and Pt, using a 
number of lines in the mercury spectrum ranging from X2302 to A3130. Fig. 2.1, 
taken from their paper, shows a plot of current (I) versus retarding voltage ( V) 
for Al at three different wave lengths. (Curve 1 with X2302, 2 with X2537 and 
3 with X3130.) These plots demonstrate one of the inherent difficulties in this 
method of determining h/e, due to the asymptotic form of the curve for very 
small values of /. It was found that in this region the curves could be repre¬ 
sented by an empirical equation of the form V/ = A(V m — V) where V m is the 
maximum retarding potential. Fig. 2.2 shows graphs, obtained in this manner, 
for Ym versus v for a series of metals. 

1 For a semi-popular account of this work see ref. R. A. M. 

2 Millikan’s values for h/e should also be corrected for the difference in the value for the 
velocity of light used by him and that accepted at present. 

*Phys. Rev., 8, 209, 221 (1916). 

* J&id., 9 , 260 (1917). 

* Z. Physik , 49 , 236 (1928). 



154 


A TREATISE ON PHYSICAL CHBMISTRY 


From a consideration of these observations, Birge has deduced a value 
h — (6.543 ± 0.01) X 10~ 27 ergsec. based on the value*? = 4.774 X 10“ 10 e.s.u. 

The only other careful measurements in this field are those obtained by 
A. R. Olpin 1 with sodium, from which, according to H. T. Wensel 2 the most 
likely value is h/c = 1.3748 X 10~ 17 . 



Fig. 2.1. Plot of Photoelectric Current versus Retarding Voltage for Al, 
at Three Different Wave Lengths 

On the whole it would seem that as a method for the accurate determination 
of h/e (and hence of h) the measurements involving the photoelectric effect 
are not to be regarded as highly as other methods which will be described in the 
following sections. One difficulty, which has been mentioned already, is that 
theoretically Einstein’s relation is valid only for T — 0. Both the maximum 


Fig. 2.2. 



Plots of V m versus v for Series of Metals. The slope AT r (<\v ~ hje. 
right the plots refer to Al, Zn, Sn, Ni, Gd, Cu, Pt 


From left to 


retarding potential (F m ) for a given frequency and the work function (<f> o) 
probably vary slightly with temperature. As DuBridge has pointed out 3 
it is possible, in some cases, to obtain as much as 1 per cent difference in the 
values of h/e , depending upon whether an empirical extrapolation method is 

1 Phys . Rev., 36, 251 (1930). 

2 J. Rea. Natl. Bur. Stand., 22, 375 (1939). 

8 New Theories of the Photoelectric Effect, Hermann, Paris (1935), pp. 51-53. See also 
in this connection the remarks by M. M. Mann and L. A. DuBridge, Phys, Rev 51, 120 
(1937); W. V. Houston, ibid., 52, 1047 (1937); C, F. J. Overhage, ibid., 52, 1040 (1937); 
J. W. M. DuMond, ibid., 56, 153 (1939). 
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used for determining V m or a value is calculated on the basis of a theory of the 
variation with temperature, of the photo-current at a given retarding potential. 

(2) Photoelectric Effects of X-Rays: Since X-rays and 7 -rays are of the 
same nature as ultra-violet radiations but of very much shorter wave length, 
it would be expected that they would also produce photoelectric effects similar 
to those described in the previous section, and a large number of investigations 
have confirmed this expectation. The results of these investigations have been 
summarized by Hughes and DuBridge as follows: * 

1 . “The Einstein equation has been precisely confirmed for photoelectrons ejected by 
all frequencies up to those of the hardest 7 -rays . . . thus establishing it as one of the most 
far-reaching and fundamental relations in all physics. 

2 . “It has been discovered that the Einstein equation holds also for the inverse photo¬ 
electric process (the production of radiation, e.g., X-rays, by electrons), and this discovery 
has yielded a highly precise method for determining the value of Planck’s constant. 

3. “By measuring the velocity of photoelectrons ejected from atoms by X-rays and 
7 -rays it has been found possible to obtain directly accurate experimental values for the 
atomic energy levels, and also for the wave lengths of the incident radiation. In some cases 
these cannot be accurately determined by any other method. 

4. “Experiments have yielded information as to the nature of the photoelectric process 
itself which could never have been obtained through experiments with ultra-violet light.” 

Some of the first observations which threw doubt on the universal validity 
of the wave theory of light were those concerned with the ionization of atoms 
by X-rays. It was observed that when X-rays pass through a gas they ionize 
only about one in a thousand billion of the atoms or molecules which are 
actually in the path of the rays. Apparently the rays do not lose any energy 
whatever for quite a distance, while they pass over billions of molecules, and 
then, for some unexplained reason, one molecule absorbs the energy of a whole 
train of X-ray waves and an electron is ejected. Furthermore, the maximum 
energy acquired by the ejected electron is related to the frequency, v , by the Einstein 
relation (see equation ( 2 . 2 )), 

E = hv. (2.3) 

Similarly when X-rays strike the surface of a metal the maximum energy 
of the electrons emitted is given by this equation which is the same as the 
relation for the optical photoelectron emission equation except for the omission 
of the term involving the work function. Since hv in the case of X-rays corre¬ 
sponds to thousands of electron volts, the energy required to pass through the 
surface potential barrier becomes negligible in comparison. 

In attempting to test the validity of equation (2.3) for metals it has been 
necessary to devise methods for determining the energy distribution of the 
emitted electrons. Since the method involving the measurement of retarding 
potentials has practical limitations for electrons having very high velocities, 
a magnetic deflection method has been used. In this method , 1 originally 

* Ref. H. D.. Chapter XI. 

J It was first applied to this problem by H. R. Robinson and W. F. Rawlinson, Phil. Mag., 
28, 277 (1914) and has been developed by the first named investigator and his associates 
into a very accurate method for the determination of X-ray levels, ejm , and hje. 
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developed for the measurement of e/ m, a very narrow beam of the electrons is 
sent through a magnetic field of strength H, the direction of which is at right 
angles to that of the electrons at the origin. The latter are deflected into a 
circle of radius r, which depends upon the velocity of the electrons and the 
field H. By means of a photographic plate or other detector the value of r (and 
consequently that of the energy) may be determined with a high degree of 
accuracy. The theory^)mderlying the method is as follows: 

The force due to the field H acting on an electron having the velocity v, is 
Yiev. This must be equal to the centripetal force mv 2 /r. Hence, 



(2.4) 


In the case of electrons with velocities such that 0 = v/c (where c. = velocity 
of light) is not negligible compared to unity, the mass is a function of v in ac¬ 
cordance with the relativity equation, 



(2.5) 


( 2 . 6 ) 


and for the kinetic energy of the electron we obtain the relation, 


Et — m { )C 2 


L. 

[\jn 


\ 1 + H 2 r 2 


P-v-l- 

\ moc ) J 


(2.7a) 
(2.7 b) 


Using this method M. de Broglie 1 was the first of a number of investigators 
to obtain remarkable confirmation of the validity of equation (2.3) for electron 
ejection by monochromatic X-rays. When these are made to fall on very 
thin inetal foils, the emitted electrons exhibit a magnetic spectrum which con¬ 
sists of very sharp lines, and consequently the corresponding values of E 
may be calculated very accurately. 

Let us consider now the interpretation of these observations. The energy 
of the incident radiation of frequency v is used, first in removing the electron 
from an inner level of the atom, for which the energy of binding is Eb , and 
secondly, in imparting to the emitted electron a kinetic energy Er f the maxi¬ 
mum value of which is determined in accordance with equation (2.7 b) by the 

1 J . phya. rad., 2, 265 (1921). 



QUANTUM THEORY 


157 


corresponding value for r on the photographic plate; that is, 

hv — Er En. ( 2 . 8 ) 

Now Eb should be identical with some one of the terms Ek , El, etc. which, as 
stated in a previous paragraph, correspond to the energies of binding of an 
electron in the K- } L- } etc. levels. Since these are discrete energy values 
it follows that for a given value of v , the values of Et should also form a discrete 
series of values, and should show up as a discrete series of values of r in the 
magnetic spectrum. As Hughes and DuBridge point out, “The fact that 
such a distribution (of energies) is actually observed constitutes possibly the 
strongest direct evidence for the physical reality of discrete energy levels.’’ 

For convenience in comparing the values of Ej t calculated by means of the 
last equation with spectroscopically measured energy levels it is customary to 
express the equation in the form 


v 

Rx 


Vp 


R* 


+ 


vn 

RJ 


(2.9) 


where R x is the Rydberg constant for infinite mass, v is the wave number for 
the incident radiation, vp the wave number of the energy level from which the 
electron is ejected and vp is the wave number equivalent of the energy of the 
emitted photoelectron. The values thus derived may be converted into elec¬ 
tron volts by multiplying by the factor lO^c^hR^/e — 13.60. 

As an illustration of the validity of this equation, Table 2.1 shows a set of 
data obtained by H. R. Robinson and his associates 1 on the maximum energies 
for photoelectrons ejected from gold by the characteristic /v/3 1 radiation from 
molybdenum, for which v/R '*> = 1444.7. The first column gives the observed 
values of Hr and the second, the values for /3 = v/c , calculated by means of 
equation (2.6) which for Hr in terms of gauss cm. takes the form, 

-j JL r=z = 5.868 X JO -4 rH. 

Vi - p 

From equation (2,7a) the energy in terms of the Rydberg constant is then 
deduced by means of the relation 

vp m (> c 2 / 1 

Roo hcR<x> \ V1 — jd 2 

= 3.756 X 10 4 ( -7 -=L=^ _ - 1 

1 This work has been carried on over a period of 20 years and is published in the Proc. 
Roy . Soc., [A], Phil . Mag. and Proc . Phys. Soc. A summary of this work is given in Phil. 
Mag ., 22 , 1129 (1936). See also, Ref. H. D., Table 11-1, p. 397. 

* The constants used in calculating the data shown in Table 2.1 are not quite the same as 
those given in this and the previous equation because of the difference in accepted values of 
the fundamental constants. In this table R is used instead of R^. 
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The fourth and fifth columns give the values of vb/R calculated and ob¬ 
served, respectively, the latter being obtained from the spectroscopic values for 
the energy levels indicated in the last column. 


TABLE 2.1 

Energies op 1 Piiotoelectronn Ejected from Gold by Mo K(3i Radiation 

(y,R = 1444.7) 


Hr 

0 

Vp/fi 

VrIR calc. 

VrIR obs. 

(>rigin 

244.0 

0.1418 

380.8 

1059.2 

1000.2 

Lx 

257.9 

.1496 

431.8 

1012.5 

1014.2 

L\\ 

290.0 

.1712 

507.9 

878.5 

878.5 

Lux 

431.5 

.2455 

1190.0 

252.9 

252.9 

M i 

440.4 

.2502 

1240.0 

201.8 

202.8 

M hi 

447.0 

.2540 

1280.4 

103.0 

103.0 

M y 

408.5 

.2651 

1407.2 

41.8 

41.8 

Nj -hi 


According to H. R. Robinson, J. P. Andrews and E. J. Irons 1 the difference 
between the “photoelectric’’ and “spectroscopic” values of v obtained under 
conditions in which an attempt was made to secure a high degree of accuracy, 
is about 0.5 per cent on the average, which is probably due to our present state 
of uncertainty regarding the exact values of some of the fundamental constants. 
An examination by F. G. Dunnington 2 of the large amount of data published 
by Robinson and his associates, leads him to deduce from these data the result, 

(e/m 0 )(e/h) = (3.8220 ± 0.0029) 10 s4 e.s.u. 

More recently R. L. Mayo and II. R. Robinson 8 and C. J. Birkett Clews , 
and Ii. R. Robinson 4 have measured the energies of electrons expelled from 
metals by silver Ka\ radiations and gold L-radiations. Assuming Birge’s 
values for e/m and e, they derived the result h = 6.629 X 10" 27 , which is in 
good agreement with the value deduced by Birge by use of the Rydberg 
constant. 

Careful measurements on the energies of photoelectrons ejected by X-rays 
have also been made by G. G. Kretschmar 5 and from these data Dunnington 
derives the value 

(e/m 0 )(e/h) = 3.8067 X 10 34 e.s.u. 

If we accept the value <?/m 0 — 5.2734 X 10 17 abs. e.s.u. gmr 1 , the values 
derived for h/e are as follows:' 

Robinson’s data: 1.380 X 10 “ 17 erg sec. e.s.u .’" 1 

Kretschmar’s data: 1.385 X 10~ 17 . 

* Proc. Roy. Soc ., [A], 143, 48 (1934). 

2 Loc. cit. 

3 Proc. Roy. Soc., [A], 173, 192 (1939). 

< Ibid., 176, 28 (1940). 

5 Phys. Rev., 43 , 417 (1933). 
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(3) Auger Effect 1 and Photoelectric Emission by Gamma Rays: Actually, 
the electrons ejected from a metal by incident X-rays fall into two groups. 
The first group, known as “ X-ray electrons/’ has been discussed in the pre¬ 
vious section. In this case the energy of the emitted electrons is obtained 
from that of the incident photon. However, with the development of more 
sensitive X-ray spectrometers, lines were observed, which did not seem to fit 
into the conventional energy level diagram. These lines are rather faint, and 
are usually observed associated with the more intense “diagram ” lines. Hence 
they are designated as “satellites.” The occurrence of these lines was in¬ 
terpreted by D. Coster and R. de L. Kronig 2 as due to an internal photoelectric 
effect of the same nature as that previously observed by P. Auger . 3 

In a Wilson cloud chamber ionized by X-rays, Auger observed short, fat 
tracks, the lengths of which were independent of the frequency of the X-rays; 
but were dependent on the kind of atoms in the chamber. Auger explained 
these tracks as follows: “In the ordinary process by which an atom radiates, 
an electron falls from, say, the Mv subshell into a vacancy, in, say, the Lm 
shell, and a quantum, in this case La i, is emitted. 

“But suppose that initially an L\ electron is missing. Then let an Lm 
electron, say, drop into the vacant place, thereby freeing energy (Ei L — Ei JTlr ) y 
and let this quantum of energy on its way out be photoelectrically absorbed in, 
for example, the Miv subshell causing the emission of an Mrv electron. The 
atom will be left doubly ionized (Lm + Mtv)\ and will be in the initial condi¬ 
tion required to produce an La satellite, if either an Miv or Mv electron 
drops into the vacant Lm shell. However, an Miv or Mv electron 'Will be 
expelled only if the energy released ( Ei r — El t[i ) is sufficient to expel that electron .” 4 

It is the electrons released from a metal by such a process that constitute 
the second group or “Auger” electrons. Since the atom from which these 
electrons are expelled is left multiply-ionized, their energy cannot be described 
by a simple Einstein relation. However, it is possible, as shown by R. L. 
Mayo and H. R. Robinson b to measure this energy by the magnetic method 
described in the previous section and thus determine the energy distribution. 

The observations on the emission of electrons by y-rays are in accord with 
those to be expected in view of the fact that the magnitudes of the energy 
quanta are much larger than in the case of X-rays. Consequently these 
radiations are able to eject electrons from the X-levels of the elements of highest 
atomic number. Thus, in the case of uranium (Z = 92) the binding energy for 
electrons in the deepest of the X-levels is 115,800 volts. When y-rays having 
a wave length of 34.9 X-units (34.9 X 10” 11 cm.) and corresponding to an 
energy quantum of 353,000 electron volts, are absorbed by uranium, high 

1 For a comprehensive review of this topic see F. K. Richtmeyer, Rev. Mod. Phys., 9, 39« 
(1937). 

* Physica , 2, 13 (1935). 

* Compt. rend., 180, 65 (1925); 182, 773 (1926). 

4 F. K. Richtmeyer, loc. cit., p. 397. 

* Proc . Roy. Soc. y [A], 173, 192 (1939). 



160 


A TREATISE ON PHYSICAL CHEMISTRY 


speed photoelectrons or /3-particles are ejected with a maximum kinetic energy 
of 237,200 electron volts. Thus, while most of the /3-rays emitted during the 
disintegration of radioactive atoms have their origin in the nucleus, some of 
these high-speed electrons are due to a photoelectric effect on the X-electrons 
external to the nucleus, as is evidenced by the observation that the latter show 
up in the velocity spectrum as lines on a continuous background. From 
magnetic deflection determinations of the energies of the photoelectrons ejected 
by y-rays and spectroscopic measurements of the limits of the absorption 
spectrum for X-radiations it has been found possible, by application of Ein¬ 
stein’s equation, to determine the wave lengths of the incident y-rays. 


3. Inverse Photoelectric Effect 

(1) Application of Effect to Determination of h: In the previous section the 
phenomena discussed involved the emission of electrons by the action of inci¬ 
dent radiation. However, in an X-ray tube we observe the inverse phenom¬ 
enon, that is the transfer of energy from electrons accelerated by the anode 
voltage to radiation emitted by the target. As mentioned already, this radia¬ 
tion exhibits a continuous spectrum at lower voltages, upon which are super¬ 
imposed, at higher voltages, intense lines characteristic of the anode material. 

What is of special interest in the present connection is the observation that 
there exists, in the case of the continuous spectrum, a maximum frequency 
(v m ) which varies with the anode voltage in accordance with the Einstein 
relation 

Ve - h Vvn . (3.1) 

In terms of absolute volts and minimum wave length (which is the quantity 
measured by the crystal spectrometer), this equation assumes the form 


PXmlO 8 _ h 
c 2 e 


(3.2) 


where A m , h , e f and c are expressed in c.g.s. units. 

Here again it is evident, as K. K. Darrow 1 has stated, “Excitation of 
radiation by electrons stopped in their flight by collision with a metal occurs 
as if the energy of radiation were concentrated in units of amount hv , and one 
such unit were created out of the total energy which each electron surrenders 
when it is stopped.” 

Figure 3.1 2 shows the spectra obtained at five different voltages (below that 
required to produce the characteristic lines) with a Coolidge tube containing a 
tungsten anode. It will be observed that the minimum wave length decreases 
with increase in voltage, and the observations are found to be in very satis¬ 
factory agreement with Einstein’s relation. Plotting v m against V for a range 

1 Bell Tech. 4, No. 2, April (1925). 

2 A. W. Hull, Am. J . Roentgenology (Dec. 1915). 
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of voltages up to 110,000 Hull deduced for the slope of the resulting straight 
line the value h/e — 1.381 X 10 ~ 17 erg sec e.s.u." 1 . 

As a method for the accurate 
determination of Planck’s constant 100-1 * , 

1 40 ICv, 

the inverse photoelectric effect has 90- f \ 2 sskv. 

seemed specially attractive. Since 80 ' / \ J 

X m is deduced by means of the p ^ / 2 \ 5 20 Kv. 

Bragg relation § „ / /\ \ 


n\ = 2d sin 0, ~ 20 - 3 \\ 

where n is an integer, d is the grat- 10 . Ilf 

ing space of the crystal and 6 the -JJ—J_ C 

glancing angle at which the given 3 wave Length ? 8x “ 8cm - 

radiation shows interference, the 

precision determination of h by IjCnKth of x-Ruys Emitted at Different Anode 
means of equation (3.2) involves ac- Voltages, 
curate determinations not only of 

V and 6 but also of e. For the value of d depends upon that of A, the Avo- 
gadro constant, which in turn is given by the relation N = Fc/e, where F is the 
Faraday constant (= 9648.0 abs. e.m.u. gm.-equiv. -1 ). Consequently the 
equation for the determination of h by this method may be written in the form 


h = Ke 4l *Y sin 6 , 


where A is a function of measured constants (including the density of the 
crystal used and the constants F and c). 

Table 3.1 gives a summary of the values of h/e obtained by a number of 
investigators. In the case of all but the last three, the values of h/e have 
been deduced from the published values of h, assuming e = 4.770 X 10 ~ 10 
e.s.u. The value of h/e* 14 actually obtained by Ross and Kirkpatrick was 
1.7563 X 10 ~ 14 c.g.s. units, while DuMond and Bollman deduced the value 
1.7572 X 10" 14 . Schaitzberger derived the value h/e = 1.3728 X 10 ~ 17 c.g.s. 
units on the basis e = 4.774 X 10 ~ 10 e.s.u. The last three values given in the 
table are those recalculated by F» G. Dunnington from the original data, on 
the basis h = 6.610 X 10 ~ 27 erg sec. He has also deduced from these results 
a weighted average value h/e — 1.3763 X 10 -17 c.g.s. units, which, combined 
with h = 6.61 X 10 " 27 c.g.s. units, yields the result e = 4.8026 X 10 “ 10 e.s.u. 
As shown in the table of constants the value for h/e recommended by R. T, 
Birge, on the basis e — 4.8022 X 10 " 10 e.s.u., and h = 6.6236 X 10 “ 27 erg sec., is 
h/e = 1.3793 X 10 ~ 17 erg sec. e.s.u." 1 . 

It should be pointed out in this connection that the value of d, the grating 
space, is related to the Avogadro constant A, by the relation 


N 


M 

2d% J 


(3.4) 
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where M = molecular mass 

p — density of crystal lattice 

<j> = factor for determining the volume per molecule, which is calcu¬ 
lated from the lattice type. 


TABLE 3.1 


Observers 

W. Duane and F. L. Hunt 1 . 

A. W. Hull 2 . 

D. L. Webster 3 . 

F. C. Blake and W. Duane 4 . 

E. Wagner 5 . 

W. Duane, H. N. Palmer 6 and C. Yeh 

H. Fedor *. 

P, Kirkpatrick and P. A. Ross 8 . 

G. Schaitzberger 9 . 

J. W. DuMond and V. L. Bollman 10 . . 


Year 

hfe X 10" 

(erg sec. e.s.u. -1 ) 

. 1915 

1.365 

. 1915 

1.381 

. 1916 

1.369 

. 1917 

1.374 

. 1920 

1.370 

. 1921 

1.375 

. 1929 

1.373 

. 1934 

1.3754 

. 1935 

1.3773 

. 1937 

1.3765 


In the work on X-ray wave lengths, until about 1929, the value of N was 
derived from that of e, by the relation 

N - Fc/e. (3.5) 

Wave lengths thus determined are expressed in terms of the Siegbahn unit 
(X-unit = 10~ 11 cm.). However, with the development in the laboratory of 
A. H. Compton of a direct method for the measurement of X-ray wave lengths 
by means of a reflection grating * it was found that the actually measured 
values are greater than those derived by Siegbahn on the basis of Millikan’s 
value for e. The ratio of the grating to the Siegbahn system of wave lengths, 
(designated by k\) as deduced by Birge, is 1.002034 dt 0.00006. 

On the basis of equations (3.4) and (3.5) this result indicates that the value 
of N as determined from the grating space should be approximately 0.6 per cent 
less than that deduced from Millikan’s value of e. Consequently it was con¬ 
cluded that the latter must be too low by about this amount, as is evident from 

1 Phys. Rev., 6, 166 (1915). 

*Ibid., 7, 156 (1916). 

* Ibid., 7, 559 (1916). 

4 Ibid., 10, 624 (1917). 

6 Physik . Z., 21, 621 (1920). Table gives the value as re-calculated by R. T. Birge, Phys. 
Rev. (Supplement) 1, 1 (1929). 

« Proc. Nat. Acad. Sci., 7, 237 (1921); J. Opt . Soc. Am., 5, 213 (1921). Table gives value 
revised by Birge, loc. cit. 

7 Ann. Physik, 1, 497 (1929). 

• Phys. Rev., 45, 454 (1934). 

• Ann. Physik, 24, 84 (1935). 

10 Phys. Rev., 51, 400 (1937). 

* The initial work is described in ref. C. A., and more recent work by F. Kirchner, Ergebn. 
exakt. Naturwiss., 18, 26 (1939), who gives copious references to the original sources. See 
also F. G. Dunnington, loc. cit. 
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a comparison of the earlier value, e = 4.770 X 10~ 10 with that adopted by 
Birge,* 

(2) Photons versus Waves: These observations on the photoelectric and 
inverse photoelectric effects are remarkable when considered in the light of the 
wave theory of propagation of energy. As A. II. Compton 1 has pointed out, 

“The significance of this work will perhaps be more obvious if we imagine the following 
experiment: Let two X-ray tubes, A and B , be placed side by side. Tube A is operated at 
a constant potential of say 100,000 volts. A cathode electron with a kinetic energy Ve strikes 
the target of tube A and gives rise to an X-ray of frequency v — Ve(h. This ray strikes the 
target of tube B and there ejects a photoelectron whose kinetic energy is Ve — Eb (where Eb 
is the binding energy of the electron in the atom). This moans that all of the energy of the 
cathode electron in tube A has been transmitted to the photoelectron ejected from the target 
of tube B. How is it possible for such a complete transfer of energy to be effected? . . . 

“The impossibility that an electromagnetic wave whose energy spreads in all directions 
should effect smdi a sudden and complete transfer of energy is obvious. It is equally clear 
that Einstein’s photon conception affords a simple and adequate method of making the 
transfer.” 

Sir William Bragg’s remarks on this topic state the contradictions involved 
in these observations in a very striking manner. 2 

“In order to realize,” he writes, “the full significance of these extraordinary results, let 
us picture the double process as it occurs whenever we use an X-ray bulb. By the imposition 
of great electrical forces we hurl electrons in a stream across the bulb. One of these electrons, 
let us say, starts a wave where it falls. This action is quite unaffected by the presence of 
similar actions in the neighborhood, so that we can fix our minds upon this one electron, and 
the wave which it alone causes to arise. The wave spreads away, it passes through the walls 
of the bulb, through the air outside, and somewhere or other in its path in one of the many 
atoms it passes over, an electron springs into existence, having the same speed as the original 
electron in the X-ray bulb. The equality of the two speeds is not necessary to the significance 
of this extraordinary effect; it would have been just as wonderful if one speed had only been 
one half or one quarter or any reasonable fraction of the other. The equality is more an 
indication to us of how to look for an explanation than an additional difficulty to be overcome. 

“Let me take an analogy. I drop a log of wood into the sea from a height, let us say, of 
100 feet. A wave radiates away from where it falls. Here is the corpuscular radiation pro¬ 
ducing a wave. The wave spreads, its energy is more and more widely distributed, the ripples 
get less and less in height. At a short distance, a few hundred yards perhaps, the effect will 
apparently have disappeared. If the water were perfectly free from viscosity and there were 
no other causes to fritter away the energy of the waves, they would travel, let us say, 1000 
miles. By which time the height of the ripples would be, ae we can readily imagine, extremely 
small. Then, at some point on its circumference, the ripple encounters a wooden ship. It 
may have encountered thousands of ships before that and nothing has happened, but in this 
one particular case the unexpected happens. One of the ship’s timbers suddenly flies up in 
the air to exactly 100 feet, that is to say, if it got clear away from the ship without having to 
crash through parts of the rigging or something else of the structure. The problem is, where 
did the energy come from that shot this plank into the air, and why was its velocity so exactly 
related to that of the plank which was dropped into the water 1000 miles away? It is this 
problem that loaves us guessing.” 

* Certain questions which arose regarding the accuracy of a determination of e by the 
reflection grating method seem to have been settled by the most recent work. See, for in¬ 
stance, the report by P. H. Miller and J. W. M. DuMond, Phys. Rev., 57, 198 (1940). The 
teader will also find a further discussion of this topic in Section 7(6), p. 212. 

1 Phys. Rev. (Supplement), 1, 74 (1929). 

* Scientific Monthly, 14, 153 (1922). 
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According to Rayleigh, an electron over which a radiation of wave length, 
X, is passing can collect the energy from an area round about it of magnitude X 2 . 
But, as Bragg points out, ‘‘It is not difficult to show that when an X-ray bulb 
is started and its rays radiate out, the actual amount of energy which can be 
picked up by an atom a few feet away would not be sufficient for the ejected 
electron, though the tube were running for months; whereas we find the result 
to be instantaneous. . . . The effects are as if the energy were conveyed from 
place to place in entities , such as Newton's old corpuscular theory of light provides 

The wave-theory thus meets with two difficulties in attempting to account 
for the ejection of electrons by X-rays and ordinary radiation. First, a wave- 
motion is defined by frequency and amplitude of vibration, while the electron 
emission is defined by the number and speed of the electrons. The relation be¬ 
tween the two is very simple. The number of electrons is proportional to the 
square of the amplitude of vibration, while the energy of ejection is proportional 
to the frequency. That the speed of the electron is independent of the intensity 
is an extraordinary result from the point of view of the wave-theory. The second 
difficulty encountered by the latter occurs when we attempt to account for the 
observation that the radiation can apparently pass over so many atoms and 
then cause ejection of an electron from some one atom at the very instant 
that the radiation strikes it. There is no time lag whatever ; there is no oppor¬ 
tunity for the atom to store up the energy for subsequent conversion into 
kinetic energy of the electron. 

R. A. Millikan 1 has stated the difficulty of explaining photoelectric emis¬ 
sion on the basis of a wave-theory in the following remarks: 

“When we attempt to compute on the basis of a spreading wave-theory how much energy 
a corpuscle can receive from a given source of light, we find it difficult to find anything more 
than a very minute fraction of the amount which the corpuscle actually acquires. 

“Thus, the total luminous energy falling per second from a standard candle on a square 
centimeter at a distance of 3 m. is 1 erg. Hence the amount falling per second on a body of 
the size of an atom, i.e., of cross-section 10“ 16 cm. 2 , is 10 -16 ergs, but the energy hv with which 
a corpuscle is ejected by light of wave length 500 nn (millionths millimeter) is 4 X 10 ~ 12 ergs, 
or 4000 times as much. Since not a third of the incident energy is in wave lengths shorter 
than 500 w, a surface of sodium or lithium which is sensitive up to 500 up should require, 
even if all this energy were in one wave length, which it is not, at least 12,000 seconds or 4 
hours of illumination by a candle 3 m. away before any of its atoms could have received, all 
told, enough energy to discharge a corpuscle. Yet the corpuscle is observed to shoot out the 
instant the light is turned on. It is true that Lord Rayleigh has recently shown that an atom 
may conceivably absorb wave-energy from a region of the order of magnitude of the square 
of a wave length of the incident light rather than of the order of its own cross-section. This 
in no way weakens, however, the cogency of the type of argument just presented, for it is 
only necessary to apply the same sort of analysis to the case of 7 -rays, the wave length of which 
is of the order of magnitude of an atomic diameter ( 10“ 8 cm.), and the difficulty is found 
still more pronounced. Thus, Rutherford estimates that the total 7 -ray energy radiated per 
second by one gramme of radium cannot possibly be more than 4.7 X 10 4 ergs. Hence at a 
distance of 100 meters, where the 7 -rays from a gramme of radium would be easily detectable, 
the total 7 -ray energy falling per second on a square millimeter of surface, the area of which 
is ten thousand billion times greater than that either of an atom or of a disc whose radius is 

1 The Electron, 1st edition (1917), pp. 231-3. 
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a wave length, would be 4.7 X 10 4 -f- 4ir X 10 10 » 4 X 10“ 7 ergs. This is very close to the 
energy with which /3-rays are actually observed to be ejected by these y-rays, the velocity of 
ejection being about nine tenths that of light. Although, then, it should take ten thousand 
billion seconds for the atom to gather in this much energy from the y-rays, on the basis of 
classical theory, the /8-ray is observed to be ejected with this energy as Boon as the radium is 
put in place.” 

(3) Magnitudes of Energy Quanta: It is of interest to compare, as shown 
in Table 3.2, the magnitudes of the energy quanta involved in the different 
types of radiation, and it will be observed that the chief reason for the su¬ 
premacy of the wave theory of radiation up to 1900 was the fact that the mag¬ 
nitudes of the energy quanta with which physicists were mostly concerned 
during that period were too small for detection except perhaps by the most 
sensitive devices. It required, first of all, more refined measurements on the 
energy distribution in black-body radiation, and following that, the observa¬ 
tions on the interaction between radiation (in both the visible and X-ray re¬ 
gions) and electrons in order to bring a realization, on the part of theoretical 
physicists, that not only is the wave theory inadequate for an interpretation of 
these effects, but that it is necessary to resort to a theory involving such a 
strange concept as that of “light darts.” 


TABLE 3.2 

Magnitudes op Energy Quanta 


Type of 
Radiation 

Typical Value 
for \ (cm.) 

V 

hv 

Erg. atom -1 

Cal. mole -1 

Volts 

Radio waves. 

3 X 10 4 

10 c 

6.624 X 10" 21 

9.53 X 10“* 

4.14 X 10~» 

Infra-red. 

5 X 10- 4 

6 X 10 13 

3.97 X 10" 13 

5.72 X 10 3 

2.48 X 10“i 

Visible light. 

5 X 10~ 6 

6 X 10 14 

3.97 X 10~ 12 

5.72 X 10 4 

2.48 

X-rays. 

1 X 10“ 8 

3 X 10 18 

1.99 X 10~ 8 

2.86 X 10 8 

1.24 X 10 4 

7 -rays. 

5 X IQ" 10 

6 X 10 1 * 

3.97 X 10~ 7 

1 

5.72 X 10® 

2.48 X 10* 


Yet, in the measurement of wave length, use is made of the undulatory 
theory of light. How can the existence of such an apparent dualism in the 
nature of radiation be interpreted? This was the problem that worried theo¬ 
retical physicists for a long time and it was only with the discovery of other 
phenomena, which are discussed in the following sections, that an adequate 
explanation was developed. 

4. Compton Effect 1 

Other phenomena which have received a simple interpretation in terms of 
the conception that radiation has an atomistic structure are those connected 
with scattering of X-rays by free electrons (Compton effect) and the scattering 
of visible light by molecules (Raman effect). 

1 The most authoritative reference on this topic, as well as on X-rays in general, is ref. 
C. A, 
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According to the classical theory, monochromatic light falling on a particle 
is in general scattered without change of frequency, although under certain 
special conditions, if the particle or molecule possesses vibration frequencies of 
its own, a process analogous to modulation in radio may occur. In 1923, how¬ 
ever, A. H. Compton 1 observed that when X-rays impinge on various surfaces, 
the scattered radiations contain not only some of the same frequency as the 
incident radiation, but also other radiation of lower frequency, the increase in 
wave lengths varying according to a definite law with the angle between the 
primary and scattered X-rays. 

In accounting for these observations, Compton found it necessary to treat 
the X-radiation as constituted of light particles or photons, as he has designated 
them, possessing not only energy of amount hv, but also momentum of amount 
hv/c. 

That electromagnetic radiation possesses momentum follows from the 
electromagnetic theory of light. If E designates the amount of energy in¬ 
cident per unit area per unit time on a perfectly absorbing surface, then, ac¬ 
cording to the wave theorj', a pressure is exerted on the surface, of magnitude 
P = E/c. The existence of this pressure effect was first demonstrated by the 

classic experiments of Nichols and 
Hull, and the magnitude shown to 
be in accord with the theory. 

Now on the kinetic theory point 
of view, the pressure of a gas in an 
enclosure corresponds to the rate of 
transfer of momentum per unit area 
by the molecules incident on the 
walls. If, therefore, we assign to the 
light darts an energy hv and let n 
be the number striking unit area per 
unit time, then the energy incident 
per unit area per unit time is E = 
nhv , and the pressure is E/c = nhv/c. 
That is, the momentum per photon 
is hv/c . Let us then consider on 
this hypothesis the collision between 
a photon and electron. According 
to the laws of mechanics, there must exist conservation of momentum as well as 
of energy. In Fig. 4.1 2 the results of such a collision are shown diagram- 
matically. The electron suffers a recoil in a direction which makes an angle <p 

1 Phys. Rev., 21, 207, 483 (1923); 22, 409 (1923) and subsequent papers by A. H. Compton 
and his students. See also the following reviews by Compton: 

(1) X-rays as a Branch of Optics: J. Opt. Soc. Am ., 16, 71 (1928). 

(2) The Corpuscular Properties of Light: Phys. Rev. (Supplement), 1, 74 (1929). 

K. K. Darrow, Bell. Tech. J ., 4, No. 2, April 1925; this is an excellent review of the subject. 

* Ref. C. A., p. 204. 



Fig. 4.1. Illustrating Theory of Collision 
Between Photon and Electron 
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with that of the original direction of motion of the photon, while the photon 
is scattered in a direction given by the angle 6. Applying the law of conserva¬ 
tion of momentum, it follows that the momentum of recoil of the scattering 
electron must be equal to the vector difference between the momentum of the 
radiation corresponding to the incident quantum and that of the scattered 
quantum. The momentum of the electron is given by the expression (derived 
from the theory of special relativity), 

mv mj3c 

vi - t>7c 2 vn^ ’ 

where (3 = v/c, that is, the ratio of the velocity of recoil of the electron to the 
velocity of light. Denoting the frequency of the scattered radiation by v e , it 
follows that 


Similarly from the law of conservation of energy, it follows that 

hve = hv o — me 2 \ - 7 ------ — 1 L (4.2) 

l Vl - p J 

where the second term on the right hand side of the equation gives the kinetic 
energy of recoil of the scattering electron, on the basis of the special theory of 
relativity. 

Solving these two equations, it is found that 


Vo 


vq = 


2hv$ 

1 + —sin* (6/2) 


(4.3) 


or in terms of wave length instead of frequency, 


That is, 


2 h 

\e - Xo + — sin 2 (6/2). 
me 


Xfl — Xo = — (1 — cos $). 
me 


(4.4) 


Furthermore the electron recoils from the incident photon at an angle ip 
given by the relation, 

cot ip — — (1 + a) tan (6/2), (4.5) 


where a = h/(mc \), and the kinetic energy of the recoiling electron is 

2a cos 2 <p 


Ek — hv 


(1 + a) 2 — a 2 cos 2 ip 


(4.6) 
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Substituting in equation (4.4), the values h — 6.624 X 10~ 27 ; m = 9.1065 
X 10~ 28 , and c = 2.99776 X 10 10 , this equation shows that the maximum 
increase in wave length due to the Compton effect, should be 2 h/me = 0.04853A. 

Figure 4.2 1 shows diagrammatically the arrangement used by Compton 
for measuring the shift in wave length produced in the X-rays proceeding from 
the molybdenum target T of the tube by the scattering block of graphite 
located at R. Lead diaphragms prevented stray radiation from leaving the 
lead box that surrounded the X-ray tube, while the rays, after passing through 
the slits, were measured by a Bragg spectrometer in the usual manner. 



Fig. 4.2. Arrangement Used for Experiment on Compton Effect 


Figure 4.3 shows the results of a series of measurements on the scattering 
by graphite of the Ka line of molybdenum. The line P corresponds in each 
case to the “unmodified’' line (Xo), while the line at M gives the location of the 
modified line ( \e ) as calculated by means of equation (4.4). 

A number of investigators have confirmed the general validity of this 
equation for the“ Compton ” shift . 2 As a result of a very careful set of measure¬ 
ments, N. L. Gingrich 3 deduced, on the basis d = 3.029A, for the grating space 
of calcite, the value h/mc = 0.02424. However, P. A. Ross and P. Kirk¬ 
patrick 4 also carried out a series of precision measurements of the Compton 
shift for ninety degree scattering of three different wave lengths of X-rays, by 
carbon and beryllium, and found that “in all cases the shift is less than h/mc.” 
They suggested a modification of the Compton equation which takes into ac¬ 
count the scattering by bound electrons and which leads to an equation of the 

1 Figures 4.2 and 4.3 are taken from Phys. Rev., 22, 409 (1923). 

8 See ref. C. A., pp. 208-210 for complete list of references to 1935. 

* Phye. Rev., 36, 1050 (1930). 

4 Ibid., 45 , 223 (1934); 45 , 668 (1934). 
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form 


A\ = A \ c - Z)X 2 , 


where D is a constant for a given scattering material, and AX C is the shift 
calculated according to Compton’s formula. According to this equation, the 
latter should be obtained from the observed values of AX by extrapolating to 
X = 0 , and in this manner the result obtained was h/mc = 0.02418. 1 



Fia. 4.3. Variation in Wave Length with Angle of Incidence of Secondary Radiation 

in Compton Effect 


Within a short time after Compton’s initial publication C. T. R. Wilson 2 
demonstrated by means of cloud expansion photographs the presence of the 
recoil electrons which showed as short tracks pointed in the direction of the 
incident X-rays, accompanying the much longer tracks due to photoelectrons 
ejected by the latter. Similar observations were made about the same time 
by W. Bothe . 3 * 

A further study by A. H. Compton and A. W. Simon, 4 of the relative numbers 
of the short and long tracks led to the conclusion, in agreement with the ex¬ 
pectation, ‘‘that on the average there is about one quantum of energy scattered 
for each short track that is produced.” 6 

1 For a discussion of the value of this method for the precise determination of h/m, see 
J. W. M. DuMond, ibid., 56. 153 (1939). 

2 Proc. Roy. Soc ., [A], 104. 1 (1923). 

* Z. Physik, 16, 319 (1923). 

* Phys. Rev., 25, 306 (1925). 

* A- H. Compton, J . Franklin Inst., 205, 155 (1928), 
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According to equation (4.6) the maximum kinetic energy of the recoil 
electrons, that is the energy of these electrons in the forward direction of the 
beam of X-rays, should be 


Ek — me 2 


2a 2 

1 2a 


(4.7) 


Measurements of the maximum energy by A. A. Bless, 1 by application of a 
magnetic deflection method similar to that described in a previous section, 
were found to be in agreement with this equation. 

While all these observations are best interpreted in terms of a photon 
theory of the nature of radiation, N. Bohr, H. A. Kramers, and J. C. Slater 
suggested 2 in 1924 that the conservation of energy and conservation of mo¬ 
mentum might apply to the photon-electron collision only as statistical laws 
and not to each individual collision. By means of this hypothesis it might be 
possible, as they pointed out, still to preserve in certain respects the validity 
of the electromagnetic theory of energy propagation. 

In order to test this idea, W. Bothe and H. Geiger 3 performed an experi¬ 
ment which demonstrated that in the scattering of a photon, the recoil of the 
electron and that of the modified photon occur simultaneously . Furthermore, 
A. II. Compton and A. W. Simon 4 showed that with each recoil electron in 
the direction of the angle <p there is associated a modified photon which travels 
in a direction making an angle 6 with that of the incident photon, and that 
these two angles are related in accordance with Compton’s equation (4.5). 

“We thus find,” as Compton and Allison state, 6 “that the wave length of the scattered 
rays is what it should be if the quantum of radiation bounced from an electron, just as one 
billiard ball bounces from another. Not only this, but we actually observe the recoiling 
billiard ball, or electron, from which the quantum has bounced, and we find that it moves 
just as it should if a quantum had bumped into it. . . . 

“Unless the experiments we have l>een considering have been affected by improbably large 
experimental errors, there seems to be no escape from the conclusion that the fundamental 
assumptions on which the photon theory of scattering is based are valid. To be specific, 
(1) that the incident X-ray beam is divisible into discrete units possessing energy hv and 
momentum hvjc and that these units, or photons, may be scattered one at a time in definite 
directions by individual electrons, and (2) that when a photon is scattered by an electron, 
energy and momentum are conserved in the process.” 

In connection with the discussion of this topic it is of interest to point out 
the reason the Compton effect has not been observed in the scattering of ordi¬ 
nary light by atoms. For this purpose we shall quote from the survey by 
K. K. Darrow: 6 

1 Phys. Rev., 30 871 (1927). 

2 Phil. Mag., 47, 785 (1924). 

* Z. Physik, 26, 44 (1924); 32, 639 (1925). 

6 Phys. Rev., 26, 289 (1925). 

6 Ref. C. A., pp. 220, 227. 

6 Bell Tech. J., 8, 64 (1929). This paper gives an excellent review of the Compton and 
Raman effects. 
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“If a swiftly moving corpuscle,” he points out, ‘‘of relatively small mass m strikes a 
slowly moving body of much larger mass M, the latter cannot gain much speed in the en¬ 
counter; for it cannot acquire speed without acquiring momentum, and if it were to accept 
for that purpose more than a very small fraction of the energy of m, it would have to take 
more momentum than all that m possesses. 

‘‘Now relatively to an atom, a corpuscle of light is a body of very small mass and very 
swift flight indeed; and a quantum of frequency v cannot transfer to an atom of mass M , for 
use as kinetic energy of translation, more than the fraction 2 hv/Mc 2 of its own initial energy— 
more than the quantity 2h 2 v 2 JMc 2 altogether. 1 For a quantum belonging to the visible 
spectrum the fraction 2hvjMc 2 is of the order of 10~ 8 even for an impact with the lightest of 
all atoms. The utmost possible shift in frequency of the scattered light would bear only this 
proportion to the primary frequency and would be indistinguishable. But the higher the 
frequency of the quantum, and the lower the mass of the scattering particle, the greater this 
maximum possible transfer of energy and this maximum possible frequency-shift become; 
and for a collision between an X-ray quantum and a free electron, it attains the order 10 -2 of 
the primary frequency, and is very appreciable.” 

5. Raman Effect 

This effect was discovered early in 1928 by C. V. Raman. 2 and may be 
described briefly as follows: If a substance is irradiated with monochromatic 
light, scattered light is observed in a direction at right angles to that of the 
incident beam, as shown in Fig. 5.L* An examination of this emergent light 



\: 


Fig. 5.1. Arrangement for Observation of Raman Effect 

by means of a spectrograph shows in general that there has been no change in 
frequency—an observation which is in agreement with the expectations of 
classical theory. This is designated as '‘Rayleigh” scattering and occurs 
especially if the particles irradiated are of colloidal size. Now what Raman 
observed was that in addition to this unmodified frequency there were also 

1 This may be deduced directly from equation (4.3). 

* C. V. Raman, Indian J. Phys„ 2, 1 (1928); C. V. Raman and K. S. Krishnan, ibid,, 2, 
339 (1928); Phys . Rev., 33, 871 (1929). 

* K. K. Darrow, Bell Tech. J ., 8, 64 (1929). 
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present lines corresponding to radiation of slightly lower frequencies. Further¬ 
more it was found that the differences in frequency were the same, within the 
limits of experimental error, as frequencies obtained from infra-red absorption 
spectra. 

Smekal 1 had suggested, in view of the observations on the Compton effect, 
that in collisions between light quanta and molecules the incident quantum 
might give up part of its energy to increase the internal energy of the molecule, 
the remainder being scattered as a quantum of lower energy, or the reverse 
process might occur. However, the first evidence for the existence of such 
an effect was obtained by Raman as a result of an investigation on the scat¬ 
tering of some of the mercury lines by a number of liquids. 

From the point of view of the quantum theory, we may interpret the Raman 
effect as follows. A photon of energy hv collides with a molecule of the sub¬ 
stance irradiated and emerges in general as a photon of lower energy, hv', while 
the difference in energy is converted into increased vibrational energy of the 
molecule in accordance with the equation, 

h(v - v') = hv v , (5.1) 

where v v is a vibrational frequency, which may be observed from the infra-red 
absorption spectrum. In consequence of the fact that spectral lines arise from 
transitions between energy states, the frequency v v is actually obtained from the 
difference in energy of two vibrational levels E\ and E 2 in accordance with the 
Rohr relation 

v v = (Ei — E 2 )/h. 

The significance of such observations for the understanding of atomic 
interactions in molecules may be illustrated by considering the case of a sym¬ 
metrical diatomic molecule. In such a molecule the two atoms vibrate with 
a definite frequency in the direction of the line joining their centers. From the 
equation for a simple harmonic oscillator it follows that the frequency of 
vibration is given by the relation * 

V, = ^ (5.2) 

where m is the mass of each atom, and b the force constant. While a similar 
mechanical system may assume a continuous range of frequencies, the vibra¬ 
tional energy states of a molecule form a discrete series, like the electronic 
states of an atom. Only, the differences between successive vibrational energy 
levels are of the order of fractions of a volt, and consequently transitions be¬ 
tween these levels are observed as lines in the infra-red region.f 

1 Naturwias ., 11, 873 (1923). 

* See further remarks in connection with equation (6.22), p. 183. 

t More accurately, the vibrational energy levels are superposed on the electronic levels 
and in addition there are also present rotational energy levels, the whole system of levels 
giving rise to the band spectra which are characteristic of molecules. 
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In the case of polyatomic molecules, each pair of atoms gives rise to a 
characteristic vibration frequency, so that the spectra of molecules like CeHs 
or CCU exhibit a number of absorption regions, each one due to a different 
vibration frequency of the molecule. 

From equation (5.2) it is evident that a determination of v v gives informa¬ 
tion regarding the magnitude of the interatomic force constant. Thus the 
observations on the Raman effect furnish a very convenient and more accurate 
method for the determination of v v and b than is possible by means of infra-red 
absorption measurements. 

While, in a previous paragraph it was stated that the modified line in the 
Raman spectrum corresponds to a frequency v' lower than the frequency v 
of the incident radiation, many cases have been observed in which v f is greater 
than v, indicating that the incident photon has received energy from the 
molecule as a result of a collision. Such lines are known as “anti-Stokes” 
lines, because they apparently violate a law enunciated by Stokes, many years 
previously, that the frequency of the lines produced by excitation of radiation 
of a given frequency (as in fluorescence) must always be lower than that of the 
latter. On the basis of the theory discussed above, there is, however, no reason 
why anti-Stokes lines should not occur. 

According to equation (5.1), the difference between the frequency of the 
incident and that of the scattered light should correspond to a frequency ob¬ 
tained from the infra-red absorption spectrum. Table 5.1 taken from a 
comprehensive paper by P. Pringsheim and B. Rosen 1 shows a few of the re- 

TABLE 5.1 


Exciting Line 

Modified Line 

X 

V 

X 

V 

&v 

X R 

Xa 

A 

crn. -1 

A 

era. -1 

cm. -1 

M 

M 

4359 

22,937 

4557 

21,940 

997 

10.48 

10.3 



4595 

21,755 

1182 ! 

8.45 

8.67 



4685 

21,340 

1597 

6.25 

6.2 



5029 

19,880 

3057 

3.27 

3.25 

4348 

22,994 

4545 

21,997 

997 

10.48 

10.3 



4645 

21,521 

1473 

6.79 

6.75 

4047 

24,704 

4216 

23,713 

997 

10.48 

10.3 



4250 

23,520 

1184 

8.45 

8.67 



4324 

23,120 

1584 

6.31 

— 



4328 

23,100 

1604 

6.23 

6.2 



4619 

21,642 

3062 

3.27 

3.25 


suits obtained by them with benzene, using the radiations from a mercury arc. 
The first two columns give the wave lengths (X) and wave numbers (v) of the 
exciting mercury lines; the third and fourth columns give similar data for the 

1 Z . Physik, 50, 741 (1928), 
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modified lines, the fifth column gives values of A£, the difference in wave- 
numbers of exciting and modified lines, while the sixth column gives the corre¬ 
sponding values of the infra-red vibration band (1m = 10~ 4 cm.). The last 
column gives, for comparison, actually observed bands (Xi) in the infra-red 
absorption spectrum of benzene. It will be observed that the agreement be¬ 
tween the values of X« and \a is very satisfactory. 

R. W. Wood 1 has greatly developed the technique of observations on the 
Raman effect by using a helium discharge as source of light, since the radiation 
from this source contains fewer lines in the visible, and the modified lines can 
therefore be observed more readily. 2 

The Raman effect has also been observed for solids. In fact it was through 
observations on the scattering of monochromatic radiation by quartz that G. 
Landsberg and L. Mandelstam 3 were led to the discovery of the effect inde¬ 
pendently, at about the same time as Raman. In the case of quartz the ob¬ 
served frequency-shifts correspond to infra-red lines of wave lengths 9m, 
13.5m, 21.5m, 48/x, and 81m respectively. The infra-red bands or “Rest- 
strahlen” which have actually been observed are located at 8.7, 12.8 and 20.7m 
respectively. 

Similar observations have been made by C. Shaefer, F. Matossi and H. 
Aderhold 4 on Raman spectra obtained by irradiation of crystals such as 
calcite and aragonite (typical of carbonates), sodium nitrate, sodium bromate, 
barium sulfate, and ammonium chloride, with mercury lines in the range 
X4046.8 to X4358.6. In all cases the change, Av, in the frequency of the second¬ 
ary line, corresponded to that calculated from the wave length of an absorption 
peak observed for the given crystal in the infra-red region. 

The Raman effect has also been applied to diatomic and polyatomic gases 
for the investigation of the different modes of vibration, thus supplementing 
the results obtained from observations on absorption spectra in the infra-red. 5 

Since the publication of Raman’s first papers, the literature on this subject 
has increased rapidly because of its value in the solution of many problems 
involving the structure and constitution of different types of molecules, in 
both inorganic and organic chemistry. It has been stated quite aptly that 
“the Raman effect began as a step-child of physics, but as time progressed 
it became the adopted son of chemistry.” 6 

1 R. W. Wood, Nature, 122, 349 (1928); 123, 279 (1929); Phil. Mag., 6, 729; 7, 858 (1929). 

2 The experimental technique is also described by H. L. 

8 Naturwiss., 16, 557 (1928). 

4 Z. Physik , 65, 289 (1930). 

6 A report on recent work of this nature has been published by G M. Murphy, J. Opt. 
Soc. Am., 30, 396 (1840). 

6 J. H. Hibben, Raman Jubilee Volume, Ind. Acad. Sci., p. 294 (1939). 

Of the earlier papers on this subject the following are specially worth noting: A. Dadieu 
and K. W. F. Kohlrausch, Physik. Z., 30, 384 (1929); Bhagavantam, Indian J . Phya., 5, 
257 (1930); J. H. Hibben, Chern. Rev., 13, 345 (1933). ThiB comprehensive paper reviews 
“Raman Spectra in Inorganic Chemistry,” and contains a very complete bibliography. 

Many of the papers on Raman spectra have been published in Indian J. Phys. 
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6. Quantum Theory of Radiation * 

(1) Black-body Radiation: As mentioned in the introduction, the quantum 
theory was originally formulated by M. Planck in 1901, in order to account for 
observations made by 0. Lummer and E. Pringsheim (1879-99), on the radia¬ 
tion emitted by a so-called black body, as a function of both wave length and 
temperature. In this section we shall therefore discuss the exact nature of 
these observations and the reasons for the failure to find an interpretation for 
them on the basis of classical concepts. 

With increase in temperature, the energy radiated per unit area per unit 
time from any surface increases rapidly, and simultaneously the color changes 
from a dull red through cherry red and orange up to a bright white heat. 
Furthermore it is observed that at the same temperature, as defined, for in¬ 
stance, by a perfect gas thermometer, the rate of energy emission is much less 
for a bright metal like platinum, than for a dull black surface, such as an 
incandescent carbon filament. 

During the nineteenth century the subject of radiant energy received 
considerable attention and as a result certain ideas and relations were developed 
which are fundamental in any discussion of the topic. 

By the total emissive power (designated by E) is indicated “the total radiant 
energy emitted per unit time per unit area of surface of the radiating body.” 
It is measured in terms of erg cm. -2 sec.* 1 or watt cm.* 2 (1 watt = 10 7 erg 
sec.* 1 ). Table 6.1 shows the variation with T f in the value of E for tungsten 
( Ew ) t an d for a “perfect” radiator ( E B ). The latter will be defined in the 
following paragraph. 

Comparing the value of E$ Jit any given temperature for any surface with 
that for a perfect radiator, Eq 1 we have the relation 


Es = etE Bt 


( 6 . 1 ) 


where e t is known as the total emissivity . 

When radiation strikes an opaque surface, part of it is reflected and the 
rest absorbed. Let As designate the absorptivity , that is, the fraction ab- 

* (1) The classical treatise on this subject is, of course, Planck’s “Theory of Heat Radia¬ 
tion,” translated by P. Massius, P. Blakiston and Son, Philadelphia (1914). 

(2) A very comprehensive treatment of the electromagnetic theory, principle of equi- 
partition of energy, and the quantum theory as developed to 1913 is given in the volume by 
K. Jellinek, Physikalische Chemie der Gasreaktionen, S. Hirzel (1913). 

(3) Ref. F. K. R. contains an excellent presentation of fundamental concepts of the 
theory of radiation and has been used freely by the writer in connection with the discussion 
in this section. 

(4) Ref. H. L. Chapter II contains a very clear exposition of the topic. 

f Expressed on the absolute centigrade scale, that is, in degrees Kelvin. 

t Values of E for tungsten (Ew) are taken from the paper by H. A. Jones and I. Langmuir, 
Gen . Elec. Rev., 354 (1927). Values of Eb have been calculated by means of the relation 
deduced in the subsequent discussion, Eb - 5.6751 X 10 ~ li T 4 watts cm" 1 . 
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TABLE 6.1 


T 

Watts /cm. 2 

Eb 

Ew 


600 

0.736 

0.0304 

0.041 

800 

2.33 

.169 

.073 

1000 

5.675 

.602 

.106 

1500 

28.74 

5.52 

.192 

2000 

90.78 

24.04 

.265 

2500 

221.6 

69.8 

.315 

3000 

459.6 

160.5 

.349 

3500 

851.9 

318.0 

.373 

4000 

1453 



5000 

3548 

[M. P. « 

3655° K.] 


sorbed. Then, according to Kirchhoff, 


Es = Eb 

As 1 


Eb. 


( 6 . 2 ) 


This law states that at a given temperature, the ratio of emissive power to 
absorptivity is a constant, independent of the nature of the surface, and equal 
to the emissive power of a perfect radiator. Such a radiation may be obtained 
experimentally from a small opening in a uniformly heated enclosure (hohl- 
raum) and is also approached very closely by a dull black surface, such as that 
of carbon. Because of this observation, a surface having an absorptivity of 
unity is known as a “ black-body ” radiator. From equations (6.1) and (6.2) 
it follows that et = As is a pure number, the value of which may range from 0 
(for a perfect reflector) to 1 (for a perfect absorber, or black body radiator). 
In Table 6.1 the fourth column gives the values of e t for tungsten, which are 
obtained from the data in the second and third columns. 

About 1879 Stefan concluded 1 from certain measurements of Tyndall that 
the total energy flux from a radiator varies with the fourth power of the ab¬ 
solute temperature. This relation is valid only for a black body source, as 
was deduced subsequently by Boltzmann . 2 Actually it is observed from graphs 
of log E versus log T that for most metals the exponent of T is nearer 5. This 
arises, of course, from the variation with T of the emissivity, e t . 

In his derivation of the relation between E and T, Boltzmann made use of 
two concepts: energy density and radiation pressure (p), which are of extreme 
importance in the theoretical consideration of radiation. 

Since radiant energy is propagated in space with finite velocity, it follows 
that there must be present, in any given volume, a definite amount of energy, 
that is, there must exist a certain density of radiant energy (designated by \f/) 

1 Wien . Sitzungsber., 79, 391 (1879). 

2 Wied. Ann., 22, 33, 291, 616 (1884); M. Planck, op. dt„ p. 63. 
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and this radiation must be in thermal equilibrium with the walls of the hold- 
raum. A relatively simple calculation 1 shows that 



The existence of radiation density necessarily leads to the conclusion that 
radiation must exert a pressure. As mentioned in connection with the Comp¬ 
ton effect it follows from the electromagnetic theory, and has been demonstrated 
experimentally / 2 that for a beam of radiation incident normally on a surface the 
pressure P is given by the relation P — E/c, where E is the total amount of 
energy striking unit area per unit time. On the basis of the quantum theory 
this leads to the conclusion, confirmed by the observations on the Compton 
effect that not only is the energy quantized, but also the momentum. We can 
use this result to derive the relation between energy density and radiation 
pressure by means of considerations which are quite analogous to those used 
in the kinetic theory of gases. 

Let us consider an enclosure filled with monochromatic radiation of fre¬ 
quency v> and let n be the number of photons per unit volume. 

Hence, 

\f/ = nhv . ( 6 . 4 ) 

The number of photons crossing unit area per unit time in any one direction 
is 

n 0 = nc/6 . (6.5) 

Each photon possesses a momentum of magnitude hv/c , as shown by the 
Compton effect. Since we are dealing with an enclosure in which the radiation 
is reflected by the walls, the pressure per unit area, which corresponds to the 
rate of transfer of momentum per unit area, is given by 

p = n 0 - 2 /?^/c 

= nhv/ 3 

« */3. (6.6) 

Extending this conclusion to radiation in a hohlraum at temperature T, 

we have the relations 

V = \ ^ ( 0 . 7 ) 

- I E. ( 6 . 8 ) 

1 H. L., op. til., p. 52; F. K. R., op. tit., Ch. VII. 

*Phya. Rev., 13, 293 (1901); 17, 20, 91 (1903); Ann . Physik , 12, 225 (1903). 
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This relation which is derived more rigorously from the electromagnetic 
theory of light was used by L. Boltzmann 1 to show, by means of a thermo¬ 
dynamical cycle process, that the radiation density must vary with temperature 
in accordance with the relation 


yp = aT\ (6.9) 

Combining this with equation (6.3), it follows that 


= <rT\ (6.10) 

A considerable number of determinations have been published of the value 
of cr, the “Stefan-Boltzmann” constant . 2 These have been examined critically 
by R. T. Birge 3 and more recently by F. G. Dunnington 4 and H. T. We ns el. r> 

According to the latter the (unweighted) average of all the values from 
about 1900 to 1929 is 

10* a = 5.69 erg cm . - ' 2 sec . -1 deg. -4 . 

The weighted average values deduced by Birge and Wensel are 5.735 and 
5.775 respectively. 

On the other hand, as will be shown in a subsequent section, the quantum 
theory of radiation leads to an expression for <r, of the form 

__ 2 ttW 
a ~ 15c-h :l ' 

Substituting the values for the constants given in Table B of the Appendix, 
the result is 


a = 5.6751 X 10 -5 erg cm. 2 sec. -1 deg. 4 
— 5.6751 X 10 -12 watt cm. -2 deg. -4 

This is the value which has been used in calculating values of Eh given 
in Table 6.1. 

From this it follows that the constant a in equation (6.9) has the value 
4cr 

a = — = 7.572 X 10 -13 erg cm. -3 deg. -4 
c 

* Wied. Ann., 22, 33, 291, 616 (1884); also ref. F. K. R. 

2 A very complete list of these values is given by H. T. Wensel, /. Res. Nat . Bur. Stand., 
22, 375 (1939). 

3 Phys. Rev. (Supplement), 1, 1 (1929). 

4 Rev. Mod. Phys., 11, 65 (1939). 

5 hoc. cit. 
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(2) Spectral Distribution of Black-Body Radiation: During the period 
1897-1901, Lummer and Pringsheim investigated the spectral distribution of 
black-body radiation for a series of temperatures. 

Their results are shown in Fig. 6.1. The ordinates 
correspond to emissive power per unit wave length 
interval and the abscissae indicate the wave 
lengths in terms of microns (1 p — 10“ 4 cm.). 

These curves show that at 723° K, the wave 
length having the maximum energy is 4.08 p, 
but there is sufficient energy even at 0.76 p or 
slightly lower wave lengths to affect the eye. 

Thus, a body at this temperature shows a red 
color. As the temperature increases above 723° 

K, the position of the maximum is continually 
shifted towards shorter wave lengths until, at 
1646° K, it is at wave length 1.78 p. At the 
same time, as the intensity of the energy in the 
shorter wave lengths increases, the color of the 
radiation varies from red through cherry red and 
orange up to a bright white heat. 

Intensity of Radiation: For the proper under¬ 
standing of the laws of black-body radiation, it 
is necessary to examine further the physical sig¬ 
nificance of the energy distribution curves shown 
in Fig. 6.1. 

The total energy E is composed of radiations 
of wave lengths varying from X — 0 to X = . 

Furthermore, the intensity of each of these monochromatic radiations which 
constitute the total radiation is not the same. If we denote the monochro¬ 
matic emissive power corresponding to wave length X by E\ y we obtain the 
obvious relation 



Fm. 0 . 1 . Energy Distribution 
for Black-Body Radiation 


-r 


Exd\. 


( 6 . 11 ) 


We may therefore define E\ as “the radiant energy (of wave length X) per 
unit wave-length interval emitted per unit time by unit area of a black body 
throughout the solid angle, 2 tt, i.e., hemispherical radiation,’’ 1 and E\d\ repre¬ 
sents the energy flux per unit area for a spectral region between X and X + dX. 
This is the physical significance of the ordinates used in Fig. 6.1. The total 
energy radiated per unit time per unit area at any given temperature is given 
by the area under the corresponding spectral distribution curve. 

Corresponding to #x, there exists a specific intensity of radiation , K\, 
characteristic of the surface, and it may be shown from very simple consider- 


1 Wensel, loc. cit . 
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ations 1 that 


E\ = 7tK\. 


( 6 . 12 ) 


Thus K\ corresponds to what is known as “brightness” of a surface in pho¬ 
tometry. 

If instead of the energy distribution with respect to wave length, we con¬ 
sider the distribution curve with respect to frequency, then 


/»00 

E = I E v dv. (6.13) 


In consequence of the relation v\ = c, it follows that 


dv 



(6.14a) 


and 



Also, corresponding to A\, we have the relation 


(6.146)* 


E v — 7 rK v . 

To describe the observations of hummer and Pringsheim at least two 
equations were suggested which are of theoretical importance. One of these 
was deduced by Wien, the other by Rayleigh and Jeans. Since neither of these 
equations was found to be satisfactory, a way out of the difficulty was found 
by Planck through the quantum hypothesis. 

(3) Wien’s Radiation Law: In deriving his equation, W. Wien 2 assumed 
the following cycle: Imagine the black-body enclosure filled with radiation at 
a certain temperature to be provided with a movable piston. The radiation 
will exert a pressure on the piston according to equation (6.7). We now per¬ 
form a cyclic process in which the radiation is expanded adiabatically and then 
compressed very slowly. Taking into account the fact that, according to 
Doppler’s principle, the color of any monochromatic radiation (that is, the 
frequency) is altered by reflection from a moving surface, and applying the 
second law of thermodynamics, it follows that 



where the form of the function F still remains undetermined. 

It follows from the last equation that, as the temperature increases, the 
frequency (»» m ) at which E v has the maximum value varies directly as the 

* Ref. F. K. R. 

* The negative sign is omitted because it is of no physical significance in this case, 
a Wied. Ann., 52, 132 (1894). 
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absolute temperature. That is, 

v m = const. X T 
A 

and X m = - , 


(6.16) 


where A is a constant which has the observed value 0.290 cm. deg. (approx.). 
Hence, for \ w = 0.55 p (the wave length for which the human eye is most 
sensitive), T = 5270° K approximately. This would, therefore, be the tem¬ 
perature at which a black-body radiator would emit light of the same distribu¬ 
tion as is actually emitted by the sun at a somewhat higher temperature 
(about 6000° K). 


By making use of equation (6. i4 b, equation (6.15) may evidently be ex¬ 
pressed in the form 



(6.17) 


Combining this relation with equation (6.16) and differentiating, it follows that 


= BTK 


(6.18) 


That is, the maximum value of E\ for a black-body radiator varies as the fifth 
power of the absolute temperature. 

Equations (6.15) and (6.17) represent alternative formulations of Wien’s 
Displacement Law, and equations (6.16) and (6.18) are two important corol¬ 
laries of the law which have been very amply confirmed by experimental 
observation. The values of the constants A and B are discussed in a subsequent 
section. 

The next problem that presented itself was the determination of the 
function F. In order to accomplish this, Wien introduced two additional as¬ 
sumptions of a questionable nature regarding the mechanism of radiation and 
deduced the relation 


E v 


av 3 

~c*~ 


c -(fiv/T) 


where a and 0 are constants. Expressed in terms of wave lengths, this relation 
becomes 


Ex = 



e -{c 2 t\T)' 


(6.19) 


This form of Wien's Radiation Law is the one most generally used and Ci and 
c 2 are referred to as the constants in Wien’s equation. 1 


1 A complete discussion of Wien’s equation and a comparison with the data of Lummer and 
Pringsheim are given by W. Wien and O. Lummer in Rapports du eongris international physique , 
2, 23-99 (1900). 
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A comparison of this equation with the measurements of Lummer and 
Pringsheim showed, however, that there is agreement only for low values of X T. 
Thus Wien’s equation is perfectly satisfactory for frequencies in the visible 
and ultra-violet regions, even at the highest temperature, but fails completely 
when applied to heat waves and radiations of longer wave length. 

On the other hand, Lord Rayleigh and Jeans, basing their arguments on 
the classical theory, derived a distribution law which has been found to be in 
agreement with the observations for large values of XT’ (that is, longer wave 
lengths) but breaks down completely when applied to the spectral region in 
which Wien’s equation is valid. Since the Rayleigh-Jeans equation involves 
no additional assumptions except that of the validity of Newtonian dynamics 
when applied to radiation, it is necessary to discuss the fundamental principle 
on which this equation was based. This is all the more essential because the 
quantum theory represents a complete severance from this apparently well- 
founded principle which is known as that of the equipartition of energy. 

(4) Principle of Equipartition of Energy: 1 According to the kinetic theory 
of gases, the average kinetic energy Ek of the molecules of a gas at any tempera¬ 
ture T is given as 


Ek — 


3 RT 
2N 


| kT, 


( 6 . 20 ) 


where N = the Avogadro constant, k ~ the Boltzmann constant, and R — 
gas constant per mole. 

The direction of the motion corresponding to this translational energy can 

dx dij dz 

be represented by three space-coordinates, and if — , ~~ , and -- represent the 

velocity-components along the three rectangular coordinates, the average 
kinetic energy of motion is given by the relation 


\kT ~ hmv 2 = \m 


KfMfMs)’}’ 


where v is the velocity along the direction of motion, and m is the mass of 
the molecule. It is evident that, in a mass of gas, the average kinetic energy 
along each of the three coordinates must be the same. Thus, we arrive at the 
conclusion that the average kinetic energy of a molecule is \kT for each of the 
three directions in which it can move. 

This conclusion represents a special application of a very general principle, 
due to the theoretical work of Boltzmann and Maxwell, which is known as the 
Principle of Equipartition of Energy , and which may be stated in the following 
manner. 

1 A comprehensive discussion of the theoretical consideration on which this principle is 
based will be found in the following: E. H. Kennard, Kinetic Theory of Gases, McGraw-Hill 
Book Company, New York (1938); R. C. Tolman, Statistical Mechanics, Chemical Catalog 
Company, New York; L. Page, Introduction to Theoretical Physics, D. Van Nostrand Co., 
Inc., New York, 
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Let q\j <? 2 , • ■ •, qu * • q n denote the minimum number (n) of coordinates 
(such as x } y y z, in the previous illustration) required to represent that state of 
an atom, or molecule at any instant, and let p h p 2 , • • •, • ■ •, p n denote the 

corresponding momenta, where pi is a generalized momentum of the same nature 
as m(dx/dt) in ordinary translational motion in one direction. If the total 
energy, which is the sum of kinetic and potential, can be represented as the 
sum of a series of quadratic terms of coordinates and momenta of the form: 


E — \ ]T a tQi 2 -f \ 12 PiPr, 

1 i 

(potential) (kinetic) 


then the average value of the total energy of the system will be given by 
E = nkT, or kT/2 for each term in the above expression. Hence, if n denote the 
total number of degrees of freedom, that is, independent terms or parameters 
required to describe the total kinetic energy of the system, then the average 
value of the kinetic energy will be kT/2 for each degree of freedom. Further¬ 
more for every term in the expression for the potential energy which can be 
represented in the form la^i 2 (as for instance is the case when q , is a displace¬ 
ment with an elastic force which obeys Hooke’s law) the average potential 
energy for each such term will also be kTj 2. 

A special case of this nature is the linear harmonic oscillator for which the 
total energy is represented by the relation 




t 

2m + 2 ’ 


( 6 . 21 ) 


where p — mv — momentum, 
q — displacement, 
bq — restoring force, 
and v — frequency of vibration 

.±j±. 

2t r V m 


( 6 . 22 ) 


On the basis of the principle of equipartition the average kinetic energy of 
such a system is \kT and since the average value of the potential energy is 
equal to the average value of the kinetic energy, the total energy is kT. 

Now let us consider the bearing of this conclusion on the problem of specific 
heat of gases. If in the case of a monatomic gas we assume that the only effect 
of an increase in the temperature of a mass of the gas maintained at constant 
volume is to increase the kinetic energy of agitation of the molecules, then the 
heat capacity per mole at constant volume (C v ) ought to be %Nk — §/2, that 
is, 2.98 calories/mole. Furthermore, in the case of any “perfect” gas, the 
energy absorbed per mole in expanding at constant pressure is R calories per 
degree. Consequently the specific heat at constant pressure (C p ) for a mona¬ 
tomic gas ought to be ffi. These deductions have actually been found to be 
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valid and the conclusion is therefore drawn that any rotational energy which 
the molecules of a monatomic gas may possess is of no importance in regard to 
the heat capacity. 

In the case of diatomic gases, Boltzmann considered the molecule as having 
a dumbbell sort of structure, with fixed distance between the atoms. On 
collisions with other molecules it is assumed that the atoms are set in rotation 
about an axis passing through the center of the line joining them. To describe 
this rotation requires two coordinates, viz., the inclination of the axis of the 
dumbbell to that of rotation and the angular velocity about the axis of rotation. 
Hence, a diatomic molecule should possess altogether five degrees of freedom, 
three to describe the translational motion of the molecule as a whole and two 
to correspond to the rotation of the atoms. It follows that the heat capacity 
per gram-molecule of a diatomic gas, at constant volume, ought to be jR and 
that at constant volume, iR, This deduction was again found to be in agree¬ 
ment with experimental data, at least at ordinary temperatures. 

Not only was Boltzmann able in this manner to calculate the specific heats 
of gases, but he applied the same considerations to solids and thus arrived at an 
explanation of the Dulong and Petit law. According to this law the product 
of specific heat and atomic weight in the case of elements in the solid state is a 
constant which has a value of about 6 calories. This law was derived empiri¬ 
cally at the beginning of the nineteenth century; but until Boltzmann enunciated 
his theory, there appeared to be no reasonable explanation of such a relation. 
His argument was to this effect: 1 

Consider an elfementary substance in the solid state in equilibrium with its 
vapor. Assume for the sake of simplicity that the vapor is monatomic. We 
know that this is actually true in the case of metals like mercury, zinc and 
cadmium, whose densities in the vapor state have been measured. Now the 
energy of the atom in the solid state must depend upon the vibration of this 
atom about a position of equilibrium. It also follows from the principles of 
dynamics that, in the case of any such harmonic oscillator as that defined in 
equation (6.21), the average kinetic energy is equal to the average potential 
energy. But it is evident that the only conditions under which thermal equi¬ 
librium can exist between the atoms in the solid phase and those in the gas 
is that the average kinetic energy of the atom in each state should be the same, 
and, since the average energy of an atom in the gas is § kT t it follows that the 
total energy per atom in the solid is 3 k T, or 3 RT per gram atom. Consequently 
the atomic heat should be 3 R, that is, 5.96 calories. 

(5) Rayleigh^Jeans Distribution Law: In order to apply the principle of 
equipartition to radiant energy, it is necessary to determine the number of 
degrees of freedom which have to be assigned to electromagnetic waves. 2 

The ideas used in this case may be understood better by applying them to 
sound vibrations. For a string fastened at both ends the different modes of 

1 See also K. Jellinek, Gaareaktionen, p. 368. / 

* A very clear exposition of the argument developed in this section has been given by 
J, Bice, Tram, Faraday Soc., 11, 1 (1915). 
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vibration are determined in accordance with the relation which states that 
one-half the wave length must be an integral sub multiple of the length of the 
string. Denoting the latter by L and the wave length of the stationary wave 
by X, we have the relation 


7l\n 

2 


— L, 


(6.23) 


that is, 


v n = 


nu 
2 L 9 


(6.24) 


where u is the “phase” velocity * of the wave-motion, v n is the frequency 
corresponding to X«, and n has the values 1, 2, 3, •••, associated with the 
different so-called harmonics of the fundamental (n = 1) tone. 

Writing equation (6.23) in the form 


» = Y > (6.25) 

it is seen that for very large values of n, 

AX 

An = 2 L — , (6.26) 

which expresses the relation between the change in wave length and the 
corresponding change in number of modes of vibration. 

Since the vibrations are transverse, two coordinates (those at right angles 
to the direction of L) are required to define the instantaneous position of any 
segment of the string, There are therefore two degrees of freedom associated 
with each mode of vibration, and it follows from equation (6.26) that the num¬ 
ber of degrees of freedom (/) per unit length of string in the wave length range 
X to X — AX is given by the relation 

/ = 4AX/X 2 . (6.27) 

Let us now consider the possible number of modes of vibration of a two- 
dimensional system, such as a square metal plate. The condition for a steady 
state of vibration is that the total number of nodes or loops measured along 
each side shall be an integral value. Let L denote the side of the square, 
let n i denote the number of loops along one side, and n 2 , the same for the side 
at right angles to the first one. This state of vibration will correspond to a 
set of stationary waves whose nodal lines are all parallel and inclined to one 
side of the square at an angle 6 lt and to the adjacent side at an angle 02. Hence, 

cos 2 0i + cos 2 02 = 1. (6.28) 


See discussion in Section 8(2). 
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Furthermore if d x and d 2 designate the projections of X/2 (the distance 
between two successive nodal lines), then the condition for the occurrence of 
stationary waves is that the following relations shall be valid simultaneously: 


L _ _X_ 

fti 2 cos 0i 

L _X _ 

n 2 2 cos 0o 


(6.29) 


Combining these two sets of relations with equation (6.28) it follows that, 


Wi 2 -f n 2 2 




(6.30) 


where v is the frequency, and u y the phase velocity. 

If we choose a rectangular system of coordinates and let and n 2 represent 
distances along each of these coordinates respectively, then any pair of values 
of ni and w 2 satisfying equation (6.30) corresponds to a point on the circum¬ 
ference of a circle of radius 2 Lv/u drawn with its center at the origin. More¬ 
over, all the values of these integers which correspond to positive values of n x 
and n 2 are located in the pjositive quadrant of the circle. 

From these considerations it follows that the total number of possible modes 
of vibration ( N ), with frequencies between v — 0 and v = v my is given by the 
area of a quadrant of the circle. That is, 


N = 



TT L 2 Vm 2 
W* 


and the number per unit area 
v + dv is given by 


of the square with frequencies between v and 


dN 

P 


2irv 


dv. 


(6.31) 


The argument for the case of a three-dimensional vibrating system is quite 
similar. The condition for the occurrence of stationary waves in a cube of 
side L is that the following three relations shall be valid simultaneously: 



2 L 


0i» 

ni 

s= - 

X 

cos 


2 L 


02, 

n 2 

as - 

X 

C08 


2 L 



»• 

X 

COS 

03, 


cos* 0i 4* cos 2 0 2 4- cos 2 0 3 


1 . 


where 
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Hence 


ttl 2 + W 2 2 + W 3 2 



and the total number of possible modes of vibration (A r ), with frequencies 
between v — 0 and v = v m , correspond to one-eighth of the volume of a sphere 
of radius (2 Lv/u). That is, 


N = Hr 



and 


dN 4rv 2 

v - v*- (6 ' 32) 


In applying these conclusions to radiation it is necessary to take into account 
the fact that light waves have two directions of polarization which are at right 
angles to each other, and that consequently the number of modes of vibration 
in the case of electromagnetic waves is twice that deduced in equation (6.32). 

We thus derive the conclusion that for radiation in a hohlraum the number 
of degrees of freedom per unit volume, associated with the range of frequencies 
between v and v + dv is given by 


df = 


8 ?ry 2 

c* 3 


dr, 


(6.33) 


where c, the velocity of light, is used instead of u in equation (6.32). 

We now bring in the principle of equipartition of energy, and postulate 
that each frequency in the radiation is associated with the vibration of a linear 
harmonic oscillator, similar to that used in the production of Hertzian waves 
but of molecular dimensions, so that the frequencies of harmonic vibrations 
emitted are of the order of magnitude of those present in black-body radiation. 
Since the whole system of oscillators and waves is in thermal equilibrium, the 
average energy per oscillator must be kT. Consequently, the energy per unit 
volume associated with df degrees of freedom is 

8iri > 2 kT 

4s v dv ~ kTdf = ——— dv (6.34) 

and, in accordance with equation (6.3), it follows that 

c 2 nv 2 kT 

E v dv — : i/ydv — --— dv. (6.35) 

4 c l 


Applying equation (6.146) this may also be written in the form 

2t xckT 
—r~— d\. 


E\d\ = 


(6.36) 
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Equations (6.35) and (6.36) represent two alternative expressions of the 
Rayleigh-Jeans law for the spectral distribution of energy emitted by a black- 
body source. This law leads to the conclusion that at any given temperature 
the intensity of radiation should increase with decrease in wave length and 
ultimately become infinitely great as X tends to zero. This is evidently not in 
accord with the observations of Lummer and Pringsheim which indicate that 
with decrease in X from the far infra-red into the visible, E\ increases at first, 
reaches a maximum and then decreases rapidly in the ultra-violet region. 
Furthermore, it also follows from equation (6.35), since 

J ^OO 

E,dv, (6.13) 

0 

that at any temperature E should become infinitely great, whereas thermo¬ 
dynamical considerations, verified by experimental observations, lead to the 
Stefan-Boltzmann law. 

On the other hand, it is observed that for large values of X (the infra-red 
region) the variation in E\ with X is in accordance with the law of Rayleigh 
and Jeans. That is, equation (6.36) applies to large values of X7 T , but not to 
low values of this quantity. Yet, if the principle of equipartition of energy is 
valid, there is no evident reason why equation (6.35) or (6.36) should not be 
equally valid for the whole range of values of XT. 

This difficulty into which we are led by the Rayleigh-Jeans law has been 
described by Jeans thus: 

“Assuming for the moment/’ he states, 1 “the truth of this as an experimental fact, we 
may try to illustrate its physical bearings. To make the question as definite and as simple 
as possible, let us fix our attention on an enclosure with perfectly reflecting walls in which 
there is a mass of, say, iron at 0° C., and let us suppose that there is a state of equilibrium 
inside this enclosure. The iron is continually radiating energy out from its surface into the 
surrounding ether inside the enclosure, and is also absorbing energy from the ether. Frora 
the condition of equilibrium, the rates of exchange must just balance. If we assume, for 
additional simplicity, that the iron is coated with a perfectly absorbing paint, then in point 
of fact each square centimeter of surface omits 3 X 10 r * ergs of radiation per second into the 
ether; and also absorbs 3 X 10 6 ergs per second of radiation falling on to it from the ether. 
The energy in the ether is of density 4 X 10~ 6 ergs per cubic centimeter; the heat energy in 
the iron is of the order of 8 X 10 9 ergs per cubic centimeter. The heat energy of the iron 
resides in the oscillations of its atoms, each atom moving with an average velocity of about 
30,000 cms. per second. 

“A very little consideration will show that this state of things is different from what might 
be expected by analogy from other systems which are known to obey the ordinary dynamical 
laws. Consider, for instance, a tank of water (to represent the ether) in which is floated a 
system of corks (to represent atoms of matter) connected by light springs or elastics so that 
they can oscillate relatively to one another. Suppose that initially the surface of the water 
is at rest. Let the system of corks be set into violent oscillation and placed on the surface 
of the water. The motion of the corks will set up waves in the water, and these waves will 
spread all over the surface of the water, undergoing reflection when they meet the walls of 
the tank. We know that ultimately the corks will be reduced to rest; the energy of their 

1 Report on Radiation and the Quantum Theory, London, 1914. 
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motion will be transformed first into the energy of waves and ripples on the surface of the 
water, and then, owing to the viscosity of the water, into heat energy in the water. A final 
state in which the corks continue to oscillate with extreme vigor while the water has almost 
no energy is unthinkable; we expect a final state in which practically all the energy has found 
its way into the water.” 

In a similar manner we find that “in all known media there is a tendency for the energy 
of any systems moving in the medium to be transferred to the medium and ultimately to be 
found, when a steady state has been reached, in the shortest vibrations of which the medium 
is capable. This tendency can be shown to be a direct consequence of the Newtonian laws. 
This tendency is not observed in the crucial phenomenon of radiation; the inference is that 
the radiation phenomenon is determined by laws other than the Newtonian laws.” 

(6) Planck’s Distribution Law. Quantum Hypothesis: The failure of both 
the Rayleigh and Wien equations to account for experimental data showed 
conclusively that ordinary methods were not applicable in attacking this 
problem. Since, however, the method of reasoning adopted in arriving at the 
Rayleigh equation was perfectly logical, the only conclusion to be drawn was 
that the fundamental principles upon which the argument was based are not 
of as general validity as supposed. 

Now for a number of years a gradually increasing number of facts had led 
many physicists to question the general validity of the principle of equipartition 
of energy. For one thing, while the law of Dulong and Petit is pretty generally 
true, the number of exceptions to it had been accumulating during the past 
century. Thus, it was known that carbon, boron, and silicon have atomic 
heats lower than G; but it was also observed that the atomic heats of these 
elements increase with temperature, and at high enough temperatures they 
behave “normally.” Furthermore, the molecular heats of some diatomic gases 
like chlorine and bromine are nearly a calorie too high even at ordinary tem¬ 
peratures, and they become even greater at higher temperatures. 

To explain these facts it would be necessary to assume that the number of 
degrees of freedom of a carbon atom or chlorine molecule increases gradually 
with the temperature. But the Boltzmann concept leaves no room for such 
a transition stage. An atom or molecule must possess a certain integral number 
of degrees of freedom; a degree of movability in any definite manner is either 
absent or present. There can be no gradual acquisition by any body of a 
degree of freedom. The conception of integral degrees of freedom thus presents 
many difficulties. Furthermore, it has been shown above that, in the realm 
of radiant phenomena, similar difficulties are present. The principle of equi¬ 
partition of energy cannot, therefore, be of as general validity as hitherto 
assumed. But this principle was deduced from the fundamental laws of 
dynamics, and is, therefore, just as valid as the latter. Here then was a 
Gordian knot that appeared as difficult to untie as the one of classical fame. 
It remained for Planck to apply to this case a similar remedy. 

Instead of accepting this principle, Planck introduces the assumption that 
a harmonic oscillator (of the nature postulated in the previous section) cannot 
take up or emit energy continuously , but discontinuously in multiples of a unit 
quantum of magnitude 5. That is, the energy of any one oscillator can have one 
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of the series of values, d, 2d, • • •, nd, where nd approximates more and more 
to kT with increase in n. 

The next problem is this: what is the probability that at any temperature T 
the energy of any given oscillator will have the value nd? The answer is given 
by a law deduced by Boltzmann on the basis of statistical mechanics. This 
law may be stated as follows: 

Given an extremely large number of linear harmonic oscillators at a tem¬ 
perature T , the probability that any one oscillator will have the energy nd f 
is given by the relation 

p n = e- nS ' kT , (6.37) 

where k is the Boltzmann constant. 

This therefore represents the relative number of oscillators per unit volume 
in the hohlraum which possess the energy nd. If we designate the concentra¬ 
tion of oscillators corresponding to 5 = 0 by No and that corresponding to nd 
by JV n , equation (6.37) leads to the relation 

Nn = (6.38) 

The total number of oscillators per unit volume is given by 

N = £ Nn = Noil + c~ d/kT + e~ 26 ' kr + er :i6/kT + 

«- 0 

= 

1 _ e ~ilkT • 


...) 

(6.39) 


The total energy per unit volume is 

i = £ N n nS = JVo(-0 + 8c~ ilkT + 28e~* tlkT + 38e~ : ' 6 i kT + • • •) 

n—0 

= Node~ s ' kT ( 1 + 2x + 3ar 2 + .. .), 

where 

x — e~ S/kT . 

Since x < 1, the series on the right-hand side of the last equation has the 
value (1 — x)~*. Hence 

* N 0 de-t' kT 

LN n nS - ~ (Y~g-» 7* T)» • (6.40) 

The average energy, y, per oscillator is 

i &e- s ' kT 8 

V ~ N ~ 1 - ~ - i ' (6 ' 41) 

Since, for a: < 1, 

e z = 1 4- x + x 1 + 

it follows that for 5—»0, i)—>kT. That is, as d becomes vanishingly small, 
7) approaches the classical value. 
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If now the conclusion stated in equation (6.41) is combined with the value 
of df in equation (6.33) and the relation for E P in equation (6.35), the result is 
a spectral distribution relation of the form 


2 ? tv 1 8 

EAv - c 2 

(6.42) 

Comparing this with equation (6.15) deduced by Wien it 
must be proportional to v, and Planck therefore assumes 

follows that 6 

8 = hv. 

(6.43) 

Accordingly equation (6.42) takes the form, 


& 

1 

s 

< 

°k | 

k ! ° 

i 

1 ! 

a 

^3 

(6.44) 

and the corresponding equation for E\ is 


2i rc 2 /tX~ 5 

E\d\ — eC h/k\T __ ] ^ 

(6.45) 

CiX~ 6 

“ c m\T _ i 

(6.46) 

where 


Ci = 27rc 2 A, 

(6.47) 

c 2 = ch/k. 

(6.48) 


Equation (6.46) is in excellent agreement with all the •bservations on the 
spectral distribution law for black-body radiation, and the values of the 
“radiation constants*’ C\ and c> so observed, are in very good agreement, as 
will be pointed out subsequently, with those calculated by means of the last 
two equations. 

For ch/k > XT, the exponential factor in the denominator of equation 
(6.45) is very large compared to unity, and consequently this equation assumes 
the form, 

E\d\ = 


which is identical with equation (6.19) for Wien’s radiation law. 
For \T ch/k t the exponential factor 


and 


e r*/xr = l + C2 /\ T 

E x d\ ~ (c 1 /c 2 )X~ 5 -XrdX 
- 2tt ckT\~*d\, 


which is identical with equation (6.36) for the Rayleigh-Jeans radiation law. 
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Thus the latter is valid for very large values of XT, and the Wien radiation 
law for small values of XT. 

(7) Einstein’s Derivation of Planck’s Distribution Laws: Summarizing the 
derivation of the radiation law as given in the previous sections, it is seen that 
the method used consists in treating the hohlraum (black-body enclosure) “as 
containing modes of electromagnetic vibration of different frequencies and 
then assigning to each mode of vibration the energy that it should have on 
the basis of the Maxwell-Boltzmann distribution law as modified to take ac¬ 
count of quantum phenomena.” 1 

“The above method of derivation gave us, however,” as Tolman points out, 
“no insight into the mechanism by which the continual absorption and emission 
of radiation by the walls of the container actually does maintain the equilibrium 
distribution of energy among the different frequencies. In addition the in¬ 
creasingly apparent possibility that radiational energy is actually corpuscular 
in nature makes the treatment of the hohlraum as a system of modes of electro¬ 
magnetic vibration seem somewhat artificial. For these reasons, a derivation 
of the Planck radiation law, by a method which is based on considerations of 
the probability of the absorption and emission by atoms of radiation of different 
frequencies, would contain elements of superiority.” 

This derivation was given by A. Einstein 2 in 1916, and involves the applica¬ 
tion of two concepts which have been mentioned already. The first of these 
is Boltzmann's law, which was stated in equation (6.38). The second involves 
Bohr’s postulate that the frequency of any spectral line is determined by the 
difference in energy values ( E m and E n ) of two discrete stationary states, in 
accordance with the relation, 


Vmn — 



(6.49) 


Let us consider a gas whose molecules are in equilibrium with radiation at 
a certain temperature. According to classical theory, the energy per molecule 
can vary continuously from zero to infinity in accordance with the Maxwell- 
Boltzmann distribution law. However, we must postulate as the fundamental 
assumption of the quantum theory that such a continuous variation in energy 
content is impossible. Each molecule is capable of existing only in a series of 
discrete states Z it Z 2 , * • • Z m • • • Z n , for which the corresponding energies are 
E\) Ei } etc. 

Every energy change in such a system including the emission or absorption 
of radiant energy occurs because of the transition of molecules from one of 
these states to some other. Bohr, to whom we owe the introduction of this 
postulate into the quantum theory, has designated Z u Z 2 , ■ • • Z m> • • • Z n as 
“stationary” states of the system. 

1 Tolman, Statistical Mechanics, Chemical Catalog Co., New York (1927), Chap. 16, 
The passages quoted in this section are taken from the same source. 

*Ber* deut phys. Ges. t 18, 318 (1916); also Physik . 18, 121 (1917). 
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The relative number of the molecules N m which are present at any instant 
in any given state Z m will be given by the Boltzmann equation. 


Nrn 

N 


= 9me 


-E m /kT 

7 


(6.50) 


where N ~ number having zero energy, and g m denotes a constant (known as 
the statistical weight) which is characteristic of the state Z m and independent 
of T* 

We shall assume that the energy E m — E n is emitted when the molecule 
passes from state Z m to state Z n . Hence the same amount of energy is absorbed 
when the reverse reaction occurs. (We shall assume E m > E n ). A molecule 
can pass from state Z m to Z n in two ways. First, there may be a spontaneous 
transition, such as is undergone by radioactive elements. 

The rate at which this reaction occurs is given by 

dN m 

- -jj- = A n m N m , (6.51) 


where A”, is a constant characteristic of this reaction, and which may be 
designated as the probability of spontaneous emission. It is evident that 1/Am 
corresponds to the “ decay period ” of the atom Z m under these conditions 
where only spontaneous transitions can occur. 

Since, however, the molecule is present in an environment which is filled 
with radiation corresponding to the temperature T f the reaction Z m *=± Z n is 
also influenced by this radiation. Let f/ v denote the density of the radiation 
corresponding to frequency v. We assume that the reaction Z m Z n occurs 
with simultaneous emission of monochromatic radiation of frequency v , and that 
the reverse reaction occurs with absorption of radiation of the same frequency. 
The rate of the reaction in either direction depends upon the value of \p v .\ 
Consequently, 

- ~~ = B n m N m +, 


and 


dNn 

dt 


> • 


BnNn'f'v 


(6.52) 


Again, the constants Bm and B% are of the same nature as the constant 
Am. The constant B « is designated the coefficient of absorption for radiation 
v mn , which is defined by equation (6.49). 

It is important to realize fully the significance of the assumption involved 
in equations (6.52). It is assumed that the molecule Z m or Z n may be stimu¬ 
lated by radiation of frequency v which is characteristic of the reaction Z m & Z ft| 


* In the statement of this law in equation (6.37), g m was assumed equal to unity, since it is 
the samfe for all the harmonic oscillators, independently of the magnitude of the energy, 
f v is used in this and the following equations instead of v mn . 
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and while it is relatively easy to understand how the reaction Z n —* Z m can 
occur by absorption of energy from the environment and is therefore governed 
by the density of the radiation of frequency v , it is not so evident that the 
reverse reaction must also depend upon the density of the radiation. 

However, it must be remembered that, “on the basis of classical theory, 
the rate of energy emission of an isolated atom is different from the rate of 
emission of an atom whose moving electrons are interacting with the varying 
electromagnetic field present in a radiation field. Hence, to obtain the total 
probability of emission we must include a term depending on the density of 
radiation.” 1 Thus this total probability is given by 

Am + Bm'I'v 

and B'm is designated as the coefficient of induced emission . 

Now, at equilibrium, the velocities of the two reactions Z m 
Consequently, 

AlN m + = BnNn'I'v 

Substituting from equation (6.50), it follows that 

(Am + Bl+ v )Q m e-^‘ kT ' « BZgn+*r < E *i kT \ 

that is, 

A n m g m = h(B:g n e^- E ^' kT - Blg m ). (6.54) 

At infinitely high temperatures the exponential factor obviously tends 
towards unity. Also \p v increases to infinitely large values at the same time. 
Since, however, Am9m is a finite quantity independent of 7 7 , it follows that 

B’n l g n = Blg m (6.55) 

and, if we denote the ratio Af„IB” n by a mn , we can replace (6.54) by the equation 

= ^[(K m -En)lkT\ _ i ' (6.56) 

In order to derive Planck’s law from the last equation, it is necessary to 
compare the latter with the deductions arrived at by Wien and also by Rayleigh 
and Jeans. 

As shown by Wien, it follows from the application of the second law of 


thermodynamics, that 

Sttp 3 / v \ 


* 

II 

*31 

Hence 

Oimn = CtV* 

and 

' Em E n — hPf 


: Z n are equal. 
(6.53) 


where h and a are constants. 
1 Ref. R. C. T. f p. 169. 
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On the other hand, we know that the equipartition law and the Rayleigh- 
Jeans relation deduced on the basis of this law are valid at very large values of T . 
Under these conditions, 

87rV 2 

= —kT. (6.34) 


But, from equation (6.56), it is also evident that for extremely high values 
of T, the quantity (E m — E n )/kT is a very small fraction and consequently 
the equation may be written in the form 


av :i JcT 
(Em - En) 
av H JcT 
hv ' 


(6.57) 


Comparing this equation with (6.34), we obtain the relation 

87 rh 


and hence the final expression for the radiation law may be written in the form 


87 rhv* 1 

c 3 ' ghvjicT __ l 


(6.58) 


It will be observed that in Einstein’s derivation of the radiation law use is 
made of Wien’s displacement law on the one hand and of the validity, on the 
other hand, of the Rayleigh-Jeans relation for very long wave lengths. Bose 1 
has therefore suggested a derivation of the radiation law which eliminates the 
support based on classical dynamics involved in these two assumptions. 

By making use of the experimentally verified conclusions that the energy of 
radiation may be treated as constituted of quanta, each having momentum 
hv/c, and applying to these quanta the laws of statistical mechanics, he has 
shown that actually the radiation law may be derived without any appeal 
whatever to classical dynamics. 

While G. N. Lewis 2 has given an extremely interesting derivation of Planck’s 
law by a “kinetic mode of treatment” which does not involve Einstein’s 
theory of induced emission, it should be observed that the experiments of R. 
Ladenburg 3 and of H. Kopfermann and R. Ladenburg 4 on anomalous dis¬ 
persion in electrical discharges in neon, apparently require such a theory for 
a satisfactory interpretation of the results obtained. 

1 Z. Physik , 26, 178 (1924). 

*Phys. Rev., 35, 1533 (1930). 

8 Z. Physik , 48, 15 (1928). 

4 Ibid., 48, 26 (1928); Z. physik. Chem., (Haberband), p. 375 (1928). See discussion of 
this in Section 16(5). 
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(8) Radiation Constants: Planck’s spectral distribution law is usually 
expressed in the form given in equation (6.46), that is, 

< 6 - 46 > 

where 

ci = 2 ttc 2 A, (6.47) 

c 2 = ch/k (6.48) 

and the relation between \f/ v and E v is given by equation (6.3). 

Differentiating the right-hand side of (6.46) with respect to X and equating 
the resulting expression to zero, we obtain the relation 


c x 


xe x 



(6.59) 


where x = c 2 /X m 'F, and X m denotes the wave length at which E\ is a maximum. 

The two roots of equation (6.59) are x = 0 (which we may disregard) and 
x = 4.9651. Therefore 


\ m T - 


4.9651 


- A. 


(6.60) 


The constant A is known as the Wien Displacement Constant. 
The value of E\ m is given by the relation, 


E Xt 


2tt/c 6 (4.9651) 5 7 T6 
c*h 4 (e 4 - 9(551 - 1) 


(6.61) 


where B is a constant. 

Equation (6.60) indicates a method by which c 2 and consequently h/k may 
be obtained from experimental observations on the value of the constant A. 
Since 



c rT 4 


it is possible to obtain an expression for the Stefan-Boltzmann constant, <r, 
by the following procedure: Instead of using the form for Planck’s law given in 
equation (6.46) it is more convenient to express the integral in the form derived 
from equation (6.44), so that 


That is, 


<rT A 


where x = 


hv 
kT * 



27 rh /** v*dv 

c 2 Jo e hy/kT — 1 

* 


2 rk*T f 
CW Jo 


x 3 (e~ x + e~‘ iz 


+ e~ SI + ■ • • )dx, 


(6.62) 

(6.63) 
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we obtain the relation 


x s e~ nx dx = 

* 1 
£ - 

7r 4 

7l«“0 ^ 

90 ’ 

2 

7T ft & 4 

~ 15 

cW 

- Cl 1 

(1 V 

15’ 

lc. / 


The experimental methods used for the determination of the constants c 2 
and a are described in a number of treatises, especially those dealing with the 
subjects of heat and pyrometry. 1 

With regard to the accuracy of the considerable number of determinations 
which have been published since about 1900, Ii. T. Wensel 2 makes the following 
comments: 

“For practical work, a knowledge of the numerical value of any radiation 
constant, excepting c 2 , to better than 1 or 2 percent, is seldom required. Meas¬ 
urements involving E\ are usually so made as to depend only on ratios in 
which Ci cancels out. Even when this is not the case, an accurate value of Cj 
is seldom of interest, because we have at present no technique for the accurate 
measurements of E\. The situation in regard to cr is substantially the same. 
The only experiments in which anything besides an approximate value of <r 
is of interest are those made for the purpose of determining a . 

“ Our interest in the constant c 2 lies in the fact that it is one of the constants 
used in defining the International Temperature Scale above the melting point 
of gold. This definition is by means of the formula 


ln (S) = x(dhr!)- 


The constant c 2 is taken as 1.432 cm. degrees. The equation is valid if XT is 
less than 0.3 cm. degrees. In this equation E\ and E 2 are the values of E\ at 
the melting point of gold, defined as 1330° K, and at the temperature T , 
respectively. A change in c 2 of 1 per cent results in a change in T of more than 
10 ° at the melting point of platinum and of more than 60° at the melting point 
of tungsten.” 

* Since 2v*Jl5 *= 12 X 1.0823, the latter is often used in the expression for <r. 

1 Ref. H. L. t Chapter II. M. N. Saha and B. N. Srivastava, A Text-Book of Heat, Indian 
Press, Ltd., Allahabad (1931). Measurement of Radiant Energy, W. E. Forsythe, editor, 
McGraw-Hill Book Company, New York (1937). 

* J. Rea. Nat. Bur. Stand., 22, 375 (1939). 
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For the “unweighted mean values/’ Wensel deduces from a summary of 
the published data, the results: 

a — 5.69 X 10~ & erg cm." 2 see." 1 deg." 4 , 
c 2 ~ 1.4364 cm. deg., 

\ m T — 0.2892 cm. deg. 

This value for c 2 is based on optical pyrometer measurements using equation 
(6.66). On the other hand, the value of c 2 calculated from the observations 
on \ m T is 1.4361 cm. deg. 

F. G. Dunnington 1 concludes from an examination of the data published 
since 1916 that the most accurate value for a is (5.775 ± 0.022) 10~ 6 c.g.s. units, 
and for c> he accepts the value 1.432 =t 0.003 cm. cleg., which was used by 
R. T. Birge in his 1929 publication. 

On the whole it is probably better, as Wensel has suggested, to calculate 
the values for the radiation constants from the atomic constants h and e. Table 
6.2 gives two sets of values calculated (a) on the basis of values recommended by 
Birge, that is, e = 4.8022 X 10" 10 e.s.u., h = 6.6236 X 10~ 27 erg sec.; (6) on 
the basis, of values recommended by Wensel, that is, e = 4.800 X 10~ 10 e.s.u.; 
h — 6.61 X 10“ 27 erg sec. 


TABLE 6.2 * 



Dimensions 

Birge 

Wensel 

10 16 k. . . 

.erg deg.” 1 

1.3805. 

.1.380 

10 6 . . . . 

.erg cm 2 sec.” 1 

3.740 . 

.3.732 

c*>. . . . 

cm. deg. 

1.4383 

1.436 

A. . . 


0.2897. 

.0.2892 

10“ H. . . 

.watt cm.” 8 deg.” 6 

1.2881. 

.1.2965 

10 12 <r . . . 

.watt cm.” 2 deg.” 4 

5.6751 . 

.5.70 

10 16 «... 

.erg cm.” 3 deg.” 4 

7.572 . 

.7.605 


* Note: A =* \ m T \ B - E\ m • T ~ h ; a = 4<r/o; 10 7 erg see." 1 = 1 watt. 


Fig. 6.2 shows plots of the energy distribution function according to Planck, 
for three different temperatures, calculated on the basis of the radiation con¬ 
stants deduced by Birge. For T — 5000° K, the maximum value of E\ derived 
from equation (6.61) is 4.027 X 10 7 watts cm" 3 . Hence 1 unit on the ordinate 
scale = 4.027 X 10 6 watts cm -3 . The arrows indicate the values of X m for 
each value of T. The area under each curve gives the value of 

J r*oo 

E x d\ = <tT* (6.67) 

0 

in watts, cmr 2 . Hence, the mean value of X, defined by the relation 

E m l - crT 4 * 3 


Rev. Mod. Phys., 11, 65 (1939). 
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is 0.881 X 10~ 4 cm. for T — 5000° K (on the basis of the value E = 3548 
watts cm." 2 , given in Table 6.2).* 

It is of interest to compare these values of E\ for T = 5000° K, with those 
deduced from the Rayleigh-Jeans equation (6.36) and those deduced from the 
Wien equation (6.19). 



Fio. 6.2. Plots of Energy Distribution for a Black-Body Radiator According to Equa 
tions of Planck (for T — 3000, 4000 and 6000° K) and Those of Wien and Rayleigh-Jeans 
(for T - 5000° K). 


Let ( E\)p denote the value derived for given values of X and T on the 
basis Qf Planck’s relation, and let ( E\)w and (E\) r designate the values derived 
for the same values of X and T by means of the Wien and Rayleigh-Jeans equa¬ 
tions respectively. It is readily deduced from these equations that the 

* It is of interest in this connection to mention the publication by A. N. Lowan and G. 
Blanck (J. Opt. Soc. Am., 30, 70 (1940) of tables of 

/*CD 

Jo 

as functions of X and T. The quantity N\ corresponds to the number of photons emitted in 
the wave length range from X to X -f d\, per unit time, per unit area, throughout the solid 
angle 2 r steradians. 


E\; N\ ** E\jhv\ 


: r 


E\d\, and 
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following relations are valid: 


( E\)w 
( E\)p 


e a/\T _ ! 
e c.2/\T * 


( 6 . 68 ) 


(Ex)r 

(E\jp 


XT’ 

C2 


( e c2/\T _ ^ 


(6.69) 


Using the value c 2 = 1.4383 cm. deg., the values of the ratios deduced for 
T -■ 5000° K, are those given in Table 6.3. The values of E\ for this tempera¬ 
ture as deduced by the Rayleigh-Jeans and Wien equations are shown by the 
dotted curves in Fig. 6.2. It will be observed from Table 6.3 that while the 
Wien equation gives satisfactory results in the visible and ultraviolet region 
(that is, for X < 0.7 X 10~ 4 cm.), the Rayleigh-Jeans equation yields even 
approximately satisfactory agreement with the Planck equation only for ex¬ 
tremely long wave lengths (in the far infra-red). 


TABLE 6.3 


10<X(cm.) 

WffW? 


OO 

0. 

l. 

10.0 

0.249 

1.154 

5.0 

.447 

1.341 

2.5 

.683 

1.875 

2.0 

.762 

2.220 

1.8 

.800 

2.468 

1.6 

.835 

2.802 

1.4 

.872 

3.311 

1.0 

.944 

5.825 

0.6 

.991 

— 

0.0 

1.000 

00 


7. Matter Waves 



(1) The de Broglie Wave Length: In the previous sections different effects 
have been described which lead to a corpuscular theory of radiant energy. We 
find that radiation exhibits, on the one hand, a behavior associated with wave 
motion, such as diffraction, interference, and polarization phenomena, and on 
the other, characteristics which can be ascribed only to light particles or pho¬ 
tons. It is a rather remarkable coincidence in the history of physics that just 
at the moment when the explanation for the observed dualism in the nature 
of radiation seemed quite remote, a solution developed as a result of the dis¬ 
covery that corpuscles in motion also exhibit phenomena which can be inter¬ 
preted only on the basis of a wave theory. 

That such phenomena might be expected were first suggested by some 
speculations of L. de Broglie in 1924. 1 It is a well known fact that the laws 

1 Phil. Mag.> 47, 446 (1924); Ann. physique , 3, 22 (1925); J. phys. rad. % [7], 1, 321 
(1926). Translations of the last two papers are contained in the book, “Selected Papers on 
Wave Mechanics," by L. de Broglie and L. Brillouin, Blackie and Son, Ltd., London and 
Glasgow, 1928. 
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of geometrical optics are valid so long as the wave length, X, is small compared 
with the radius of curvature, r, of the path of the rays. For a value of r of 

the same order of magnitude as, or less than, X, the problem of the propagation 

of light must be treated as a wave motion. Is it not possible, de Broglie asks, 
that for the motion of electrons in atoms, the application of the laws of ordinary 
mechanics is limited by similar considerations? 

According to the simple Bohr theory of the hydrogen atom, the electron 
may revolve in any one of the discrete circular orbits defined by the quantum 
condition that the angular momentum is an integral multiple of X, that is,, 

2t mvr = nh , (7.1) 

where v is the velocity of the electron in an orbit of radius r, and n ~ 1, 2, • • •. 

Now let us introduce the assumption that with this motion is associated 
a “wave length” X, such that 

n\ — 2 tt r. (7.2) 


(To assume that the circumference is not equal to an integral number of 
wave lengths would be physically inconceivable.) Then, it follows from these 
two equations that 



mv 



(7.3) 


where p = momentum of electron in its orbit, and X is designated the de Broglie 
wave length. 

Why should the possible observation of such a phenomenon be limited to 
atomic dimensions? A simple calculation shows the reason. For a mass of 
10~ 6 gm. moving with a velocity of 10 -4 cm. sec. -1 , p = 10 -10 and hence 
X = 6.6 X 10 -17 , a magnitude which is approximately 10~ 9 of that associated 
with atomic diameters. On the other hand, in the case of an electron moving 
with a velocity of 5.9 X 10 7 cm. sec. -1 , (corresponding to 1 electron volt), 
the magnitude of p is approximately 5.5 X 10 -20 c.g.s. unit, and consequently 
X = 12 X 10 -8 ,—a magnitude which could be measured by means of a crystal 
grating. That such wave lengths have been found associated with the motion 
of electrons is shown in the following section. 

The striking point about de Broglie’s hypothesis is that it suggested a dual¬ 
ism in the behavior of matter which is analogous to that already described in 
connection with the phenomena of interaction between energy and matter. 
This analogy is most readily evident when we consider that in the case of 
photons, the momentum is determined by the relation, used in discussing the 
Compton effect, 



which is identical with de Broglie’s relation. 
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(2) Experiments on Electron Reflection and Diffraction: Shortly after the 
appearance of de Broglie’s first publications W. Elsasser 1 predicted the possi¬ 
bility that in the interaction between electrons and a crystal, the former would 
exhibit the characteristics of wave motion. Experimental evidence of this 
nature was soon forthcoming as a result of two series of investigations, one 
by C. Davisson and L. II. Germer 2 and the other by G. P. Thomson and 
A. Reid. 3 

The arrangement used by Davisson and Germer is indicated in Fig. 7.1. 
The electrons emitted from a tungsten cathode are accelerated through a 



Fig. 7.1. Schematic Representation of Arrangement for Measuring Effect of Angle of 
Incidence on Intensity of Reflected Electron Beams 


definite potential applied to the shielding box and then fall on one of the surfaces 
of a single crystal of nickel. The electrons reflected from the nickel surface at 
different angles are detected by the galvanometer connected with the Faraday 
cage. The right-hand figure shows the variation in intensity of reflected 
electron current as the collector is moved along the arc indicated in the left-hand 
figure. It will be observed that the maximum intensity of collector current 
is obtained when the angle of reflection is equal to the angle of incidence. 

“ There is no doubt,” as Germer points out, 4 "that the incident electrons 
recognize the surface of the crystal, and prefer to move off in the direction of 
regular reflection. And this does not occur except when the surface is a 
definite crystallographic plane.” There are no reflections from a poly crystalline 
surface. 

It is observed also, that for a given angle of incidence the intensity of the 
regularly reflected beam passes through successive maxima and minima with 

1 Naturwiss., 13, 711 (1925). 

z Phys. Rev., 30, 705 (1927); Bell Tech. J., 7, 1 (1928); J. Franklin Inst., 205, 597 (1928); 
Proc. Nat. Acad. Sci., 14, 317, 619 (1928); L. H. Germer, J. Chern. Ed., 5, 1041, 1255 (1928); 
C. J. Davisson, J. Opt. Soc . Am., 18, 193 (1929); see also ref. F. K. R., Chapter 15. 

3 Proc. Roy. Soc., [A], 117, 600 (1928); 119, 651 (1928). This work as well as that of 
Davisson and Germer is discussed also by G. P. Thomson, The Wave Mechanics of Free 
Electrons, McGraw-Hill Book Co. (1930). 

« J. Chem. Ed., 5, 1041 (1928). 
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increase in speed, as shown in Fig. 7.2. The abscissae in this plot give the 
velocity, v , in accordance with the equation 

v = V 2 Ve/m. (7.4) 

These results are quite similar to those observed in the selective reflection 
of X-rays. According to Bragg’s theory, the intensity of a reflected beam is 



Fig. 7.2. Relation Between Intensity of Reflected Electron Beam and Bombarding Potential 


a maximum when 

2d cos 6 = n \, (7.5) 

where d = distance between layers of atoms parallel to the surface, 

6 = angle of incidence = angle of reflection, and 
n is an integer. 

That is, the intensity of the reflected beam is a maximum for values of X 
given by the relation, 

X = 2d cos 0 ' (7 ' 6) 


Therefore, a plot of intensity versus 1/X for a given value of 6 should show 
maxima at equal intervals given by 1/(2 d cos 6). If de Broglie’s hypothesis is 
valid, then the value of X obtained by application of this equation should be in 
agreement with equation (7.3) which may be expressed in the form 


-4 



300 

— 

hrne 

V 


12.26 
Vf ‘ 




150.04 


(7.7) 


where V is expressed in volts, X, in Angstrom units, and the values used for h , 
e, and m are those adopted in this chapter. 

In Davisson and Germer’s experiments, it was observed that for relatively 
high velocities of electrons (X = 0.5 A) the agreement between equations (7.6) 
and (7.7) is good, but for lower speeds (smaller values of 1/X) the actual maxima 
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do not fall at exactly equal intervals and the agreement between values of X 
calculated by means of the two equations is only approximate. This dis¬ 
crepancy, it was found, could be accounted for by assuming for the de Broglie 
waves a refractive index greater than unity. 1 

While the results just described were obtained with beams for which the 
angle of incidence with respect to the normal varied from 10° to 50°, a series 
of experiments were carried out in which the electrons were made to strike the 
surface at normal incidence. 

From X-ray measurements it is known that a nickel crystal is of the face- 
centered cubic type, as shown in Fig. 7.3. 2 In preparing the crystal for bom- 



a 


6 



Fig. 7.3. Arrangement of Atoms in Nickel Lattice, in Cut Lattice, and Directions 
of Incident and Scattered Electron Beams 



bardment a cut was made through the cube structure at right angles to one of 
the cube diagonals, as shown in Fig. 7.3 b. The directions of the incident and 
scattered electron beams are indicated in Fig. 7.3c. The procedure used in 
carrying out the observation is described by Davisson as follows: 

“We are to think of electrons raining down normally upon the triangular surface, and of some 
of these emerging from the crystal without loss of energy, and proceeding from it in various 
directions. What is measured is the current density of these full speed scattered electrons 
as a function of direction and of bombarding potential. The way in which the measurements 
are made is illustrated in Fig. 7.4. The electrons proceeding in a given direction from the 
crystal enter the inner box of a double Faraday collector and a galvanometer of high sensitivity 
is used to measure the current to which they give rise. An appropriate retarding potential 
between the parts of the collector excludes from the inner box all but full speed electrons. 

“The collector may be moved over an arc of a circle in the plane of the drawing as indi¬ 
cated, and the crystal may be rotated about an axis which coincides with the axis of the inci¬ 
dent beam of electrons. Thus the collector may be set for measuring the intensity of scattering 
in any direction relative to the crystal—by turning the crystal to the desired azimuth, and mov¬ 
ing the collector to the desired colatitude. The whole solid angle in front of the crystal may be 
thus explored with the exception of the region within twenty degrees of the incident beam. 

“Certain of the azimuths related most simply to the crystal structure we shall refer to 
as 'principal azimuths.’ Thus there are the three azimuths that include the apexes of the 


»L. H. Germer, /. Chem. Ed. } 5, 1255 (1928), 

* C. J. Davisson, Bell Tech . 7, 90-105 (1928). 
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triangle. If we find the intensity of scattering depending on colatitude in a certain way in 
one of these azimuths, we expect, of course, to find it depending upon oolatitude in the same 
way in each of the other two. We shall call these the ‘ A-azimuths.’ On the left in Fig. 7.4 
the crystal has been turned to bring one of the A-azimuths into the plane of rotation of 
the collector. 

"Another triad of principal azimuths consists of the three which include the mid-points 
of the sides of the triangle. These we shall call the ‘ B-azimuths.' The next most important 
family of azimuths comprises those which are parallel to the sides of the triangle; of these 
there are six, the ‘C-azimuths.’ 

"If we turn the crystal to any arbitrarily chosen azimuth, set the bombarding potential 
at any arbitrarily chosen value, and measure the intensity of scattering as a function of co¬ 
latitude, what we find ordinarily is the type of relation represented by the curve on the left 
in Fig. 7.5. 



"This curve is actually one found for scattering in the A-azimuth when tho bombarding 
potential is 36 volts. It is typical, however, of tho curves that are obtained when no diffrac¬ 
tion beam is showing. The intensity of scattering in a given direction is indicated by the 
length of the vector from the point of bombardment to the curve. The intensity is zero in the 
plane of the crystal surface, and increases regularly as the colatitude angle is decreased. This 
type of scattering forms a background upon which the diffraction beams are superposed. 

"The occurrence of a diffraction beam is illustrated in the series of curves to the right 
in Fig. 7.5. When the bombarding potential is increased from 36 to 40 volts, the curve is 
characterized by a slight hump at colatitude 60 degrees. With further increase in bombarding 
potential this hump moves upward, and at the same time develops into a strong spur. The 
spur reaches its maximum development at 54 volts in colatitude 50 degrees, then decreases in 
intensity, and finally vanishes from the curve at about 70 volts in colatitude 40 degrees. 

"We next make an exploration in azimuth through this spur at its maximum; we adjust 
the bombarding potential to 54 volts, set the collector in colatitude 50 degrees, and make 
measurements of the intensity of scattering as the crystal is rotated. The results of this 
exploration are exhibited by the curve at the bottom of Fig. 7.5, in which current to the collec¬ 
tor is plotted against azimuth. We find that the spur is sharp in azimuth as well as in latitude 
and that it is one of a set of three spurs as required by the symmetry of the crystal." 
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Similar observations made in the 5-azimuth showed a maximum intensity of the scattered 
electrons at 44 degrees and 65 volts. 

“Let us try now,” Davisson continues, “to forget that what we are measuring in these 
experiments is a current of discrete electrons arriving one by one at our collector. Let us 
imagine that what we are dealing with is indeed a monochromatic wave radiation, and that 
our Faraday box and galvanometer are instruments suitable for measuring the intensity of 
this radiation. We are to think of the incident electron beam as a beam of monochromatic 
waves, and of the ‘54-volt beam’ in the A --azimuth and the ‘65-volt beam* in the 5-azimuth 
as diffraction beams that owe their intensities, in the usual way, to constructive interference 
among elements of the incident beam scattered by the atoms of the crystal. With this picture 
in mind we try next to calculate wave lengths of this electron radiation from the data of these 
beams and from the geometry and scale of the crystal. 



C A C B c a c Bc^c B c 

AZIMUTH CURVE FOR[e=50», V*54 VOLTS] 


Fig. 7.5. Curves Showing Development of Diffraction Beam in the A-Azirauth 

“To begin with, we shall need to look more closely into our crystal. The atoms in the 
triangular face of the crystal may be regarded as arranged in lines or files at right angles to 
the plane of the A- and 5-azimuths. If a beam of radiation were scattered by this single layer 
of atoms, these lines of atoms would function as the lines of an ordinary lir^e grating. In 
particular, if the beam met the plane of atoms at normal incidence, diffraction beams would 
appear in the A - and 5-azimuths, and the wave lengths and inclinations of these beams would be 
related to one another and to the grating constant d by the well-known formula, nX = d sin $* 
as illustrated at the top of Fig. 7.6." 

* In this relation $ is the glancing angle, and (w/2) — B is the angle of incidence. 
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Applying this simple formula to the 54-volt and 65-volt beams, we find for 
the former the value nX — 2.15 X sin 50° = 1.65 A, and for the latter the 
value n\ = 1.50 A. On the other hand, we find from equation (7.7) for X, the 
values 1.67 A and 1.52 A respectively. 

As Davisson points out: “In the actual experiments the diffracting system 
is not quite so simple. It comprises not a single layer of atoms, but many 
layers; it is equivalent not to a single line grating, but to many line gratings 
piled one above the other, as shown graphically at the bottom of the figure.” 
However, it is not necessary in this connection to discuss this complication at 
greater length.* The essential [joint is that a large number of observations 



ffttttTTT 



Fig. 7.6. Illustrating n\ = d sin 0 Relation in the Three Azimuths 


were made with electron beams up to 370 volts, and in all cases the results were 
found to be in agreement with de Broglie’s relation, within the limits of ex¬ 
perimental error. 

(3) Transmission of Electrons through Thin Films: In the classic experi¬ 
ments of Friedrich, Knipping and Laue a beam of X-rays was transmitted 
through a crystal on to a photographic plate and the resulting pattern of spots 
was interpreted as indisputable evidence for the wave nature of these radia¬ 
tions. If electrons also behave as waves then it should be possible to obtain 
diffraction patterns similar to those observed with X-rays, by transmission oi 
electrons through crystals. Because of the much greater absorption of elec¬ 
trons by crystals, G. P. Thomson and A. Reid used thin metal foils. When 

* So© ref. F. K. R. for further remarks. 









208 


A TREATISE ON PHYSICAL CHEMISTRY 


examined by means of transmitted X-rays the observed diffraction patterns 
consist of concentric rings instead of the spots observed in the Laue patterns. 
This is due to the fact that thin metal foil actually behaves as an aggregate 
of very small crystals oriented in random directions. When cathode rays were 
transmitted through such foils of aluminum and gold to a photographic plate, 
rings were obtained similar to those obtained by the Hull-Debye-Seherrer 
method used for obtaining the crystal structure of materials in powder form. 

From measurements of the diameters of the rings and a knowledge of the 
crystal grating space it is possible to determine the wave length of the incident 
radiation. If L is the distance of the plate from the scattering substance, D 
the diameter of the ring produced by diffraction of that set of planes for which 
d is the distance of separation, then: 


2 n\ D 
~1T ~ ~L' 


(7.8) 


where n is the order of the ring. 

For electrons accelerated by higher voltages, such that the ratio of the 
velocity to that of light is appreciable, the cle Broglie relation assumes the form: 1 


where 



eV 

300 m 0 c 2 


2 X 10~ 6 F 


(7.9) 


and V is expressed in ordinary volts. 

It will be observed that the first term on the right-hand side of equation 
(7.9) is identical with equation (7.7), and the correction terms involving a 
amount to about 2.5 per cent for 50,000 volt electrons and to about 8.5 per cent 
for 200,000 volt electrons. 

Taking into account only the term a/4, equation (7.9) can be written in 
the form 

+ < 7 -“) 


In consequence of equation (7.8) it follows that for a given set up of the 
experiment, I)Vf( 1 + a/4) should be a constant. Table 7.1 gives the results 
obtained by G. P. Thomson 2 for two metal films. 

Table 7.2 8 gives the values of a, the size of the unit cube, calculated for 
several metal foils from electron diffraction measurements, and for comparison 
the values obtained by means of X-ray diffraction observations. 

i Ref. F. K. R., p. 677. 

* Wave Mechanics of Free Electrons, p. 63. 

* Op. cit ., p. 69. 
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TABLE 7.1 


Aluminum 

Gold 

V 

D cm. 

OV T(1 + a/4) 

V 

D cm. 

£>VT(1 -fa/4) 

17,500 

3.1 

415 

24,600 

2.50 

398 

30,500 

2.45 

434 

31,800 

2.15 ! 

390 

31,800 

2.32 

418 

39,400 

2.00 

404 

40,000 

2.12 

430 

45,600 

1.86 

405 

44,000 

2.08 

445 

54,300 

1.63 

388 

48,600 

1.90 

430 

61,200 

1.61 

410 

48,600 

1.98 

446 


Mean 399 

56,500 

1.83 

446 



— 

56,500 

1.80 

438 





Mean 434 





TABLE 7.2 


Size of Unit Cube, a (AngstrOms) 


Metal 

X-ray Method 

Electron Diffraction 

Aluminum 

4.046 

4.06; 4.00 

Gold 

4.06 

4.18; 3.99 

Platinum 

3.91 

3.88; 3.89 

Lead 

4.92 

4.99 

Iron 

2.87 

2.85 

Silver 

4.079 

4.11 

Copper 

3.60 

3.66 


“The agreement is thus entirely satisfactory,” as Thomson points out, “and 
we are driven to suppose that the electrons form diffraction patterns just similar 
to those which would be produced by waves of X = hfmv. All we had to 
assume, in deducing these results, is that each atom acts as a scattering center 
and that the scattered waves are coherent in phase and wave length with the 
incident train.” 

E. Rupp 1 carried out similar measurements with slow electrons of 150-290 
volts energy, using extremely thin metal films, (thickness about 10~ 6 cm.) and 
obtained good agreement with de Broglie’s relation. 

Using very thin films of mica, S. Kikuchi 2 has obtained diffraction patterns 
similar to those observed for single crystals by Friedrich, Knipping and Laue 
with X-rays. The lattice constants calculated from the position of the various 
spots were found to be in excellent agreement with those deduced by use of 
X-ray diffraction patterns. In these experiments Kikuchi worked with electron 
energies up to 78,000 volts. 

i Ann. Physik , 85, 981 (1928); 1, 773 (1929). 

* Jap . J. Phy8. f 5, 83 (1928), also described by G. P. Thomson, op. cit. and ref. F. K. R. 
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(4) Applications of Electron Diffraction Studies: 1 Since Debye had shown 
previously that the positions of atoms in molecules could be determined from 
measurements on the scattering of X-rays by gases and vapors, it followed 
naturally that experiments of a similar nature should be undertaken with 
electron beams. Among the first investigators in this field were H. Mark 
and It. Wierl. 2 Using electrons of 43,000 volt energy, corresponding to a de 
Broglie wave length of 0.0578 A, they determined atomic arrangements and 
interatomic distances in a number of gases and vapors such as C0 2 , Br 2 , CCL, 
SiCl 4 , C 6 H 6 , and C 6 H t 4. 

During the intervening period this method of investigating molecular 
structures has also been applied extensively by a number of workers both in 
this country and abroad. A review of the results obtained has been published 
by L. O. Brockway 3 which demonstrates the great utility of this new tool for 
attacking problems of interest to the chemists. 

In the original papers of Davisson and Germer, there were discussed some 
observations made with* gas films adsorbed on the nickel surfaces. Since then 
L. H. Germer has applied the electron diffraction method to the study of differ¬ 
ent types of surface films, including those obtained from monomolecular layers 
of barium stearate and similar compounds on water (Langmuir films). 4 “The 
low penetrating power of electrons as compared with X-rays makes the former 
particularly adapted to the study of surface characteristics.” 5 

For the investigation of the atomic arrangement in solids, it is necessary 
to use electron beams in the range of 30 to 50 kilovolts and very thin films of 
the order of 10“ 5 to 10~ 4 cm. Some of the first experiments were carried out 
by G. P. Thomson with thin films of celluloid. In the case of metals such as 
gold, platinum and copper films were obtained by chemical etching of beaten 
foil. F. Kirchner 6 has improved this technique by preparing extremely thin 
films of collodion (which absorb the electrons to only a small extent) upon which 
films of metal or even inorganic compounds are deposited by evaporation in 
a vacuum. 7 

(5) Application of de Broglie’s Relation to Accurate Determination of 
Physical Constants: From accurate determinations of X and V, it is evidently 
possible, by means of electron diffraction measurements to deduce precision 
values of the ratio A/Vrae. Again, it follows from the relation h/\ — mv that, 
from exact measurements of X and of the speed of the electrons, it is possible 

1 A comprehensive review of this subject has been published by J. T. Randall, The 
Diffraction of X-rays and Electrons by Amorphous Solids, Liquids, and Gases, John Wiley 
and Sons, New York (1934). 

* H. Mark and R. Wierl, Naturwiss ., 18, 205 (1930); Z. Physik, 60, 741 (1931). R. Wierl, 
Ann. Physik, 8, 521 (1931); 13,453 (1933). 

*Rev. Mod. Phys., 8, 231 (1936). 

* L. H. Germer, J. Chem. Ed., 5, 1255 (1928). 

6 L. O. Rrockway, loc. cit. 

8 Ann. Physik, 11, 741 (1931). 

7 Trans. Faraday Soc., 31, 1043 (1935) contains a report of a symposium on diffraction by 
solids. 
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to derive the value of the ratio hjm. Mention has already been made of the 
fact that, in their experiments, Davisson and Germer as well as G. P. Thomson 
obtained very close quantitative agreement between the observed values of X 
and those calculated on the basis of generally accepted values of A, m, and e. 
In the present section we shall discuss briefly the results of more recent work 
aimed at precision measurements of these three constants. 

One of the important problems in such investigations is the determination 
of the velocity of the electrons. Instead of deriving this from a measurement 
of the accelerating voltage, J. Gnan, 1 has measured the electron velocities in 
terms of a distance and an electrical frequency. The electrons were trans¬ 
mitted through a thin film of bismuth (for which the lattice constants are 
known), and the wave length determined by applying the Bragg relation, 

2d sin 6 = nX. 

The average value obtained was A/m 0 = 7.252 e.g.s. units, 2 as compared with 
the value 7.273 recommended by Birge. 

However, the value of d deduced by X-ray methods depends upon the value 
of e in equations (3.4) and (3.5) which may be expressed in the form 

M _Fc 

2 d*<pp e 

Hence, 

h/mo e 1/3 , 

and consequently a change in the assumed value of e from 4.774 to 4.803 leads 
to an increase of approximately 0.2 per cent in the value of A/mo, which would 
bring the value 7.252 up to 7.207. 

The method used by 8. von Friesen is described by him as follows: 3 “The 
wave length was measured for electrons of known velocity. The voltage 
accelerating the electrons was obtained from a high-voltage source by utilizing 
the Greinacher principle. A separate electron-valve device stabilized the 
voltage which remained constant within a few hundredths of a per cent. The 
voltage was measured against a standard cell by means of a wire-wound 
potentiometer. The wave lengths were obtained from spectra produced by 
diffraction with etched galena crystals. A beam of electrons defined by two 
narrow slits fell on the crystal, at grazing incidence, and penetrated small 
lumps of galena projecting from the surface. The lumps had retained their 
original orientation to the large crystal and acted as a transmission grating. 
They gave rise to vary sharp spectral lines which could be photographed and 
measured with high accuracy/' 

1 Ann. Physik , 20, 361 (1934). 

2 Based on the value of d obtained by Jette and Foot, Phys. Rev., 39 1018 (1932); also, 
ibid., 58, 81 (1940). 

* Proc. Roy, Soc ., [A], 160, 424 (1937). The original work was published in an M Inaugural 
Dissertation/’ Upsala (1936). 
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What was actually measured in these experiments was the value of A/Vwioe, 
or ( h/e)(e/mo ) l/2 . A recalculation of von Friesen’s data yields, according to 
F. G. Dunnington, 1 a value for this constant of (1.00084 ± 0.00058) X 10~ 8 
e.s.u. Assuming the value (e/m 0 )c — 5.273 X 10 17 , this corresponds to the 
value hie — 1.378 X 10~ 17 erg sec. e.s. unit' 1 . 

(6) Summary of Methods for the Evaluation of the Constants A, m, and e: 
In the previous sections a number of methods have been described for the evalu¬ 
ation of the constant h. These methods also involve determinations of one 
or both of the constants e and m, as well as other constants such as F, the 
Faraday constant, c, the velocity of light, k \, the ratio between the grating 
unit of X-ray wave length and the Siegbahn unit,* and R, the gas constant. 

As mentioned already the results obtained have been subjected to detailed 
critical analysis by F. G. Dunnington, 2 H. T. Wensel, 3 J. W. M. DuMond, 4 
and F. Kirchner. 5 More recently C. G. Darwin 6 and DuMond 7 have also 
published critical discussions of the same topic. 

Table 7.3 which is based on similar tables by Dunnington and Darwin and 
represents a condensation of a much more elaborate table by DuMond, 0 gives 


TABLE 7.3 


No. 

Experiment 

Constant 

Dunnington 

Birge 

Other Constants 

1. 

Ruled grating 

10 I0 e 

4.8025 

4.8022 

Fqck\ 3 

2. 

Oil drop 

10 10 e 

4.8036 


c.r~ l 

3. 

Limit of continuous X-rays 

lO^h/e 

1.3763 

1.3793 

rc~ 2 k\ 

4. 

Ionization and excitation 

I0 l ~ hfe 

1.3745 


rc ~ 2 

5. 

Radiation (cj) 

10 ‘We 

1.3730 


Rcr*F~iq~' 

6. 

Stefan 

lO-'Oe/h* 1 * 

2.0778 

2.0683 

F qc 3l2 R~ l 

7. 

Electron diffraction 

10, (;)kr 

1.00084 

1.0016 

/< 

7 

1L 

8. 

Electron diffraction 

h/wo 

7.274 

7.273 

1 kx 

9. 

Compton effect 

hfmo 

7.264 


k\c 

10. 

Specific charge 

10~ 7 e/wo 

1.7591 

1.7591 

Various 

11. 

X-ray photoelectrons 


3.8220 

3.8232 

c 2 p 2 k\~ l r ~ 2 

12. 

Rydberg number 

10~ 14 e 4 mo//t 3 

1.666564 

1.66656 

c 

; 


p — Ratio of int. ohm to abs. ohm, 
q ** “ “ ampere to abs. ampere, 

r — “ “ “ volt to abs. volt. 


1 Rev. Mod. Phys., 11, 65 (1939). 

* See discussion at the end of Section 3(1), p. 162. 

*Rev. Mod. Phys ., 11, 65 (1939). 

*J. Res. Nat. Bur. Stand., 22, 375 (1939). 

4 Phys. Rev., 56, 153 (1939). 

* Ergebn. exakt. Naturwiss., 18, 26 (1939). 

*Proe. Phys. Soc. (London), 52, 202 (1940). 

7 Phys. Rev., 58, 457 (1940). This paper contains a very comprehensive survey of values 

obtained in the different investigations. 
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a summary of the different types of experiments and the results obtained.. 
The fourth column gives the most probable value according to Dunnington and 
the next column gives for comparison the value suggested by Birge. The last 
column gives the other constants involved in these determinations, which have 
been defined above, while the significance of the other three constants, p , q y 
and r, is given at the bottom of the table. 

The most noteworthy feature about the results shown in this table is the 
fact that the direct methods for the determination of h/e lead to values which 
are consistently lower than that based on e, e/m 0 , and R x , which has been 
advocated by Birge.* The existence of this discrepancy has been emphasized 
by Dunnington, Darwin and DuMond, and its occurrence may be of funda¬ 
mental significance, but it presents a problem which can be solved only by 
further careful experimental work. 


8. Corpuscles and Waves f 


(1) Dualistic Interpretation of Refraction: In the previous sections observa¬ 
tions have been described which indicate that both electrons and radiations 
exhibit properties associated on the one hand, with corpuscular motion and on 
the other, with wave motion. How may these observations be interpreted? 
The dilemma reminds us of the alternative methods proposed by Newton and 
Huyghens for the mechanism of the propagation of light. 

Let us consider the refraction of light at a surface separating two media, 
1 and 2. If 0i denotes the angle between the direction of the incident beam of 
light and the normal to the surface, and 0 2 denotes the corresponding angle for 
the refracted ray, then, on the basis of the undulatory theory, 


Mi sin 6 \ 
m 2 sin 


( 8 . 1 ) 


where Mi and m 2 designate the velocity of the wave front in each of the two media 
and ni 2 is a constant, known as the refractive index. 

From the point of view of corpuscular motion, the refraction is due to a 
change in the component of momentum normal to the surface of separation. 
Let p i n and p\ l denote the normal ancj tangential components, respectively, 
of the momentum in medium 1 (see Fig, 8.1), and p 2 n and pt the corresponding 
components in medium 2. In the process of refraction only the normal com¬ 
ponent changes. Hence: 

Pi * = Pi % 

* A new determination of the value of by J. W. Drinkwater, O. W. Richardson, and 
W. E. Williams, Proc. Roy. Soc., [A], 174, 164 (1940) leads to the result R m « 109,737.26 
=b 0.020 cm -1 , which is in excellent agreement with that deduced by Birge. 

f For a more comprehensive discussion the reader should consult the article by K. K. 
Harrow, “Elementary Notions of Quantum Mechanics,” Rev. Mod. Phys ., 6, 23 (1934); also 
J. C. Slater and N. H. Frank, Introduction to Theoretical Physics, McGraw-Hill Book 
Company (1933). A very interesting popular discussion of this subject is given by M. Born, 
The Restless Universe, Chap. 3, Harper and Brothers, New York (1936). 
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or 

pi sin 02 

— _ __— a- constant. 
p 2 sin 0i 

Combining (8.1) and (8.2) it follows that 


(8.2) 


Pi _ U'l 
P 2 Ui 


(8.3) 


If V\ and V '2 designate the corpuscular velocity in each medium, it follows from 

the last equation that 



mv i // 2 
mv o u i 


(8.4) 


That is y the wave (or phase) velocity varies inversely 
as the particle speed. 

Setting u * v\ and noting, as experiments 
on interference of light show, that the frequency 
remains constant in passing from one medium into 
another, it follows from equation (8.4) that 

Pi _ Xa 
P2 Xi 


Fig. 8.1. Illustrating Inter- or 

pretation of Refraction on X p = cons tant. 

Basis of Corpuscular Theory. 

This, it will be observed, is the relation sug¬ 
gested by de Broglie with the additional postulate that Xp = h. 

The connection between the wave and particle concepts is made even more 
evident if we compare the Principle of Least Action in dynamics with Fermat’s 
principle in optics. The latter may be stated thus: The actual path taken by a 
light ray to pass from any one pointy A, to any other given pointy B } is that for 
which the time of transit is a minimum. That is, if u denote the velocity of the 
wave motion (phase-velocity), 


P B ds 

I — — minimum. 

Ja u 


( 8 . 0 ) 


Let us now compare this equation with that which follows from the prin¬ 
ciple of least action. This principle states that for a system of constant energy 
Ey passing from an initial point A to a final point B y the path followed in ac¬ 
cordance with the laws of mechanics will be one for which the integral 

r* 

A — I p'<fo = minimum, (8.7a) 

Ja 

where p denotes the momentum, and ds is an element of length along the path. 
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The integral is known as the “Action,’’ and is evidently of the same dimen¬ 
sion as h, Planck’s constant. Hence h may be regarded as the quantum of action . 

Denoting the kinetic energy by T and the potential energy by V* it follows 
that for a particle in motion, 


\mv 2 = T = E - V 

and 

p = rnv — V 2 m{E — V). 

Hence equation ( 8 . 7a ) is also often written in the form 
/w _ 

A = j V 2 m(E — V)ds = minimum. (8.7 b) 

If a corpuscle in motion behaves under one aspect as a mechanical system, 
and under the other as a wave motion, its path must be one which satisfied 
both relations (8.6) and (8.7a). How can this be interpreted? 

According to the theory of relativity, the energy, E , of any particle of mass, 
m } is given by 

m 0 c 2 

E = = moc2 + Xi7n ° v 2 ( g - 8 ) 

to a first approximation, where rn () is the “rest mass.” 

The momentum, p, is given, according to the theory of relativity, by the 
relation 

m Q v 

v = = moV + 2 mo 


Hence, according to (8.7a) 

r , r m ° c2 * j 

I p-ds — f 1 -— — • - ds = mini 

A A >1 — V 2 lc 2 c 2 


minimum 


= f E~ds = E f - 
Ja c 2 Ja c 2 


ds 


— minimum. 


( 8 . 10 ) 


Comparing equation (8.10) with (8.6) it follows that 

u - c*lv. (8.11) 

Also, from equations (8.8) and (8.9) it follows that 

E/p — c 2 lv — u , (8.12) 

* The use here of the symbol V for the potential energy should not be confused with its 
use to represent the electrical potential in volts. 
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while 

dE/dp = v. (8.13) 

Now to the phase velocity w, associated with the particle speed of magnitude 
v f we can assign a frequency v, and wave length X. To obtain the former, de 
Broglie postulated the quantum relation 

v = E/h, 

where E is given by the relativity equation (8.8). 

(8.12) it follows that 

X = v /y = E/(pp) 

= Np, 

which is de Broglie’s relation. 

Furthermore it follows that 

_ dE _ d{hv) __ di 
V dp d{hj\) do 

where a — 1/X = wave number. 

This last relation expresses the particle speed in terms of the rate of change 
with wave number of the frequency of the associated wave motion, and is one 
which is of considerable importance in the study of wave motion, as shown in 
the following remarks. 

(2) Group and Phase Velocity: The equation for the amplitude, y, of an 
infinite wave train propagated in a single direction (along the positive direction 
of the a>axis) is given by 

y — A cos 2x(W — ax), (8.16) 

where 

A — maximum amplitude. 

Let us consider the result of superposing, on this wave-train, another, of 
the same amplitude, but slightly different wave number, a + Act, and slightly 
different frequency, v + Av. The amplitude of the resultant wave motion is 
given by 

y = A cos 2 tt(W — ax) + A cos 27r[(y + A v)t — (a + A<r)x], 

— 2^4 cos 2 -t r{vt — ax) -cos T{Av-t Aa-x) (8.17) 

for infinitesimally small values of Av and A a. 

The form of this equation shows that it represents a train of waves whose 
amplitude varies gradually between the limits zero and 2^4, forming a series of 
regions of maximum amplitude, separated by regions in which the amplitude 
decreases to zero. The crest of maximum intensity travels with a velocity 
which is quite different from that of the phase in each wave train. The latter 
is given by 


In consequence of equation 

(8.14) 

(8.15) 


u *= vja *= phase velocity. 


( 8 . 18 ) 
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From equation (8.17) it follows that y is a maximum for 

A vt = A a-x. 

t 

Hence, the velocity, v , of the crest is given by the relation 

x Av dv 
t A a da 


(8.19) 


in the limit. This defines the group velocity , and comparing the last equation 
with equation (8.15) it is seen that in terms of waves, the corpuscular speed 
corresponds to the group velocity. 

That the phase velocity of de Broglie waves exceeds, according to equation 
(8.11), the velocity of light indicates at once that this velocity has no physical 
reality—in the sense that it may be measured experimentally. For the velocity 
at which energy is actually transferred is that given by v } the speed of the crest 
or “wave packet” formed by superpositions of a large number of monochromatic 
waves of different frequencies. 

Thus we find it possible to reconcile the observations on the corpuscular 
nature of both photons and electrons with the observations on the wave nature 
of the same entities on the basis of the relationship between the velocity of a 
wave packet and the phase velocity of the constituent harmonic waves. 

(8) Principle of Indeterminism: The association of wave and corpuscular 
concepts has, however, some very important consequences. In ordinary 
dynamics a particle of mass m, moving with velocity v , possesses a kinetic 
energy, T = \mv 2 = E — V and momentum p = rnv. The force acting on the 
particle is defined by the rate of change of momentum, and a complete solu¬ 
tion of the problem is obtained when we are able to derive the position of a 
particle at any point in space and at any instant of time from a knowledge of 
the initial conditions and the forces acting on it. 

On the undulatory point of view, the actual orbit of the particle is replaced 
by a group of waves ranging in frequency from v to v + Av y for which the 
group velocity, v , is the same as that of the corpuscle, while the phase velocity, 
u, is given by the equation 


hv E E 

u = v\ ~ — = — = " 7 =.-.. ■ ■===: . 

V rnv V2 m{E - V) 


( 8 . 20 ) 


Consequently the wave length, X = h/(mv) varies from point to point in space 
as the field of force varies and the wave is said to be “refracted” in the field 
of force. Now the energy of the particle must be located in the same region of 
space as the crest of the group, since, for a monochromatic or plane wave-train 
extending from — qo to + 00 , it is impossible to locate the energy at any definite 
point in space between these limits. The exactness with which it is possible 
to define the position of the particles is therefore limited by the extension in 
space of the crest of the group of waves. The greater the range of frequencies 
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which we use in order to form the group, the narrower the extension in space, 
and therefore the more sharply defined the position of the particle. But this 
means that in order to define the position accurately we must give up all idea 
of determining simultaneously, with a similar degree of accuracy, the velocity . 
For the velocity is connected with the wave length by de Broglie's relation, and 
since we have had to combine a range of frequencies, we can no longer consider 
that we know the velocity with any degree of exactness. The relation is 
evidently of a reciprocal nature. The more sharply we attempt to define the 
position of the corpuscle at any instant, the greater the range of wave lengths 
that must be combined to form the group, and consequently the less exactly 
we can determine the velocity. 

We have thus arrived at the conclusion that on the basis of wave concepts 
it is impossible to determine, simultaneously, the momentum and position of a 
corpuscle with the same degree of exactitude, and that there must exist a 
definite limitation upon the accuracy of determination of such pairs of variables. 

From this point of view, it follows that when we speak of an energy level 
in a hydrogen atom and define the corresponding wave-motion by the frequency 
v — Ejh , we can no longer regard the electron as located at any instant of time 
at some given point in the orbit. Since we are dealing with a monochromatic 
wave, the electron has no preferred location on the orbit , and therefore it has the 
same probability of being found at any instant at any point in the orbit. 

This conclusion may be formulated more precisely as the Principle of Inde¬ 
terminism. This principle, which was first enunciated by W. Heisenberg, 
constitutes the logical basis for the new method of dealing with problems of 
atom and electron behavior known as quantum or wave mechanics. 

Let us consider two superposed waves of wave lengths X and X -f- AX 
respectively. The distance between two successive minima (or width of 
packet), Ax, for the resultant wave, is given by the relation 

\ _AX 

Ax X 

That is, 

Ax - X 2 /AX. 


In consequence of de Broglie's relation, 


Hence, 


A p * A(A/X) « / 1 AX/X 2 . 
AxAp = h. 


(8.21a) 


The significance of this result has been stated by J. II. Van Vleck 1 in the 
following remarks: 

“ When dealing with amounts of action comparable with Planck's h, one cannot assign accurate 
numerical values simultaneously to a coordinate and its corresponding momentum. Thus, within 


i Chem. Rev., 5, 467 (1928). 
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the atom, it is meaningless to talk of a simultaneous position and velocity of the electron. It 
is, of course, possible to attach a meaning to a simultaneous position and velocity of a large 
body, such as an automobile or even a dust particle, because in such cases we have an enormous 
number of quanta. Within the atom this is no longer the case. Experiments may be devised 
which will determine either x or p accurately, but not both x and p simultaneously. Instead if 
Ax be the error in specifying the position x, and A p that in specifying the momentum p, 
then the product AxAp of the two errors is always of the order of magnitude of Planck’s 
constant, so that 

AxAp ~ h. 

This is the so-called Heisenberg indeterminism principle , and, like the second law of thermo¬ 
dynamics, is very useful in predicting what experiments are possible, and what are inherently 
impossible. Thus high precision imposition implies low precision in velocity, and vice versa, 
for the error Av is of the order hjrnAx and therefore increases as we decrease Ax. We may 
illustrate this in a crude arithmetical way by considering the motion of an electron. If we 
specify that this electron is exactly at a given position, say the origin, at a given instant 
t = 0, then the error Aj* is zero, and consequently the error Av is infinite; this means that the 
velocity is inherently undetermined and so can range anywhere from — oo to -f- <» ; so that 
at any subsequent instant of time, say one second, there is an overwhelming chance that the 
electron be an infinite distance away. Suppose, however, that instead of aiming to specify 
accurately the position of the electron at t = 0, we merely say that then it is somewhere 
between x = — \ and x — ■+■ then Ax — 1, and Av is of the order hjm ; now h = 0.55 
X 10~ 27 , while for an electron m = 0.9 X lO** 27 hence the error Av in velocity is 6.55/0.9, 
or about 7 cm./sec. One could then not give accurately a numerical velocity, say 300 cm./sec., 
but one could say that the velocity lay somewhere between about 290^ and 303£ cm./sec., so 
that after 1 second the electron would be between about x — 290 and x — 304. (This is 
only a very crude calculation; a more accurate study leads to a Gaussian error curve.) 

“Another, and better illustration of the Heisenberg indeterminism principle is furnished 
by an attempt to measure simultaneously both the position and frequency of a packet or w r ave 
train of light energy. A prism will record a train of waves as being strictly monochromatic 
only if the train is infinitely long; the termination of the optical disturbance after a finite 
time interval will cause an interruption in periodicity and make the light in the prism appear 
diffuse. If the train contains n waves, it can be shown that the diffuseness in its spectrum 
will be of the order I jn, or in other w r ords the fractional error Avjv in determining the frequency 
is comparable with l/n. If, following the light quant theory, we assign a packet or “quant” 
of light a momentum p — hvjc , then A p is of the order hv/cn. On the other hand the length 
of the wave train is wX, where X is the wave length and consequently the position of the light 
is indefinite to an extent Ax = n\. As v — c/X, the product AxAp of the two errors is of 
the order of Planck’s h. 

“Because of the ambiguity resulting from the Heisenberg indeterminism principle, the 
future of a dynamical system can never be predicted with certainty. Instead only the 
probability that an electron be in a given configuration can be determined, and the future is 
only statistically determined. This is in sharp contrast to the ‘causality principle’ of class¬ 
ical dynamics, whereby the subsequent history of a dynamical system is determined if we 
know its initial coordinates and velocities. The uncertainty as to subsequent motion in 
quantum mechanics is, however, perhaps not due so much to failure of the ordinary cause 
and effect relation as to the inevitably indeterminate character of the initial conditions, as by 
the Heisenberg indeterminism principle one cannot give both the initial position and velocity 
accurately. Thus quantum mechanics is essentially a means of calculating the probabilities of 
events . In a laboratory experiment one performs certain operations and observes certain 
consequences. The goal of a theory must ever be to explain 'what goes out’ in terms of 
‘what is put in.’ At first thought it may appear as if the purely statistical correlation be¬ 
tween cause and effect demanded by quantum mechanics is contradictory to the precision 
with which experiments can be performed. Experiments with large scale quantities, however, 
involve so many quanta that the Heisenberg indeterminism is obscured, and so there is only 
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pparently a ‘sharp’ correlation. On the other hand, our ordinary atomic or molecular 
experiments are in most cases fundamentally statistical in character, as what is measured is 
not particular values of the dynamical variables, but rather average values of certain functions 
of these variables, or else distributions telling how they are scattered over a wide range of 
values. Such statistical quantities have a meaning in and can be calculated with quantum 
mechanics, and so there is no contradiction of Heisenl>erg’s principle.” 


Amplifying the remarks in the last paragraph let us consider the nature of 
the information which may be obtained from passing a homogeneous beam of 
electrons through a slit of width d. The position of any one of the electrons 
passing through the slit is determined with the accuracy 

Ax — d. 

But if d is comparable in magnitude with the de Broglie wave length X, the 
electrons will be deflected at the edges (diffraction phenomenon). Conse¬ 
quently the emergent beam has a finite angle of divergence 6 , which according 
to the laws of optics, is determined by the relation 


sin S = 


X 

Ax 


and the uncertainty in momentum of the electrons in a direction parallel to 

the length Ax after passing the slit is given by 



That is, 


h h 

Ap = sin 6 - - 


ApAx — h. 


X^ 

Ax 


As another illustration let us consider the 
following experiment for determining the in¬ 
stantaneous position of an electron in motion. 
In order to see the electron it must be illumi¬ 
nated, and from the theory of optical instru¬ 
ments it is known that for an ideal lens the 
uncertainty Ax in the determination of x (see 
Fig. 8.2) is 

sin d ’ 


Ax = 


Fia. 8.2. Illustrating the Princi¬ 
ple of Indeterminism 

where X is the wave length of light used and 2d 
is the aperture of the lens. In order to minimize the value of Ax, X should be 
chosen as small as possible, and 6 as large as possible. Theoretically, gamma 
rays could be used. To make an observation, at least one photon must be 
scattered by the electron and pass through the lens to the detector. But, in 
consequence of the Compton effect, the electron receives a recoil, and the ex- 
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act amount of this recoil cannot be determined since the lens receives in the 
same focus all the rays originating in the angle 26. Hence the uncertainty in 
the magnitude of the momentum of the electron in the ^-direction is given by 

. h 

Ap ? ~ sin 6. 

A 

The inequality sign indicates that the magnitude of the uncertainty will never 
be less than h sin 0/X, but may be greater, owing to physical imperfections in 
the experimental arrangement. Consequently, 

AxAp ^ h. (8.21 b) 

To decrease the magnitude of A p, we might use radiation of very long wave 
length (e.g., infra-red). In fact, we might measure the velocity (and hence p) 
by means of the Doppler effect; but obviously this would increase the value 
of Ax , and the result regarding the value of ApAx would never be less than that 
given by equation (8.21). 

A similar relation is valid for the simultaneous determination of energy and 
time in the form 

AEAt ^ h. (8.22) 

Thus, given an absolutely monochromatic wave (for which therefore 
A E = 0), then, as pointed out in the quotation from Van Vleck, the wave-train 
must be infinitely long, and therefore the uncertainty in t is infinitely great. 
The representation of a particle, moving with momentum mv, by a wave-packet, 
necessarily leads to an indetermination in the position of the particle if mv is 
known very accurately. “For the use of wave-groups,” as Bohr fias stated,* 
“is necessarily accompanied by a lack of sharpness in the definition of period 
and wave-length, and hence also in the definition of the corresponding energy 
( E ) and momentum (p) as given by the relation 

E/v = p\ — h. 

“Rigorously speaking, a limited wave-field can be obtained only by a 
superposition of a manifold of elementary waves corresponding to all values 
of v. But the order of magnitude of the mean difference between these values 
for two elementary waves in the group is given in the most favorable case by 
the condition 

AtAv = Ax Aa = 1 ” 

From this, equation (8.22) follows directly. 

From this point of view the model of the hydrogen atom introduced by Bohr 
cannot be regarded as anything more than a very crude approximation. Ac¬ 
cording to this theory, which is discussed in the following section, the hydrogen 

* N. Bohr, Nature, 121, 850 (1928). 
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atom is represented as constituted of an electron revolving in a periodic orbit 
(circular or elliptical) about the proton under the interaction of a coulomb force 
of attraction, and a centripetal force. The dimensions of the orbit and fre¬ 
quency of revolution are calculated by application of Newtonian mechanics as 
modified by certain quantum conditions postulated to yield the observed 
spectral lines. 

But is it possible to observe the orbit of an electron in a hydrogen atom? 
The answer must be in the negative, because, as pointed out in the previous 
paragraphs, whatever experiment we devise to make such an observation will “spoil” 
the system. As Bohr has remarked in the address mentioned above: 

<4 Our usual description of physical phenomena is based entirely on the idea that the 
phenomena concerned may be observed, without disturbing them appreciably. . . . Now 
the quantum postulate implies that any observation of atomic phenomena will involve an 
interaction with the agency of observation not to be neglected. . . . Just as the relativity 
theory has taught us that the convenience of distinguishing sharply between space and time 
rests solely on the smallness of the velocities ordinarily met with compared to the velocity of 
light, we learn from the quantum theory that the appropriateness of our usual causal space- 
time description depends entirely upon the small value of the quantum of action as compared 
to the actions involved in ordinary sense perceptions.” 

As a consequence the new atom-mechanics enables us, as stated in the 
quotation from Van Vleck, to calculate only probability distribution functions, 
for both the position and velocity of any corpuscle. Instead of calculating the 
orbit of an electron in an atomic system we deduce by the mathematical tech¬ 
nique of the new theory a function which expresses the probability of occurrence 
of the electron per unit volume at any given point in the space located about 
the nucleus. Similarly it is possible to calculate a probability distribution 
function for the momentum of the electron. 

This lack of precision in determination of definite “orbits'’ is of course a 
consequence of the fact that the Action ( J'pds taken over the complete orbit) 
is of the order of magnitude of h. As however, this integral increases to values 
which are very large compared to Planck's constant, the spread of the prob¬ 
ability distribution functions becomes narrower until when we come to deal 
with macroscopic systems, these distribution functions assume the definite 
values which are deduced by the methods of ordinary dynamics. That is, 
for large-scale phenomena , quantum mechanics leads to the same conclusions as 
classical mechanics , because the degree of inexactness deduced by the former 
becomes inappreciable in comparison with the experimental limitations. 

(4) The Schroedinger Equation: In this section we shall describe briefly 
the method devised by E, Schroedinger for calculating the probability distribu¬ 
tion functions, which, as stated already, replace in the new theory the more con¬ 
crete models of electronic orbits postulated in the Bohr theory. 

As stated previously a typical equation for a harmonic wave has the form 

t y ~ A cos 2w(vt — cx) (8.16) 

which represents the amplitude, y, as a function of x and t. This evidently 
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corresponds to a wave propagated in the positive direction of the ^-coordinate, 
since an increase in x is equivalent to an increase in t. By changing the origin 
to a distance x = |X, this equation becomes 


The equations 
and 


y = A sin 2n(vt — ax), 
y — A sin 2ir(vt -f- ax) 
y — A cos 27 r(vt + ax). 


correspond to waves propagated in the negative direction of x, that is, from 
right to left. 

By differentiating any one of these four equations twice with respect to t 
alone, and also twice with respect to x alone, we obtain the partial differential 
equations for wave motion: 



d-y 

_ = _ , 

(8.22) 

and 

d‘ 2 y 

w = ~ Wy - 

(8.23) 

Hence 

d 2 y a 2 d 2 // 1 dy 2 

(8.24) 


dx 2 v 2 dt 2 u 2 dt 2 ' 

where 

A 

II 

b 

ii 



This last equation represents the vibration of a stretched string and is 
usually derived directly by considering the forces acting on an element of 
length of the string.* 

The general solution of equation (8.24) has the form 

y = (8.25) 


where f(x) is a function of x alone, and g(t) of t alone, and the two functions 
satisfy the respective ordinary differential equations 

d?f(x) 

+ «*/(*) * 0 < 8 - 26 ) 

and 


d 2 g(t) 
dt 2 


+ s 2 u 2 g(t) = 0 


(8.27) 


in which s 2 is an arbitrary constant (the square being used to indicate that it 
is always positive). 

These equations are evidently analogous to equations (8.22) and (8.23) 
respectively. While a solution of each of these equations can be written in 

* This derivation is given in books on acoustics. See also S. Dushman, Elements of 
Quantum Mechanics, p. 31 1 John Wiley and Sons, New York (1938). (Ref. S. D.) The 
mathematical discussion given in the following section is taken from pp. 34-41. 
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the form of a combination of sine and cosine functions, it is much more con¬ 
venient to use the relations between these and the exponential functions, 

e isx e -i*x = 2 cos sx, (8.28) 

e ux _ ^ 2 { s in sx, (8.29) 

where 

i = V- 1. 

In terms of these exponentials the solutions of equations (8.26) and (8.27) 
are as follows: 

f(x) = Ae i8X + Be" 1 **, (8.30) 

g(t) = Ce iaut + De~ iaut , (8.31) 

where A, B, C and D are four arbitrary constants, the values of which are de¬ 
termined in any particular case by the “initial” and “boundary” conditions. 

Since the application of these solutions to the case of a stretched string 
fastened at both ends illustrates certain fundamental properties of the Schroed- 
inger equation we shall consider this case at further length. 

For x = 0 and x = L (where L — length of string), f(x) = 0. (These are 
known as the “boundary” conditions.) Hence it follows from equation 
(8.30) that 

A = - B. 

Also 

f{x) = 0 = A(c iaL — e~ i8L ) 

— 2At sin sL. 

Hence sin sL — 0, which indicates that 

sL = mr; s — mr[L, (8.32) 

where n — 1, 2, 3, etc. 

Thus, the particular solution of equation (8.30) is 
f(x) = 2 Ai sin (thtx/L). 

Since f(x) must be real in the case of a vibrating string, A must be a pure 
imaginary, and therefore Ai = A 0 , a real quantity. Hence, the last equation 
should be written 

f(x) = 2A 0 sin ( nirx/L ). (8.33) 

More generally, if A is a complex quantity, that is, of the form ai + b, then 
f(x) will designate a complex quantity of which the complex conjugate is 
denoted by f(x). In this case f(x)f{x) is a real quantity, the value of which is 
given by the relation 

f(x)f(x) = 41 A | 2 sin 2 ( nwx/L ), 
where the vertical lines indicate a product of the form 

(a + hi) (a — bi) = a 2 + b 2 , 


that is, a real quantity. 
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Since f(x) denotes the amplitude of the wave at any instant as a function 
of x , f{x)J(x) = \f(x) | 2 corresponds to the intensity. Thus, whether/(x) is 
complex or real, the intensity is always a real magnitude . 

In the case of equation (8.31), we assume g(t) = 0 for t = 0. Consequently 
C = — Z), and the solution assumes the form 


g(t) = sin std 

= 2 C 0 sin ( mrut/L ). 


(8.34) 


Since the string is fastened at both ends, these two points (x = 0, and 


x — L) must constitute nodes. Hence L 


n\ n 


where X„ is the wave length 


associated with any given value of n. For n = 1, X = 2 L and this corre¬ 
sponds to the fundamental frequency, v = u/\ — u/(2L). The frequency 
v n ~ u/\ n — nu/(2L) = m/ corresponds to the nth normal mode of vibration 
of the string. In terms of frequency and wave length, equations (8.33) and 
(8.34) assume the forms: 


fn(x) = 2-4 0 sin 2Trxa n , 


(8.35) 


g n (t) = 2C 0 sin 27^, (8.30) 

where a n — 1/X n , and the subscript n designates the corresponding harmonic. 

Since the sum of any finite number of particular solutions of a differential 
equation is also a solution, we can obtain a more general solution in the form 


/(*) «/l(*) +/*(«) + •** +fn(x) 

— 2 A n sin 2irnax 

n-1 

and similarly for gif). 

It will be observed that the differential equations (8.26) and (8.27) have 
physically significant solutions only for those discrete values of s which are defined 
by equation (8.32). These are known as characteristic values or eigenvalues , 
and the corresponding values of the functions f n {x) and g n f) } as defined in equa¬ 
tions (8.35) and (8.36) are known as characteristic functions or eigenfunctions . 

Equation (8.24) represents the partial differential equation for a wave mo¬ 
tion in one dimension. In the case of a stretched membrane in vibration it 
can be shown that the partial differential equation for the vibrations is given by 

dhp av 1_ 

dx 2 dy 2 u 2 dt 2 

For sound’waves in three dimensions, the fluctuation in pressure at any 
point is given by the equation, 
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which is usually written in the form 


where 


VY 


I 

u 2 * dt 2 


= 0, 


a 2 a 2 a 2 

^ + d? 


(8.37) 


is known as the Laplacian operator. 

So far we have dealt with the partial differential equation for a wave 
motion in which u , the phase velocity, is constant . However, as deduced above, 
the phase velocity for de Broglie waves is given by the relation* 


E __ 

V2 m(E - F) 

and the wave length, by 


h h 



( 8 . 20 ) 

(8.38) 


In these equations, E, the total energy, is a constant, while V, the potential 
energy, is a function of the coordinates. Consequently both the phase velocity 
and wave length of the de Broglie waves will vary from point to point in the 
field of force in which the particle is moving. 

Now let us consider first, equation (8.24). As mentioned above, a solution 
of this is obtained by taking the product of a function of x alone, which we 
shall designate by <f>(x), and of another which involves only t. The latter is 
represented in quantum mechanics (for certain valid reasons) by er 2Tivt . Con¬ 
sequently the partial differential equation reduces to the ordinary differential 
equation 

d?<t) 4w 2 v 2 

x; + XT * = 0, 


that is, 


d 2 <f) 4 tt 2 

x^ = °- 


(8.39) 


Substituting for X from equation (8.38), we obtain the relation 


d?4> 8w 2 m 

+ ^ ~ 


V)4> 


0. 


(8.40) 


This is the famous Schroedinger differential equation for the one-dimensional 
case. In the case of three dimensions, the expression for the Schroedinger 
equation is of the form 

8ir 2 m 

VY + (£ - V)<t> - 0, (8.41) 


* See footnote, p. 215. 
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where the Laplacian operator is expressed in terms of rectangular coordinates 
by equation (8.37). If, however, spherical coordinates are used, or some other 
type of coordinate system, the expression for the operator becomes much more 
complicated. 

Since, in general, V is a function of the coordinates, equation (8.40) or (8.41) 
has a solution of the form <j)(x , y ) z ). What is of interest is the significance of 
this function in relation to problems of atomic structure or electronic behavior. 
In the case of a vibrating string fastened at both ends, the solution is of 
the form 

y - A (e isx ± e~ ia *) 9 

where s — mr/L, y represents the amplitude of vibration, and y 2 , the intensity. 
IIow may we apply this interpretation to the case of the solution, <p, of the 
Schroedinger equation ? 

To answer this question let us consider the relatively simple problem of an 
electron confined to move between two potential barriers, which is illustrated 
in Fig. 8.3. The potential energy has the value V — 0 for the region extending 
from x = — a to x — + a, and has the value Vo , outside this region. 

Hence, the Schroedinger equation has the form 


d 2 <t> i 87 r 2 m 

— 4- .— E<b 1 

dx 2 T A* Vl 


= 0 


(8.42) 


for the region x = — a to x = ~h a, and the form 
d 2 d> 2 87 r 2 m 

& + "iT (E - * 0 


(8.43) 


for the regions designated II and III in the diagram. The subscripts for <f> are 
used to indicate that the solution of the Schroedinger equation will not 
necessarily be of the same form in the two cases. 

Let us furthermore consider the solutions for which I r 0 > 1E. Since E is 
positive (the electron has this kinetic energy in region I), E — Vq is negative. 

Let 


a 2 = 8w 2 mE/h 2 

(8.44) 

and 


/? 2 = 87 r 2 m(F 0 - E)/h 2 . 

(8.45) 

Then equations (8.42) and (8.43) take the forms 


d?<t>i 

■Sr + " °- 

(8.46) 

tP(f>2 

and ~ ^ 1 = ° - 

(8.47) 


We now introduce the boundary conditions which have to be satisfied by 
</> 1 and <t >2 in order that the solutions shall be physically significant . 
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The first condition is that at x = rt a, $\ = $ 2 - This is known as the 
continuity relation. The value of $ must not exhibit any abrupt discontinuity 
at any point in the region under consideration. 

The second condition is that there shall be no discontinuity in the slope. 
That is, at x — zt a, 

d$ i d$ 2 
dx dx 


The general solution of equation (8.46) is 

$i = Ae iax + Ber iax t 


and from symmetry conditions it follows that .4 = ± B. 
Hence 

$i = 2.4 cos ax 

or 

= 2At sin ax. 

The general solution of equation (8.47) is 

4>z = CeP x + Be-**, 


(8.48) 

(8.49) 


which represents a combination of two exponential functions. 

For positive values of x, the first one 
of these increases rapidly, while the other 
one decreases rapidly with increase in value 
of x. From the point of view of physical 
interpretation, as will be evident from the 
subsequent remarks, only the second func¬ 
tion (De~& x ) can be used, and similar con¬ 
siderations indicate that for negative val¬ 
ues of x, only the first function has any 
sense. Furthermore it follows again from 
symmetry considerations that C = =b D. 

If now we introduce the conditions for 
continuity in both the values of $ and of 
d$/dx , it may be shown that equations 
(8.46) and (8.47) are satisfied by the following sets of eigenfunctions, where 
the subscripts refer to the three different regions shown in Fig. 8.3. 



Fig. 8.3. Illustrating Behavior of 
Electron in Potential “Box” 


Group I: 

<t>i = 2 A cos ax 
$u — 2A cos aa-e~P (x ~ a) 
$m = 2^4 cos aa-eP {x+a) 

Group II: 

$i — 2iA sin ax 
$11*= 2iA sin aa*e“ 0 ( *~ o) 
11 * 2 %A sin aa-^ (z+a) 


(—a ^ x ^a)'| 
(x > a) l 

(x < - a) J 

(—a ^ x ^ a) 'I 
(x > a) l 
(x < - a) J 


(8.50) 


(8.51) 



QUANTUM THEORY 


229 


Group I represents functions characterized by the property that <t> remains 
unaltered in sign with change in sign of x. These are therefore designated 
symmetrical functions (see Fig. 8.4), while those in Group 
II, which change sign with x, are known as antisymmetric 
cal functions. (See Fig. 8.5.) 

That is, we shall have set up in the “box” two sets of 
stationary wave patterns , just as in the case of a vibrating 
string. 

Now in quantum mechanics the amplitude function, 

<£, has no physical significance, since we are not dealing 
with a wave motion transmitted through a medium. All 
that the electron diffraction measurements indicate is 
that it is possible to assign to the electrons a wave 
length. However, since <t>d> is always real, we interpret 
this product as a measure of the probability of occurrence of 
the electron per unit length along the axis of x. 

From this point of view it is seen from equations (8.50) and (8.51) that </><£ 
has a finite value even in the regions outside the barriers. In other words, 
there exists a definite probability of penetration of electrons 
into regions for which V is greater than E. This is a de¬ 
duction which is quite at variance with classical me¬ 
chanics, since in the latter, V can never exceed E. 
The conclusion is, however, in accord with the Princi¬ 
ple of Indeterminism, which denies the possibility of 
associating definite position with precise knowledge of 
momentum. 

This penetration is indicated by the “tails” on the 
trigonometric functions plotted in Fig. 8.4 and Fig. 
8.5. As V increases and tends to approach infinitely 
high values, (3 increases and hence, for any given 
value of x(x > a or < — a), the magnitude of the 
exponential factor, in the expression for <t>u or 
decreases and ultimately becomes equal to zero. 
Hence, we have the result, 

cos aa = 0 = sin aa. (8.52) 

From the relation cos aa = 0, which applies to the symmetrical functions, 
it follows that 

ota = - (2 n -P 1), 

where n = 0, 1, 2 • • •. 

From the relation sin aa — 0, which applies to the antisymmetrical func¬ 
tions, we deduce the relation 

7T 

aa — ~ 2n. 



Fig. 8.5. Antisym- 
metrical Eigenfunc¬ 
tions for Electron in 
“Box” 



Fig. 8.4. Symmet¬ 
rical Eigenfunctions 
for Electron in “Box” 
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Thus, for both cases, 

aa = &7t/2, 

where k — 0, 1, 2 * * •. 

Substituting for a from equation (8.44), it follows that: 


E k = 


/ * 

\ 2a ) 8m 


(8.53) 


(8.54) 


That is, for an electron in a potential box the total energy cannot vary 
continuously from E — 0. Rather, the electron possesses a series of discrete 
energy states , each of them being associated with a quantum number k in accordance 
with equation (8.54). These constitute the eigenvalues of the system, and 
the corresponding eigenfunctions, </>*, will each be represented by a simple 
harmonic stationary wave pattern such that the number of nodes (excluding 
those at the walls) is equal to A: — 1, as shown in Figs. 8.4 and 8.5. These 
eigenfunctions may be expressed in the form 


4>s — 2A cos —~ 

A 

or 

21rx 

4>a — 2 Ai sin , 

A 

where X = hj^2mEk = 4ajk, and <f>s and </u designate symmetrical and anti- 
symmetrical functions respectively. 

The analogy between these results and those deduced for a vibrating string 
is self-evident. 

For the more general case in which V 0 is not infinitely great, the solutions 
are of the same nature. Only in this case the eigenvalues will correspond to 
values of the de Broglie wave length which are given by 4a'Ik where, as is 
evident from Figs. 8.4 and 8.5, a’ is greater than o, the difference increasing 
with decrease in the value of Fo. This follows from the fact that the intercepts, 
cos aa or sin aa, increase as F 0 decreases. 

Let us now consider further the physical interpretation of <fxj>. According 
to the quantum mechanics point of view <j bifrdx is interpreted as a measure of 
the probability of occurrence of the electron in an element dx at the point x. 
In the present case (Fo—» 00 ), 

<l>s<t>s = 4 A 2 cos 2 ax, 

<t>A<t>A == 4 A 2 sin 2 ax. 

If we start with the fact that there is an electron in the box, it is possible to 
determine the value of A which will lead to the value unity for the total prob- 
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ability of finding the electron in the box. Consequently 


= j* <t>s<t>sdx = J* - 
C a 2wx 

L** T' 


4A‘ 


4A 2 cos 2 axdx 
X 


dx — 4 A 2 


27T 


f* kic 

Jo " 


os 2 


where 0 = 2i rx/X, and the limits x = - a to x = + a, correspond to a change 
in 0 from 6 = 0 to 6 — 47ra/X — hr. 

Since 

*kir 

cos 2 Odd = A-7r/2, 


I cos 2 Odd = A' I 

*/o «/o 


and hence 


X A7t AX 

1 = 4.1 2 - • — = 4A 2 

2tt 2 4 


2 1 
271 ~ V*X ~ Va 


The same result is, of course, deduced from a consideration of <t>Ad>Adx. 
Hence, the so-called normalized forms of the eigenfunctions are given by the 
relations, 

1 

(<t>s)k = -J- cos (2irx /X*), (8.55) 

Va 


(<t>A)k = ~T~ sin (2irxJ\jc) r 
Va 


(8.56) 


which may obviously be expressed in terms of Ek instead of X*. 

From equation (8.54) it follows that a plot of E * versus A will be represented 
by a series of discrete points on a parabola, and that the distance between any 
two adjacent energy levels, as well as the total spread of the levels will increase 
with decrease in the value of L — 2a, the width of the box. 

Substituting the values adopted for h and m, in equation (8.54) this takes 
the form 

E k = (A/L) 2 X 6.022 X 10" 27 erg 

- (A/L) 2 X 3.759 X 10“ 15 abs. volt. 

For L = 2 cm.: 

Ek — A 2 X 9.40 X 10“ 16 electron volt, 
while, for L = 2 X 10~ 8 cm., 

Ek = A 2 X 9.40 electron volts. 

That is, in the lowest energy state for an electron in a potential 14 box” of 
atomic width, the kinetic energy has a value of 9.40 electron volts, and the as- 


(8.57) 
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sociated de Broglie wave length for an infinitely high potential barrier is 
4 X 10“ 8 cm. 

Now in the case of an electron held in an atomic system by the attractive 
force due to the nucleus, or positively charged kernel, we may in a sense regard 
the electron as confined in a potential box of the order of 2 X 10” 8 cm. in width. 
Therefore we can expect to observe energy levels of which the lowest is of the 
order of several electron volts, and the fact that the observed ionization energies 
range for the different elements from 3.9 e.v. (for cesium) to 24.5 e.v. (for helium) 
is thus in agreement with this conclusion. 

In a solid there actually exist three sets of potential barriers, one for each 
direction of coordinates. The determination of the discrete energy levels for 
this case is of special interest in the theory of the solid state. In order to 
simplify the problem let us assume that the atoms are all alike and arranged at 
the corners of a simple cubic lattice. Let 2 L denote the side of the cube, and 
again let us assume V — 0 in the region x = y= z = ± L, and that V is in¬ 
finitely great midway between any pair of adjacent atoms. (Therefore there 
can be no penetration of electrons from one atom to another, and the substance 
would constitute an ideal insulator.) 

The Schroedinger equation, in terms of rectangular coordinates, is 


d 2 0 <9 2 </> 

<>*’ + dy> + dz 2 +(E ~ 


Y)<t> = 0. 


The resulting form for </> is that of a product of the separate solutions for 
each direction of coordinates, that is, 


<t> 


sin 


irl\X . irLy , tt Lt 



(8.58) 


where h, l 2 and U are integers and the origin of coordinates is taken at a point 
which is in the center of the cube of side equal to 2 L. 

The corresponding discrete energy values are given by the relation 


_ h? ( h* + l2 2 + h 2 \ 

Sm \ L 2 ) ’ 


(8.59) 


In this case, it will be observed that it is possible to have more than one 
energy state for the same value of E = #<,. Technically the state is said to 
be of the degenerate type. (This will be discussed more fully in a subsequent 
section.) Thus we can have the three states Em, Em and #112 for which E 
has the same value, but the eigenfunctions are different. 

For any given value of E — E 0 all the energy states will be represented by 
points on a sphere of radius 

r = V8 mDE^h, 


and it follows that the total number of states, N, for which the energy is equal 
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to or less than E 0 will be given by the volume of an octant of the sphere, since 
each set of positive integers corresponds to a certain state. Hence 



This result is important in connection with the electron theory of the solid 
state, and the most recent views on the nature of the differences between con¬ 
ductors and non-conductors. 

We can now consider the more general case in which V and consequently 
the de Broglie wave length are functions of the n coordinates q h q 2 , • • •, q n . 
The solution, 4 >, has the mathematical significance of the amplitude of a wave 
motion in the n-dimensional space, and therefore has no physical interpretation. 
But such an interpretation is obtained if we regard <txf>dqidq 2 • • • dq n , as a 
measure of the probability that the system will occur in the element of “ vol¬ 
ume, ” dv — dq\dq 2 • • • dq n • 

Now if we furthermore place the commonsense restrictions (equivalent to 
boundary conditions) on <txf>, that it must be a finite, single-valued, and con¬ 
tinuous function of the coordinates, then we find that “sensible” solutions are 
obtained only for a certain series of discrete values of E. These are the values 
of the energy states postulated by the Bohr theory, and the validity of the 
results obtained by solving the Schroedinger equation can thus be tested by 
comparison with the results of observations. 

9. The Bohr-Sommerfeld Theory of Electronic Orbits 

(1) Bohr’s Derivation of the Rydberg Constant: As mentioned in a previous 
section, Bohr suggested, in 1913, the view that spectral lines arise from transi¬ 
tions between energy levels in accordance with the frequency relation 



where vy is the frequency of (monochromatic) radiation emitted as a result of 
a transition from the upper state defined by energy Ei to the lower one defined 
by energy Ej. This suggestion proved to be one of the most fruitful concepts 
in the history of physics. It opened up the whole field of spectroscopic observa¬ 
tions to satisfactory interpretation and as a result it has been found possible 
not only to formulate definite models of the electron configurations of the 
different atomic species, but also to interpret on this basis the occurrence of 
periodic properties of elements. 

It was but natural that Bohr should attempt to develop a more definite 
“picture” of atomic structure by means of which the actual energy values of 
the different stationary states (corresponding to spectroscopic terms) might be 
calculated. The model which he postulated involved the application of two 
separate assumptions. Firstly, in view of the existence of a Coulomb force of 
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attraction between any one electron in an atomic system and the nucleus, the 
analogy with cosmic systems leads to the conclusion that the electrons must 
describe periodic orbits about the nucleus, the constants of which may be 
calculated by the methods of classical dynamics. Secondly, the observations 
on the existence of discrete energy states, corresponding to certain permitted 
orbits, necessitate the introduction of quantizing conditions. 

Let us consider the case of the simplest atom, that of hydrogen, and in order 
to generalize the problem slightly we shall assume an electron of charge e 
revolving in a circular orbit about a nucleus of charge Ze , where Z represents 
the number of units of positive charge on the nucleus.* 

Let v — velocity of electron in orbit, 2 a = diameter of orbit, w = frequency 
of revolution. Then 

v — 2rraw. 

Ze* 

Force of attraction = - -- * (9-1) 

a i 


mv 2 

Centrifugal force = — 
a 


= ma( 27tw) 2 , 


(9.2) 


where m — the mass of the electron. 

Since the force of attraction must be equal to the centrifugal force, it 
follows from (9.1) and (9.2) that 


__Zc*_ 

47r 2 ma ;< 


(9.3) 


Now the total energy, E , of the system is made up of the kinetic energy 
( T ) and potential energy (F) of the electron in the orbit. 

But 

Ze 2 

T — \mtP- = %m(2Trua) 2 — — • (9.4) 


Also 


1 ' - 



Ze 2 
a * 


(9.5) 


where r is the distance between nucleus and electron. 
Hence 

Zc 2 

E = T + f « - — ■ 


(9.6) 


It will be observed that the potential energy is negative and equal to twice 
the total energy. That is 


T = - JF = - E = W, 


* If additional electrons, other than the one under consideration, surround the nucleus; 
then Z is the “effective nuclear charge” (cf. p. 249). 
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where W is the total amount of energy required to remove the electron to infinite 
distance. These conclusions may be shown to be true for any Coulomb field 
of force, and therefore for the case of elliptic as well as circular orbits. In the 
former case, 2 a denotes the major axis of the ellipse. 

The reason for the negative value of E p is evident when it is considered that 
the force acting on the electron at infinite distance is zero and increases as r, 
the distance between electron and nucleus, is decreased. Hence, if the potential 
energy is put equal to zero at r = 9 it must be made more and more negative 

as r is decreased. 

Now let us write 


ir = - e = 


Zc 2 


that is, 


2 a — 


Zc 2 

~W 


(9.7) 


Then it follows from equations (9.3) and (9.7) that 


w = \G 


2 TP 

"V 7 r 2 e 4 mZ 2 


(9.8) 


These relations give the diameter of the orbit and frequency of revolution 
of the electron in its orbit in terms of the total energy W — — E. 

So far no assumptions have been made regarding the manner in which the 
discrete stationary states are determined. According to classical electro¬ 
dynamics, the electron revolving in an orbit with frequency a> would emit 
radiation of the same frequency, which in turn would cause the orbital diameter 
to decrease and the value of to increase continuously until finally the electron 
would fall into the nucleus. But the atom is a stable system, and according 
to Bohr’s postulate, emission of radiation occurs only as the atomic system 
passes from one particular state of energy, E n , to another of energy, E m , and 
then the radiation emitted is monochromatic and of frequency 


En — E m 


It is therefore necessary to introduce some quantum condition by which 
the different possible values of E shall be determined for the different states. 
Accordingly Bohr postulated in his very first paper that the various orbits 
are defined by the condition that for any one of them the angular momentum of 
the electron in its orbit must be an integral value of A/2t, that is 


nh 

Pn * mv n a n = — > 


(9.9) 
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where p n ~ angular momentum of electron in nth orbit, a n = radius of nth 
orbit, and n is known as the quantum number. 

The deeper significance of this assumption will be discussed below. For 
the present let us consider the consequences of introducing the quantizing 
condition defined by equation (9.9) 

From equations (9.4) and (9.9) it follows that 

2a n T W n nh 

mva n — \mv 2 - — = — = — = • 

v irco i to) 2tt 

Hence 

2W n 

“ = nh ■ < 9 ‘ 10 > 

Eliminating a? between equations (9.8) and (9.10) it follows that 


W n 


2t r*e*mZ* 
n 2 h 2 


(9.11) 


From this it follows that in the transition from a state of higher energy 
level Wn = — E n to that of lower energy level, W k = — E kl the frequency of 
radiation emitted is given by 


En - E k = Wk - W n 
h ' h 

2w 2 e i mZ 2 f 1 1 ] 

~ A* i k 2 ~ n 2 J * 


(9.12) 


Also, in the transition of the system in the reverse direction the frequency of 
radiation absorbed is given by the same relation. 

It is evident that equation (9.12) may be written in the form 


where 


R = 


1 1 1 1 


1 k 2 n 2 J ' 

(9.13) 

2 ir 2 e 4 m 


ch 3 

(9.14a) 


Substituting for e, m , h and c the best values available at that time, Bohr 
deduced a value of R which agreed remarkably well with the value of the Ryd¬ 
berg constant obtained from spectroscopic observations. 

Actually the relatively small differences between the value of R deduced 
by means of equation (9.14a) and those observed spectroscopically for hydrogen 
and helium may be accounted for very simply. In deriving the abhve equations 
the assumption was made that the electron revolves about a stationary nucleus. 
This would, however, be valid only if the latter had infinite mass. According 
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to ordinary dynamics the electron of mass, ra, and the nucleus of finite mass, 
M y rotate about their center of mass, with the result that in equation (9.14a) 
m should be replaced by the reduced mass 

m,M 

M = ro + M ' 


Introducing this correction the result obtained is 


where 


R = R<xf (1 + m/M) t 


Roo 


2ir 2 e A m 
ch? 


(9.15) 

(9.146) 


(2) Electronic Orbits for Hydrogen and Ionized Helium: On the basis of 
Bohr’s model the different energy levels observed spectroscopically for hydrogen 
(discussed in Section 1) are identified with the series of electronic orbits for 
which the energy values are determined by equation (9.11). In this case Z — 1, 
and hence the energy corresponding to an orbit of principal 1 quantum number 
n is 

- Wn = E n = - Rch/n\ (9.16) 


In the normal state, the electron revolves in a circular orbit of quantum 
number n — 1, while the so-called “excited states” correspond to circular 
orbits of higher quantum numbers. From equation (9.6) it follows that the 
diameter of the nth orbit is 


2a„ 



n 2 e 2 

Rch 1 


(9.17) 


and that consequently, as shown in Fig. 9.1, the different orbits are represented 
by co-planar circles whose radii vary as n 2 . 

The radius of the orbit corresponding to n — 1, as calculated by means of 
the value R = is ordinarily designated by a 0 . The value is given by the 
relation 

h? 

a Q = —— = 0.5292 X 10~ 8 cm. 

47r 2 me 2 


The transitions corresponding to three of the spectral series are also shown 
in Fig. 9.1. From equation (9.16) it follows that the ionization potential of 
hydrogen (corresponding to n = 1) is 13.595 electron volts, while the first reso¬ 
nance potential is 


V r = 13.595(1 - H 2 ) = 10.20 volts. 


1 This designation is used because, as shown in subsequent sections, it has been found 
necessary in discussing more complex spectra to introduce two other quantum numbers. 



238 


A TREATISE ON PHYSICAL CHEMISTRY 


As mentioned already the value of R should vary, according to Bohr, 
with the nuclear mass. Consequently corresponding spectral lines for the two 
isotopes of hydrogen OH and 2 Ii) should differ slightly in wave length and it 
was, in fact, by careful spectroscopic measurements of this nature that H. C. 
Urey, F. G. Brickwedde and G. M. Murphy 1 were led to the discovery of 
deuterium ( 2 H). Another system for which some of the spectral lines are 
very close to those observed in the spectrum of hydrogen is that of ionized 


Ultraviolet 
Lyman Series 



V Balmer Series 


Fig. 9.1. Circular Bohr Orbits for Hydrogen Atom 


helium (He + ). The atomic masses (on the basis O — 16.000) and values of R 
for these three systems are as follows: 



Atomic Mass* 

Rydberg ConHtant 

i h 

1.007857 db 0.000026 

109677.76 

m 

2.014186 db 0.000045 

109707.39 

He + 

4.00281 =b 0.00011 

109722.40 


In the case of ionized helium, Z = 2, and hence the frequency of any line 
in the spectrum of this ion is given 



Accordingly for even values of k and n, lines in this spectrum should lie 
very close to those observed in the spectrum of hydrogen. 

i Phy$. Rev., 40 , 1 , (1932). 

* Personal communication from R, T, Rirge, Aug. 1939; see also Appendix. 
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The fact that Bohr was able to account for the slight differences in wave 
length associated with corresponding lines in the two spectra by means of the 
difference in values of R must be regarded as another of the important achiev- 
ments of this theory. 1 

The value of R* as deduced from the values of R obtained spectroscopically 
for ! H, 2 H and lle + is 109,737.45 ± 0.0G cm. -1 . Now, as shown by F. G. 
Dunnington 2 the relative accuracy of the determinations of R^ t e and e/m 0 are 
considerably greater than those of h/e , or of any of the other quantities which 
involve h. It would therefore appear that these three quantities should lead 
to a more accurate value for h than the more direct methods based on the 
application of Einstein’s law. This is the method advocated by R. T. Birge. 

Assuming the value of R <*> stated above and the values e = 4.8022 X 10' 10 
abs. e.s.u., e/m 0 = 1.7591 X 10 7 abs. e.m.u. gm. -1 and c — 2.99776 X 10 10 
cm. sec.” 1 , we obtain the result, 


/ 27 r 2 e r ° m 0 V /3 

\ c Rn € ) 

= 6.6236 X 10“ 27 erg sec. 


(9.18) 


which is the value adopted in this chapter. 

(2) Principle of Correspondence: According to Planck’s original theory 
radiation of frequency v is emitted by an oscillator of the same frequency. 
This is evidently in contradiction with Bohr’s hypothesis. According to the 
latter the frequency of radiation emitted is not identical with the frequency of 
revolution of the electron in either the initial or final orbit. However, Bohr 
did attempt to deduce a correlation between these different frequencies and 
this led to the Principle of Correspondence which has played an important role 
in the new mechanics as well as in the older quantum mechanics of Bohr and 
Sommerfeld. 

Let us consider in the case of the hydrogen atom the transition between two 
orbits of quantum numbers n and n + An, where n is a very large number 
and An represents a very small integral increment. The frequency of radiation 
emitted or absorbed in this transition is given by 


v 



Rc - 


2An 


1 

(n + An) 2 


(9.19) 


for n very large compared with An. 

But from equation (9.10), it is seen that the frequency of revolution of the 
electron in the nth orbit, 

__ 2Wn _ 2Rc 
nh n 3 


1 For more comprehensive discussion of this topic see Ref. H. E. W., Chap. II. 
*Rev. Mod . Phy&., 11 , 65 ( 1939 ). 


(9.20) 
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Therefore, 

v = a) • An. (9.21) 

Hence, it follows that in the limit , for very large quantum numbers , and 
therefore for very low frequencies of revolution of the electron in its orbit, the 
frequency of radiation emitted or absorbed in a transition for which An = 1, 
is equal to the frequency of revolution of the electron in its orbit, while for 
An = 2, the spectroscopic frequency is twice the frequency of revolution, and 
so forth for An = 3, etc. 

Table 9.1 1 gives numerical illustrations of the relationship between the 
spectroscopic frequency, Vf , and frequencies of revolution in initial and final 
states for different values of n. 


TABLE 9.1 


Initial 

Quantum 

No. 

n -f~ An 

Final 

Quantum 

No. 

n 

Initial 
Frequency 
of Revolution 
a/ 

Spectroscopic 

Frequency 

Vf 

Final 

Frequency 
of Revolution 
co" 

2 

1 

0.82 X 10 16 sec. -1 

2.47 X 10 16 

6.58 X 10 15 

10 

9 

6.58 X 10 12 

7.72 X 10'* 

9.02 X 10 12 

30 

29 

2.44 X 10“ 

2.56 X 10“ 

2.70 X 10“ 

30 

28 

2.44 X 10“ 

f 5.41 X 10“ 1 

[ - 2 X 2.70 X 10“ J 

3.00 X 10“ 

1000 

999 

6.58 X 10 6 

6.59 X 10 6 

6.60 X 10* 


“It is to be observed” Van Vleck remarks, “that in a one quantum transi¬ 
tion, the spectroscopic frequency is to be compared with the fundamental 
revolution frequencies, while in a two quantum leap (illustrated in the next 
to the last row) the comparison must be made with the octaves or first har¬ 
monics 2co' and 2co". In a three quantum transition, we would have 
3a/ < v < 3a/', etc.” 

The relations between co and v/ illustrated numerically in Table 9.1 may 
also be represented graphically as emphasized by H. A. Lorentz. Since 
W n — Rch/n 2 , it follows from equation (9.20) that 


1 dWn_l dEn 

h dn h dn 


(9.22) 


If E n for the hydrogen atom is plotted against n as abscissa, the points 
representing the different stationary states are found to lie on a curve such as 
that shown in Fig. 9.2. 2 Two adjacent levels are represented by E ' and E'\ 

1 J. H. Van Vleck, “Quantum Principles and Line Spectra,” p. 25; Bull. Nat . Res. Council , 
10, Pt. 4 (1926). 

2 P. D. Foote, J. Franklin Inst., 198, 344, 517 (1924). The reader will note the similarity 
between Fig. 9.1 and Fig. 1.3. 
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and the frequencies of revolution in the corresponding orbits are denoted by 
a)' and a/'. According to equation (9.22), the slope of the curve at each point, 

dEjdn — hco, 


and lienee is proportional to the corresponding frequency of revolution. 
For An = 1, v/ is obtained from the „ 


relation 

A E = E' - E" = hv ft 

that is, from the slope of the line joining the 
two points, as shown in the figure. It is evi¬ 
dent that for very large values of n the slope 
of the secant approaches asymptotically the 
value of the slope at either point, that is, 



Total Quantum Number n 


Pj. = ct/ = co ,/ . Fig. 9.2. Relation Between Fre¬ 

quency of Revolution (w) and Fre- 
_ T . quency of Radiation (*>/), Illustrating 

Now according to classical theory, as CWspondence Principle 

has been stated previously, any periodic 

motion of an electron or oscillator should give rise to radiation having 
the same frequency or a combination of this frequency and simple harmonics. 
Therefore an electron rotating about a nucleus with given frequency to should 
radiate energy of the same frequency, and no other. If the motion of the 
electron is multiply periodic, that is, may be represented as a combination of 
different frequencies coi, to 2 , etc., then the emitted radiation should also contain 
these frequencies. 

The longer wave lengths of radiation are emitted according to Bohr's 
theory because of transitions between adjacent orbits of large quantum num¬ 
bers, that is, orbits in which the frequency of revolution of the electron is 
low. Hence the observation that for such transitions the frequency of radi¬ 
ation emitted approximates more and more to the frequency of revolution of 
the electron shows that under these conditions the Bohr theory and classical 
theory tend to give the same results. This is analogous to the observation 
made in a previous section that for longer wave lengths in black body radiation 
the Jeans-Rayleigh equation, which is based on classical theory, yields practi¬ 
cally the same results as the quantum theoretical expression derived by Planck. 

Bohr has stated this conclusion in the form of a generalization which he has 
designated as the Principle of Correspondence. It is merely a statement of the 
assumption that in the limit , for very low frequencies of radiation , the results 
obtained by the quantum theory must be in quantitative agreement with those 
obtained on the basis of classical theory. The principal application of this 
principle by Bohr has been the determination of the correct form of quantum 
theoretical conclusion for a given problem by comparison with the expectation 
based on classical theory. In other words, given the answer in terms of the 
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classical theory for the case of low frequencies, the form of the quantum theo¬ 
retical solution is also obtained, since the two solutions must be in agreement 
in the region of large quantum numbers. 

While various applications of this principle will be mentioned in subsequent 
sections, it is of interest to indicate one such application, viz., to the problem 
of the hydrogen atom. 

As shown above, classical mechanics leads to the relation 


l 2W\ 

v 7r 2 c 4 m 


But 


i 

dW n 


Vf = = — h 

dn 

Hence 


1 d\\\ 

2W.* 


1 

>* 1 

S’ 

II 

> 

1 ir 2 e 4 m 


(9.8) 


(9.22) 


Integrating this equation, and setting the integration constant ecpial to 
zero (which is implied in Bohr’s postulates), we obtain the result 


W n 


2 7r 2 e 4 ?n 


(9.11) 


By comparison with the spectroscopic term value, 

W n = Rch/n 2 , 

we obtain the value for R deduced above. 

These results were obtained in the previous section by introducing a quan¬ 
tizing condition for the angular momentum in order to determine the discrete 
values of W. In the above derivation, as will be observed, this assumption is 
not introduced, but in its place application is made firstly of the observations 
on the form of spectral series, interpreted by Bohr’s postulate of energy levels, 
and secondly of the Principle of Correspondence. 

(3) Significance of Quantum Condition. Phase 
Integral: The assumption introduced by Bohr that 
the angular momentum of the electron must vary 
by integral values of hl2ir for the different discrete 
states of the atomic system is, in reality, another 
method of expressing Planck’s assumption that the 
energy of a linear oscillator is always an integral 
multiple of hv. 

“In Fig. 9.3 1 let a particle of mass m vibrate with simple harmonic (linear) 
motion about a center 0 with an amplitude A and a frequency v . The dis- 

1 This discussion and Figs. 9.3 and 9.4 are taken from ref. F, K. R. pp. 363-365. 



Fig. 9.3. Instantaneous 
and Maximum Amplitudes of 
Vibration for Linear Har¬ 
monic Oscillator 
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placement x at any instant is given by 

x — A sin 2 Trvt y (9.23) 

where t is the time measured from an instant when the particle is at the center 0. 
The energy E of the system oscillates between all kinetic at 0 and all potential 
at maximum displacement. Planck’s assumption was that the oscillator could 
have energy only in multiples of hv, i.e., that 


E — nhvy (9.24) 

where n is an integer. 

“The total energy of the system is obtained by computing the kinetic 
energy E — % (wiv 2 lnftX .) at mid-position. Since 


and 

Therefore 


v 


dx 

dt 


— 2ttvA cos 27 rvt 


Vmax. = 2tvA. J 

E - mv 2 max . = 2t 2 v 2 A 2 m. 


(9.25) 


“As the particle oscillates, its momentum p x changes from zero at maximum 
displacement B to a maximum at midpoint 0. The momentum at any point 
in the path is given by 

dx 

p x — m — 2TrvAm cos 2wvt. (9.26) 


“Now, plot a curve (Fig. 9.4) with 
p x as ordinates and the displacement x 
as abscissae. The figure can readily be 
shown to be an ellipse. The area, S , of 
the figure is obviously given by 

S - f p x dx , (9.27) 

taken over the complete cycle. Since 
dx = 27ry/l(cos 2 Tvt)dt, 



Fia. 9.4. Relation Between Momentum 
and Displacement for Linear Oscillator 


we have, using equations (9.26) and (9.27), 


S 


4tt 2 i * 2 mA z 



cos 2 (27 rvt)dt. 


2ir 2 vmA 2 . 


If we write this equation in the form 


2w 2 v 2 mA 2 

S = - 


v 


(9.28) 
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and combine with equations (9.25) and (9.24), we can write the last equation in 
the form 

„ nhv 

S = fp x dx = -- = nh, (9.29) 

where j> means ‘ integration over a complete cycle.' 

“ That is to say: On the basis of Planck's hypothesis, as given by equation 
(9.24), the integral Spxdx, taken over a complete cycle , can take, on only a series oj 
values obtained by multiplying the universal constant h by the integers 0, 1, 2, 3, • • *. 
In terms of Fig. 9.4, this means that out of an infinite number of ellipses 
geometrically possible, we have a limited number; one ellipse for n — 1, another 
for n ~ 2, another for n — 3, etc. The area between successive ellipses is 
numerically equal to h. The integral in equation (9.29) is spoken of as the 
phase integral. We may assume, however, in accordance with the heuristic 
methods of applying the quantum conditions, that an equation of this type is 
generally applicable whenever with any coordinate q (corresponding to x) there 
is associated a momentum p (corresponding to p x ), so that, in general, we may 
apply to the coordinate q and the corresponding momentum p the integral 

fpdq - nh” (9.30) 

In fact, this very important conclusion, which was derived independently 
by Wilson and Sommerfeld, may be derived from the Principle of Least Action 
in ordinary mechanics, which, as mentioned previously, states that for any 
(conservative) dynamical system, with constant energy, the value of fpdq 
taken between the initial and final points on the path is a minimum (and there¬ 
fore constant). The integral defines the “change in Action.” Hence, for a 
periodic type of motion, $ pdq should also be a constant; and therefore the 
assumption made in the quantum theory is that this integral has the value nh, 
since h also has the same dimensions as the product pq. 

From equation (9.28) above it also follows that this integral can be expressed 
in the form 

2 Tdt = nh, (9.31) 

where T is the kinetic energy at any instant. This equation also follows from 
the more general relations, 

J "i/y ruv 

2 Tdt = I mv • vdt = pdq. (9.32) 

0 •/ 0 

For an electron revolving in a circular orbit, the kinetic energy is constant, 
since the orbital velocity is constant. Hence, in accordance with Planck’s 
condition 
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That is, 
But 

Therefore 


mv • v/co = nh, 
v — 27raco. 

nh 

mva ~ , 

Ztt 


which is Bohr’s statement of the quantum condition for this case. 

The quantizing condition expressed in (9.29) may he extended to systems 
possessing more than one frequency of motion (or degree of freedom), and if 
these frequencies are independent (conditionally periodic systems), then it is 
postulated that for each of these types of motion, we must have 

fpidqi = riih , (9.33) 


where n t - may he a different integer (not necessarily so) for each of the different 
types of motion. 

(4) Elliptic Orbit-Azimuthal Quantum Number: In Section 1 brief mention 
was made of the fact that in the case of sodium and other metals of the alkali 
metal group there are four series of terms, which were designated formerly 
as s, p, d and /. It was found that the wave numbers of spectral lines for each 
of these series could he represented by a relation, similar to Balmer’s, of the 
form, 


R 

V m = V ,o - --—-“ 

(m a) 2 


(1.9) 


where the value of R is approximately the same as that of R x or R n while a is a 
constant for any one series and m is the number of the term in the series. Thus 
corresponds to the value of v m for m = oo and represents the limit of the 
series. As will be observed from the expressions for the spectral lines in the dif¬ 
ferent series, the diffuse and sharp series have the same limit, — R/(2 + p) 2 , 
which is the first member of the principal series. The limit of the latter is the 
first member of the sharp series, while the limit of the fundamental series is 
the first member of the d-series of terms. 

Table 9.2 gives the values of X, v and m 1 for a few of the lines of the principal 
series. The column under mp gives the values of the corresponding terms, 
derived by the relation, 


R R 1 

(WP) ~ (m + pY ~ (1 +s)*~\' 


(9.34) 


It will be observed that the limit of this series is v = 41,449. The column 
under n gives the values of the principal quantum numbers for these terms as 

1 This use of the letter m should not be confused with the symbol for the mass of the 
electron. 
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TABLE 9.2 * 


X 

V 

m 

(mp) 

n 

Neff. 

CXk 

5890 

16973 

2 

24476 

3 

2.127 

0.873 

3302 

30271 

3 

11177 

4 

3.148 

.852 

2853 

35043 

4 

6406 

5 

4.158 

.842 

2080 

37298 

5 

4151 

6 

5.164 

.836 

2404 

40565 

11 

883 

12 

11.19 

.81 

2420 

41203 

21 

245 

22 

21.25 

.75 

2418 

41342 

32 

106 

33 



2413 

41449 

oc 

0 





* This table really gives only the mpi lines and terms of the series. As mentioned in 
Section 1 and shown in Fig. 1.5 there are actually two sets of terms, mp\ and nvp-i (designated 
now as w 2 / > 3/2 and m*l*\t* respectively) which lie very close to each other. Furthermore, 
although the values of X, v, etc., have been determined to a much higher degree of accuracy, the 
nearest integral values only are given in the table. For further details on the accurate values 
of the terms and wave-numbers of lines, the reader is referred to the following publications. 

A, Fowler, “Report on Series in Line Spectra,’’ London (1922) and F. Paschen and It. 
Gotze, “Seriengesetze der Linienspektren,” Berlin (1922). 


determined from considerations based on the electronic configuration of the 
sodium atom; n c a. is the value of the effective quantum number, derived from 
the relation 





(9.35) 


while atk (= n — n ef f.) is known as the “quantum defect.’’ The significance 
of the values in the last two columns is discussed below. 

In accordance with Bohr’s point of view, the four series of terms must 
correspond to four different sets of energy levels in the atomic system, and 
Fig. 1.5 shows these levels for sodium, arranged in columns, with the transitions 
between them, which give rise to the observed spectral lines. As mentioned 
previously, the p f d, and / series are actually of the doublet type and according 
to present notation, the p-series are designated 2 Pi / 2 and 2 P 3 / 2 , the d-series as 
2 Z ) 3 /2 and 2 Z> 5 / 2 , and the /-series as 2 F 5 /2 and 2 F 7 / 2 . The question thus arises 
regarding the interpretation of two kinds of observations: firstly, those on the 
occurrence of terms of types S, P, D , P, etc., and secondly, those on the oc¬ 
currence of doublet terms in the case of alkali metals, of triplets and singlets 
in the case of elements of group II, and of still higher degrees of multiplicity 
for elements in the other groups in the Periodic Arrangement. In the present 
section we shall consider the first of these questions, leaving the discussion of 
the second question for a subsequent section. 

It became evident, very soon after Bohr enunciated his theory of the origin 
of spectral lines that the simple theory devised for the hydrogen atom could 
not be used to explain these other observations. The atom-model which was 
gradually developed during the period 1916-1925, and which was based largely 
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on the suggestion** of Sommerfeld, Lancia, Hund and others, offered a fairly 
satisfactory qualitative representation of the spectroscopic facts and served 
an extremely useful purpose in correlating an immense number of observations. 
However, the model finally became rather “top-heavy,” as it were; it could 
not be brought into agreement with the laws of ordinary mechanics, and 
inconsistencies developed. Hence arose the necessity for a fundamentally 
new point of view and the consequent evolution of a new mechanics of atomic 
structure. 1 

In the theory of the simple hydrogen atom discussed above, the electronic 
orbits were regarded as circular. However, in the general case of motion under 
the action of a central force varying inversely as the square of the distance, 
the path is an ellipse with the central (much larger) body at one of the foci. 
While the complete discussion of the motion is reserved for a subsequent section, 
only those conclusions will be men¬ 
tioned which are of importance in the 
interpretation of spectroscopic terms. 

In Fig. 9.5 let the path of the elec¬ 
tron be the ellipse of semi-major axis, 
a, and semi-minor axis, b. The eccen¬ 
tricity, c, is defined as the ratio c/a 
where c is the distance from center of 
ellipse to one of the foci. The motion 
is best described in terms of the polar 
coordinates: the radius vector, r, and 
</>, the angle described by the radius 
vector. The tangential velocity v at any point has as components: the ra¬ 
dial velocity drjdt s r, and a component at right angles to this, equal to 
rd<t>/dt s r<j>. The corresponding components of momentum are 

p r — mr , 
p* = mr 2 <j). 

where m = mass of electron. 

From Kepler’s second law of motion (radius vector describes equal areas in 
equal intervals of time) it follows that p$ = constant. 

Now Sommerfeld applies to each of these momenta the quantum condition 
for the phase integral, equation (9.33). Consequently, 

<fp4>d<b = kh, 

tfprdr = n r h , 

where k is an angular or azimuthal quantum number, and n r is a radial quantum 
number. 

1 For further details the reader should consult the following: K. K. Harrow, Introduction 
to Contemporary Physics, D. Van Nostrand Company, New York (1926); A. Sommerfeld, 
Atombau und Spektrallinien, 4th ed., Vieweg und Sohn, Braunschweig (1924); F. Hund, 
Linienspektren und periodisches System der Elements, Julius Springer, Berlin (1927); J. H. 
Van Vleck, loc. cit. 



Fig. 9.5. Illustrating Elliptic Orbit 
of Electron 
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The state of the atom is defined by a total quantum number, n = k + n r , 
the number n being identical with the quantum number previously used for 
defining the state of the atom with circular orbits. 

Now, writing the equation for the ellipse in terms of r and <f>, it is possible 
to evaluate the two phase integrals, 1 and it can be shown that 


1 - e 2 - k 2 /n 2 f 

Ze 2 

2 a 

2ir 2 mZ 2 e 4 2ir 2 mZ 2 e i 

h 2 (k + n r Y h 2 n 2 

RchZ 2 
" n*“ ’ 

while the frequency of revolution is given by 

1 47r 2 ma 3 

co 2 = Ze*~ * 


and 


E = - 


(9.36) 


(9.37) 


(9.38) 


(9.39) 


This is merely a statement of Kepler’s third law of motion that the square of 
the period of revolution varies as the cube of the major axis of the elliptic 
orbit. From (9.37) and (9.38) it follows that 


2a = n 2 


h 2 


2t 2 Ze 2 m 


(9.40) 


and from (9.36) it may be deduced that 

b _ k 
a n 


(9.41) 


Equation (9.37) shows that the energy of the atom is dependent only upon 
the value of the major axis and therefore independent of the eccentricity, and 
from (9.38) it follows that, as in the case of the circular orbit, the energy is 
expressed in terms of a single quantum number, n. Apparently there is no 
gain in introducing a second quantum number, k. 

However, this conclusion is valid only if the electron revolves in a simple 
Coulomb field. If, on the other hand, the attractive force acting on the elec¬ 
tron is not constant for different points on its orbit, the motion can no longer 
be described as a simple elliptic orbit, but becomes more complex. This is 
the case when the number of electrons in the atomic system is greater than 
one. For then we must take into account the fact that the particular electron 

1 See A. Sommerfeld, Atombau und SpektralUnien, 4th edition, Vieweg & Sohn, Braun¬ 
schweig (1924), p. 122, et seq. 
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whose transitions we are considering is acted upon not only by the nucleus, 
but also by all the other electrons external to the nucleus. This electron, 
which is effective in producing the radiation, corresponds ordinarily to one of 
the valence electrons, and it has been designated by German writers as the 
“ Leuchtelektron.” 

Now, in the normal state, this electron as it travels in its orbit will pass 
very close to the nucleus at one point on its path (perihelion position) and 
will there be acted upon by an effective charge Z, which is the difference between 
the charge on the nucleus and the negative charge on the electrons which 
are located between the leuchtelektron and the nucleus. On the other hand, 
if the orbit is very eccentric, then the effective charge acting on this electron 
when it is farthest from the nucleus (aphelion position) will be practically 
Z — 1, since ail the other electrons will act as a screen between nucleus and 
leuchtelektron. 

Under these conditions the force acting on the electron may be regarded as 
constituted of a Coulomb field of force upon which is superimposed a perturbing 
central force. In consequence of this, the orbit will no longer be simply periodic, 
that is, characterized by one fre¬ 
quency, wi. Owing to the perturb¬ 
ing action of the extra field there 
will occur, as may be deduced from 
dynamical considerations, a uni¬ 
form precession in the orbital plane, 
the precessional frequency being 
represented by o) 2 , and the path of 
the electron will have the form of 
a rosette as shown in Fig. 9.6. The 
value of co 2 will obviously vary with 
the eccentricity of the ellipse and 
therefore it will be expected that dif¬ 
ferent elliptic orbits having the same 
value of the maj or axis, and therefore 
the same quantum number n, will 

necessarily possess different values Flo . 9 . 6 . Rosette ghowing Precession of 
of the total energy because of the Elliptic Orbit 

different frequencies of precession. 

On the basis of the Correspondence Principle, it follows that the frequencies 
o)i and 0)2 will be related to the total energy by relations of the form 

1 dE 

Ul ~ h ' dn ’ 

1 dE 
Ut = h'Jk- 



That is, E is a function of both n and h, and therefore the frequency of light 
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produced will be given by a relation of the form 

hv — E(n h ki) — E(n 2 , k 2 ) 

where E(n, k) denotes the energy in each state as dependent upon the values 
of n and k. 


Value of n 

k 

/ 

Major Axis 

1 

Minor Axis 

1 

1 

0 

a 

a 

o 

2 

1 

4 a 

4a 


1 

0 


2a 

3 

3 

2 

9 a 

9 a 


2 

1 


6 a 


1 

0 


3 a 

4 

! 4 

3 

16 a 

16a 


3 

2 


12a 


2 

1 


8 a. 


1 

0 


4a 


According to equations (9.36) and (9.41), the eccentricity and ratio of minor 
to major axis of the elliptic orbits can assume only those values which are given 
by integral values of k and n. Furthermore, it is evident that the minimum 

value of k is 1 (for an orbit of large 
eccentricity), while the maximum 
value is k = n (a circular orbit). 
Thus, corresponding to different 
values of n, there will be the val¬ 
ues of k (or Z = k — 1) given in the 
above table. * 

The different orbits in relation 
to the nucleus are illustrated in 
Fig. 9.7, a 0 designating the radius 
of the normal orbit in the H atom. 
From equation (9.41) it follows 
that the smaller the value of k for 
given values of n, the nearer the 
electron will approach the nucleus 
at perihelion. It would therefore 
be expected that the perturbing 
effect of electrons revolving in 
orbits very close to the nucleus 
will be greatest for orbits for 
which k = 1 , and least for orbits 
for which k = n. 

We thus arrive at a distinction pointed out by Bohr between non-penetrating 
or hydrogen-like, and penetrating orbits . As an illustration of the application 



Fig. 9.7. Bohr-Sommerfeld Orbits for Dif¬ 
ferent Values of n and k with Corresponding 
Spectral Types of Terms and Assignment of 
Quantum Number l on Basis of Wave Mechanic's 
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of these ideas, we shall consider the normal orbit of the valence electron in 
sodium for which, as will be shown below, n = 3, k = 1. The atom has a 
nuclear charge of 11, and therefore has 11 electrons revolving around the 
nucleus. If we consider the structure of the ionized atom (Na + ) the electron 
configuration resembles that of neon, which has ten electrons. “As shown 
by X-ray data, two of these electrons are bound closely to the nucleus, in a 
configuration resembling helium, and the other eight revolve in larger orbits. 
Data from many sources suggest that these eight outer electrons pair off 
symmetrically as far as their effects a short distance from the atom are con¬ 
cerned, so that the field just outside the neutral neon atom decreases inversely 
as a high power of the distance. Accordingly the field just outside the sodium 
ion is practically equivalent to that of a unit nuclear charge (Z = 1). For 
purposes of rough computation we may therefore represent the sodium atom 
with the valence electron in its normal orbit in the following manner. The 
two innermost electrons partially neutralize the nuclear charge, leaving a net 
nuclear charge of + 9. This is surrounded by a rigid shell of negative charge 
representing the eight outer electrons of the kernel (residue of atom after re¬ 
moval of valence electron). The nor¬ 
mal orbit penetrates this shell as illus¬ 
trated in Fig. 9.8. Outside the shell 
the valence electron is acted upon by 
unit positive charge, and the field is 
strictly of the Coulomb or hydrogen 
type. After the electron penetrates 
the shell, it is subjected to a Coulomb 
field due to a positive charge of nine 
units. Such orbits are mathemati¬ 
cally calculable and have the general form illustrated. The complete orbit 
consists of a series of outer and inner loops, each loop being elliptical. Pre¬ 
cession of the orbit occurs entirely within the uniform shell of charge.” 1 

It is evident that for the same value of n, the value of W will increase with 
decrease in k, owing to increase in the effective value of Z, and the increased 
binding of the electron. It is therefore on the basis of such considerations 
that the different series in sodium and allied elements have been assigned 
different values of k , or (/), as shown in the following table: 



Fit;. 9.8. Penetration of Inner “Shell” of 
Electrons by Valence Electron in Sodium 


Series of Terms 

Designation 

1 

k 

l 

Sharp. 

S 

i ! 

0 

Principal. 

P 

2 

1 

Diffuse. 

D 

3 

2 

Fundamental. 

F 

4 

3 


1 This quotation and Fig. 9.8 are taken from the paper by P. D. Foote, J. Franklin Inst., 
198, 344, 517 (1924). 
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The last column of the table gives the value of l = k — 1, the subsidiary 
quantum number which is used in the new mechanics, instead of k . We may 
now proceed to show that this assignment of k- (or 1-) values to the different 
types of terms is in accord with deductions from the actual values of the terms. 

Mention has been made previously of the Rydberg formula, R/(m + a) 2 , 
for terms in the arc spectra of the alkali elements. The values of m assigned 
in accordance with this relation by spectroscopists are less than the values of 
the principal quantum number, n, which it has been found necessary to assign 
to these terms in accordance with the conclusions on the electronic configura¬ 
tions in atoms. The reason for this is evident from the following considerations. 


Li I Na I K I Rb I Cg I H 

2 S 2 P 2 D 2 F 2 S 2 P Z D 2 F 2 S % P 2 d 2 F z S z P 2 d V Z S 2 P Z D V 2 spdf 



Fig. 9.9. Energy Levels in Spectra of Alkali Metals Compared with Those of Hydrogen 


Let n denote the real quantum number and f . the effective value of the 
charge acting on the electron. Then, to a first approximation 


W - 


RchZ*s{} 
" n ' 2 


(9.42) 


or v = RZ e tt. 2 In 2 . It is, however, much more convenient to consider that for 
both types of orbits Z — 1 when we are dealing with arc spectra. Hence, 
since W or v has a perfectly definite value, we must write 


v 


R _ R_ 

(n — ak ) 2 


(9.43) 


That is, a calculation of n G u. from the value of v gives a value which i$ 
less than n by the amount a*, the latter being known as the “quantum defect.” 
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If now we calculate the values of ra e ff. and otk for the lowest terms in the 
four spectral series of the alkali metals, and compare these values with those 
of n as derived from considerations of electronic distribution, we obtain the 
results shown in Table 9.3. The values of n v u. were derived from the spectro¬ 
scopically measured wave numbers of the terms by the relation 

w o(f. = V109,722/^ 

It will be observed that the values of the quantum defects decrease as we 
pass from S to F terms, i.e., as Jc (or l) increases. Now from the foregoing 
considerations it is evident that a D-term (k — 3) will occur for the first time 
for a term having n = 3. This will correspond to an approximately circular 
orbit, of the non-penetrating type. We would therefore expect that for such 
an orbit the value of n 0 { f. would be approximately the same as that of n. 
Similarly the first F-term will appear for n = 4, and this will correspond to a 
non-penetrating orbit, so that for this term n^a. is practically equal to n. 
On the other hand, for a term having the quantum numbers n = 4, k « 1, 
corresponding to a penetrating orbit of high eccentricity, the value of a* 
should be very large, as is seen from a comparison of the values for S and F 
terms for potassium. 

TABLE 9.3 


Atom 


S 

1 J 

D 

F 

H 

a 

1 .(JO 

2.00 

3.00 

4.00 

( 

n 

2.00 

2.00 

3.00 

4.00 

Li { 

Weff. 

1.59 

1.96 

3.00 

4.00 

( 

Otk 

0.41 

0.04 

0.00 

0.00 

( 

n 

3.00 

3.00 

3.00 

4.00 

Na { 

n<> ff. 

1.03 

2.12 

2.99 

4.00 

{ 

Otk 

1.37 

0.88 

0.01 

0.00 

f 

n 

4.00 

4.00 

3.00 

4.00 

K 

Wp ff. 

1.77 

2.23 

2.85 

3.99 

( 

Otk 

2.23 

1.77 

0.15 

0.01 

[ 

n 

5.00 

5.00 

3.00 

4.00 

Rb < 

«eff. 

1.80 

2.28 

2.77 

3.99 

( 

otk 

3.20 

2.72 

0.23 

0.01 

f 

n 

6.00 

6.00 

3.00 

4.00 

C' 8 


1,87 

2.33 

2.55 

3.98 

1 

otk 

4.13 

3.67 

0.45 

0.02 


It was such observations, on the values of otk for different terms, which led 
Bohr to the correlation of orbital type and value of k , Fig, 9.9 1 shows graph- 
i Ref. H. E. W., p. 87. 
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ically the various terms (expressed in wave numbers) in the spectra of the 
alkali metals compared with those for II. The numbers attached to each term 
give the corresponding value of n, while the value of n Q u, may be obtained from 
that value of n for II which corresponds to the same value of the wave number, 
v. These are shown in the last column of Fig. 9.9 and correspond to the values 
of m in Fig. 1.4. 

The values of n for the normal orbit of the valence electron (lowest energy 
level) increase by unity as we pass from the elements of low atomic number to 
those of higher. The reasons for assigning these values to the particular atoms 
are based partly on spectroscopic data such as those discussed above, but to 
an even greater extent on X-ray data, which will be discussed in a subsequent 
section. 


10. The Wave Mechanics Treatment of the Hydrogen Atom 1 

(1) Solution of the Schroedinger Equation: As mentioned in Section 8 , 
the Schroedinger equation for a system of three degrees of freedom is of the form 

8tt 2 m 

V 2 0 + (E - !’)</> = 0, (10.1) 

ft- 


where V 2 designates the Laplacian operator. 

In the case of the hydrogen atom, the potential energy function is given, 
according to equation (9.5), by the relation 


V = 


Zv 2 


r 


( 10 . 2 ) 


where r is the radial distance from the nucleus to the electron. Because F is 
a function only of r, it is most convenient, in solving equation ( 10 . 1 ), to express 
the Laplacian operator in terms of the spherical polar coordinates, r, 6, and 
77 , where 6 is the angle between the axis of the sphere and the radius vector 
(corresponding to tt/2 — “latitude”), and 77 is the angle between the meridian 
plane in which r is measured and a fixed meridian plane. Thus 77 corresponds 
to the “longitude.” 

In terms of these coordinates the Schroedinger equation assumes the form: 



The boundary conditions which the solution 0 = </>(r, 0, 77 ) must satisfy 

1 For more detailed treatment the reader should consult Introduction to Quantum 
Mechanics, by L. Pauling and E. B. Wilson, McGraw-Hill Book Company, New York (1935), 
(Ref. P. W.), or ref. S. I). 
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are evidently the following: 

( 1 ) </> must be periodic in 0 with period t, and in rj t with period 2w. 

( 2 ) <t> must be a continuous and single-valued function of r, which vanishes 
asymptotically for large values of r, and also for r = 0 . This is in 
accord with the “common-sense” notion that the probability of oc¬ 
currence of the electron per unit volume must decrease to zero for 
large values of r and also at the origin, where the nucleus is located. 


It is found that solutions satisfying these requirements are obtained only 
for the same series of discrete values of E as those deduced by the Bohr theory. 
That is, the energy states are determined by the relation 


2whne*Z 2 

hrn 2 


RhcZ 2 

ri 2 


ZV 

2n 2 tt 0 ’ 


(10.4) 


where n is a whole number, R = R x ( 1 -f m/M) as stated in the previous section, 
and a 0 is the radius of the normal Bohr orbit. 

Comparing the method used by Bohr for deriving the values of E , with that 
used by Schroedinger, it would appear at first glance that nothing has been 
gained by the latter. However, the results obtained by the two methods are 
the same only in the case of the one-electron system, such as the hydrogen-like 
atom. In the case of atomic systems such as those of helium, lithium and so 
forth, where the number of electrons is two or more, it was found impossible, 
in spite of many attempts by some of the best theoretical physicists, to deduce 
by application of the Bohr method values of the energy states in agreement 
with those observed spectroscopically. On the other hand, this has been 
accomplished by the methods of the new mechanics. 

It is also evident that inherently the logic of the Schroedinger equation is 
simpler (even though the mathematical technique may be more difficult) since 
it involves only one assumption—that the different energy states correspond 
to different stationary wave patterns in much the same manner as the different 
frequencies emitted by a vibrating string are determined by the boundary 
conditions. 

The eigenfunctions associated with the eigenvalues, E n , may be represented 
as the product of three functions of the form 

0nim(r, 0, ??) — S n i{r)X im{B)Z m {y)\ (10.ft) 

where n, /, and m indicate three quantum numbers which are defined as follows: 
n is the total quantum number; l } which corresponds to k — 1 of the Bohr theory 
and is designated the azimuthal quantum number , may have any one of the 
series of values, / = n — 1 , n — 2 , • • • 0 ,* while m, designated the magnetic 
quantum number , is determined by the relation, m = =fc Z, db (/ — 1), • • • 0 . 

Thus corresponding to n - 1 , the normal or lowest state of the hydrogen¬ 
like atom, the eigenvalue is E\ = — Z 2 c 2 /2«o, and the eigenfunction has the 
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form 

1 / Z \ 3/2 

<£ioo = - -F-( ) e“ (Zr/oa) . (10.6) 

\7T V / 


Since this function is the same for all values of 6 and 77 it is spherically sym¬ 
metrical. The radial function, designated in equation (10.5) by S n i(r) is 
exponential, indicating that </>ioo decreases rapidly with increase in r. 

For n = 2 , there are four eigenfunctions, which are as follows: 


Z = 0; m 


1 ( Z V 2 f Zr \ 

< * >2 °° 4V2t\«o/ (an / 


i ( z V /2 

£ = 1 ; m = 0 ; <£ 2 io = — —p-- ( — ) r cos 0 e~ (Zr,2ao \ ( 10 . 8 ) 

4 \27t \ / 


Z = 1; m = dr 1; <£ 2 n 


1 / Z V /2 

— F ) r sin 0 c~< Zr/2tto) e ±iv . (10.9) 

^Vtt \Oo / 


Since these four eigenfunctions are associated with the same eigenvalue 

_ Z2f2 

= 2X4ffl»’ 

this is known as a degenerate state. For any given value of l there are 2Z + 1 
functions, corresponding to the values m = Z, l — 1, • • •, 0, • • •, — (Z — 1), — Z, 
and for a given value of n , there are n values of Z. Hence the total number of 
eigenfunctions associated with a given value of n is readily found to be n 2 , and 
this defines the degree of degeneracy for quantum number n. Thus, for n = 3, 
there are nine eigenfunctions, distributed thus: one s-function, three p-functions, 
and five d-functions. 

The corresponding spectroscopic designations for the lower states of the 
hydrogen-like atom are as follows* 

Spectral designation n l m 


Is 

1 

0 

0 

2s 

2 

0 

0 

2 P 

2 

1 

0 


2 

1 

dr: 1 

3 5 

3 

0 

0 

3 p 

3 

1 

0 


3 

1 

=fc 1 

U 

3 

2 

0 


3 

2 

d= 1 


3 

2 

db 2 


In the case of an atomic system with a single valence electron the $-eigen- 
functions are associated with the spectroscopic 5-terms (discussed in Section 1), 
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and similar relations exist between p-eigenfunctions and P-terms and d-eigen- 
functions and Z)-terms, respectively. 

Figure 10.1 1 shows plots of the radial eigenfunctions, S n i(r), for n = 1, 2, 
and 3. As ordinates are plotted values of — S n i(r)Z~ 3/2 10“ 12 , while the ab¬ 
scissae give values of r/a 0 . It will be observed that the number of nodes (ex¬ 
cluding that at r = 0) along the coordinate p ~ r/a 0 is equal to n — (/ + 1) = j. 
Hence j is designated as the radial quantum number 


I 


* 

Co 


b::: 

i 

n — l 

s 

.1=0 





j 




2 p 

n = 2j = l 



S. 





^ i 




Fiu. 10.1. Plots of Radial Eigenfunctions for Different Electronic States of Hydrogen Atom 


Thus quantum numbers appear in wave mechanics for just the same reason 
as nodal numbers in the case of vibrating systems. For instance, in the case of 
a string fastened at both ends, the number of nodes is n — 1, where n is the 
order of the emitted harmonic. Similarly in the case of a vibrating two- 
dimensional system there are two sets of nodal numbers. These numbers will 
correspond to nodes along the x~ and y -axes for a rectangular plate, while a 
circular plate has one set of nodes with respect to r, the radius vector, and 
another set which designates the number of nodes with respect to the angle 6. 

Whereas in the classical Bohr theory the quantum condition was in¬ 
troduced, for the purpose of determining the discrete orbits, in the form 

fpidqi = n*A, (9.33) 

where Pi and qi are so-called canonically conjugated variables and w* is a whole 
number, these quantum numbers occur naturally in wave mechanics as a result 
of solving the Schroedinger equation. 

* Ref. H. E. W., p. 07. 
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The spherical eigenfunctions for / = 0 and l — 1 are shown in Table 10.1. 

TABLE 10.1 

Normalized Spherical Eigenfunctions 


Notation 

l 

m 

A' i. m (fi) 

Z m (rj) 

X(6)Z(r]) 

A’ 

0 

0 

i/V-* 

i/V£ 

U^4tt 

Vz 

1 

0 

V % cos 0 

i/Vax 

V/4 7T cos 0 

Vx 

1 

+ 1 

V 3 *2 *4 n 0 

(1 /V 7r ) 008 V 

V 3 '4 rr sin 0 cos tj 

Pu 

1 

! ” 1 

V 3 2 8 * n 0 

(l/\x) sin y] 

sin 0 sin ij 


The first column gives the notation used by L. Pauling for the three p- 
functions and Fig. 10.2 shows plots of the $ and p x functions. The three 

p-functions are similar in form, but ori¬ 
ented at right angles to each other with 
their axes along each of the three coord¬ 
inate axes. 

(2) Distribution Functions for Oc¬ 
currence of Electron: As pointed out in 
the Section (8.4), the “amplitude” func¬ 
tion </>, obtained by solving a particular 
Schroedinger equation, has no physical 
significance. But 4>d> or <f> 2 (if the func¬ 
tion is real) is interpreted as the probability of occurrence per unit volume (or 
unit area, or unit length) at a given point. 

In the case of the eigenfunctions <t> n im(r , 6, rj) obtained by solving the partial 
differential equation for the hydrogen-like atom, the expression 

4><f>dv = S 2 (r) X 2 (6) Z 2 (rj)r 2 sin ddrdddrj , (10.10) 


0 - 



8 = 1 

Fig. 10.2. S and p x Eigenfunctions 


is interpreted as the probability of occurrence of the electron in the element of 
volume dv — r 2 sin ddrdddrj , at the point whose coordinates are r, 0, and rj. 

Since Z(rj)Z{rj) — 1/(27t), it is seen that the function 00 is independent 
of rj. Hence, 


Pdd 


x 2 (d)dd 

2ir 


( 10 . 11 ) 


is the probability of occurrence of the electron in the zone located between d 
and d + dd. Fig. 10.3, taken from the treatise by H. E. White 1 shows plots 
of the function P for different electronic states of the hydrogen-like atom. 
Instead of regarding P as a probability function it is more convenient to 
interpret it as charge distribution function. In the case n = 1, l = 0, P is 
spherically symmetrical, but for n = 2, l = 1, there are three possible eigen- 


1 Op . tit., p. 63. 
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functions, as shown in Table 10.1, and hence there are three charge distribution 
functions as shown at the top of Fig. 10.3. 

The description by H. E. White of the different plots shown in this figure 
is as follows: 

“Each curve is shown plotted symmetrically on each side of the vertical 
axis in order to represent a cross section of the three-dimensional plot. Three 
dimensional curves are obtained by rotating each figure about its vertical axis. 
It should be pointed out that the electron is not confined to the shaded areas 
in each figure. The magnitude of a straight line joining the center and any 
point on a given curve is a measure of the electron’s probability of being found 
in the direction of that line. 

11 These figures indicate that for all m — 0 states, with the exception of 
^-electrons, the charge density is greatest in the direction of the poles, i.e., 
in the direction 0 — 0 and 7r. The exponent of e lTnv being zero implies that 
there is no motion in the ^-coordinate and that the motion of the electron, i.e., 
the plane of the orbit, is in some one meridian plane through the 77 -axis, all 
meridian planes being equally probable." 



Fig. 10.3. Angular Distribution Functions for Different Electronic States of Hydrogen Atom . 

In Fig. 10.3, “the classical oriented orbit for each state is given below each 
figure, tilted slightly out of the normal plane to show an orbit rather than a 
straight line." 

Let us now consider the radial function, S n i(r ). In wave mechanics the 
function j S n i(r )} 2 is interpreted as the probability of occurrence of the electron 
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(or charge density) per unit length at the point defined by the value of r . 
However, a much better interpretation of this function is obtained by means 
the distribution function , D , defined by the relation 

D'dr = 47rr 2 {^(r)j 2 dr, (10.12) 

which gives the probability of occurrence of the electron in the spherical shell 
located between r and r -f- dr. Fig. 10.4 taken from the treatise by H. E. White, 1 



Fig. 10.4. Radial Distribution Function ( D ) for Different Electronic States of Hydrogen 
Atoms and Bohr Orbits for Comparison, Where k is Replaced by \l(l 4* 1) 

gives plots of D as a function of r/a 0 for the normal (Is) and excited states of 
the hydrogen atom. Because of the occurrence of the factor r 2 in equation 
(10.12), the value of D vanishes for r = 0. With increase in r, the function D 
passes through a maximum at a value w r hich we shall designate by r = r m , 
and decreases rapidly with further increase in r, because of the preponderating 
effect of the exponential factor in the expression for the eigenfunction <£ n zm. 

A simple calculation 2 shows that in the case of the Is state, r m = ao- Thai 
is, the probability of occurrence of the electron in the space surrounding the 
nucleus has a maximum value at that value of r which according to the Bohr 

1 Ref. H. E. W., p. 68. 

2 R-ef. S. D. t p. 197 et seq. 
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theory corresponds to the radius of the normal (circular) orbit. Furthermore 
the values of r m for the 2 p and 3 d states are 4a 0 and 9 a 0 respectively, which 
according to the Bohr theory are the values of r for the circular orbits of 
quantum numbers n = 2 and n — 3 respectively. 

In the Bohr theory the ratio of the minor axis to major axis of an elliptic 
orbit is given by the value of k/n, where k is the azimuthal quantum number. 
‘‘In the new theory the latter has to be replaced by V/(Z + 1). With this 
modification, the corresponding orbits, as deduced from the older theory, are 
indicated on each of the plots of D in Fig. 10.4. The origin is taken as one 
of the foci of each ellipse, so that the distances from the origin along the axis 
of r to these curves give the maximum and minimum distances of the electron 
from nucleus according to the Bohr-Sommerfeld theory/’ 

While the new theory replaces the electronic orbit of the Bohr theory by 
an electron distribution function, it should be observed that the function D 
always exhibits an exponential decrease with increase in r beyond the maximum 
value of r as given by the Bohr theory. 

(3) Wave Mechanics Treatment of Electronic Momentum and Angular 
Momentum of Atom: According to the Principle of Indeterminism it is im¬ 
possible to designate the simultaneous position and velocity of an electron 
with the same degree of exactness, and in this manner we can account for finite 
values of the distribution function D, discussed in the previous section, for 
regions of space in which the potential energy, — Ze 2 jr , is greater (more posi¬ 
tive) than would be permitted by 
classical theory. However, it is 
possible to calculate a velocity dis¬ 
tribution function for the electron 
in any given state, and Fig. 10.5 1 
shows plots of this function for the 
normal state (n — 1, l = 0) and for 
the excited state (n = 2, l = 0). 

The ordinate gives the probability 
of occurrence of a velocity of the 
electron given by the value of the 
abscissa. Thus in the normal 
state, the most probable velocity 
is 1.2 X 10 8 cm. sec. -1 , while in 
the excited state this velocity is 0.4 
X 10 8 cm. sec." 1 . The upper scale 
of abscissae gives the momentum expressed in units of A/(27ra 0 ) * 1.96 X 10~ 19 
gm. cm./sec., in accordance with the relation, 

mv — qh/(2Tao) t 

where q is a pure number. 

1 G. Her z berg, Atomic Spectra and Atomic Structure, p. 48, Prentice-Hall, Inc,, New York 
(1937). (Ref. G. H.) 



Fig. 10.5. Probability Distribution of Mo¬ 
mentum and Velocity in the States n = 1, l = 0, 
and w = 2, l =» 0 of the Hydrogen Atom 
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On the other hand it may be shown that the angular momentum , />, of the 
atom corresponding to any given state of quantum number l has the value 

P = ~ Vz(Z + 1 ). (10.13) 

Thus for l = 0, p = 0, which signifies that in this state, the atom as a whole 
has no angular momentum, in spite of the fact that there is a motion of the 
electron. In the classical Bohr theory, the value k — 0 could not occur, since 
this would have indicated an oscillatory motion of the electron through the 
nucleus. As Herzberg writes, ‘‘The fact that even in wave mechanics each 
stationary state of the atom has a perfectly definite angular momentum shows 
that the atom can still be regarded as consisting of electrons rotating about a 
nucleus, as in the original Bohr theory. We must not, however, speak of 
definite orbits.” 

11. Inner Quantum Number and Electron Spin 

(1) Selection Principle: According to the Bohr theory, every line in a 
spectrum originates as a transition between two energy levels. Is the reverse 
true? That is, given two different levels, is a transition between these levels 
always possible? The answer is given by observations such as those on the 
spectral terms in sodium (shown in Fig. 1.5). There it is observed that only 
those transitions occur for which the change in / is Al = ±1, while there is no 
limitation whatsoever as far as changes in the value of n are concerned.* Thus 
we have the transitions corresponding to S—*P; P —* S ; 1) —» I\ F —* I), that 
is, between levels in adjacent columns, but no transition between levels in the 
same column or between say S and V levels (except under certain special 
conditions). 

These observations illustrate a rule or Selection Principle which may be 
stated as follows: 

The only transitions which are ordinarily observed in spectra are those for 
which l changes by unity , that is, 

Al = ± 1. (11.1) 

It is the existence of this selection principle that leads to the possibility 
of sorting out spectral terms into adjacent columns such as those shown in 
Fig. 1.5 for sodium, and Fig. 1.6 for mercury. 

While Bohr deduced a selection rule for k = l + 1 on the basis of the 
Correspondence Principle, his arguments may be regarded now as largely of 
historical interest only. 1 

A much more rigorous basis for the validity of selection principles governing 
transitions between states of different quantum numbers has been deduced by 

* For spectral terms arising from single valence electrons, l and L are identical, as explained 
more fully in a subsequent section. 

1 See discussion pp, 1177-1182, second edition of this Treatise. 
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the methods of quantum mechanics. In this manner it has been shown that 
while a selection principle of the form stated above applies to quantum number 
Z, no such restriction applies to the total quantum number n, and this is in 
agreement with spectroscopic observations. 

(2) Multiplet Levels and Inner Quantum Numbers: As shown in Fig. 1.5 
the spectrum of sodium actually exhibits two sets of P levels, one designated 
by the subscript and the other by the subscript For any given value 
of n y these two levels are so close together that lines emanating from them 
are of nearly the same wave length. The two D-lines of sodium, X5890 and 
X5896, provide a well-known example of doublet lines such as are observed in 
the spectra of all the alkali metals. Furthermore, for each set of values of n 
and Z (with the exception of / = 0) we observe two terms, with a difference in 
wave numbers, Av, which varies with n and l in accordance with the following 
rules: 

(1) For any one type of spectral term (/ = constant), Av decreases as n 
increases. 

(2) For a given value of n, Av decreases as l increases. 

Comparing such doublet terms having the same values of n and / in the 
different alkali spectra, it is observed that Av increases with the atomic number. 
Hence, while in the case of Li and Na only doublet P-levels are observed, the 
D-levels begin to exhibit doublet structures with larger and larger values of 
Av as we proceed from K to Hb and Cs, while Av for the two P-levels is so 
small that the doublet structure.is practically unresolvable for even Cs. 

As is also evident from Fig. 1.5 the transitions between these doublet levels 
are governed by a selection principle similar to that observed for the S, P, D 
and F levels. Thus, instead of the expected four lines as a result of transitions 
between two doublet Z>- and P-levels, only three are observed. 

In the case of calcium, mercury, and other metals of Group II in the 
Periodic Table, it has been found that the spectral lines belong to two separate 
systems of S , P, D and F levels. In one system these levels are all singlets , 
while in the other the P, D and F levels are triplets. Spectral lines are observed 
which correspond not only to transitions between levels within one system, but 
also to transitions between a level in one system and another in the second 
system (“ intercombination ” lines). Fig. 1.6 shows the lower levels and a 
number of the lines in the triplet and singlet systems for mercury, and here 
also it is observed that a selection principle governs the possible transitions 
between the one set of levels belonging to a given pair of values of n and l 
and the other levels belonging to another pair of values of n and l. Denoting 
the wave number differences between the three component levels for given 
values of n and l by Avi and Av 2 it is observed that each of these varies with 
n and l in a manner similar to that observed in the case of the alkali doublet 
levels. 

Formally the existence of these multiplets may be correlated with the 
assignment of a third, or so-called inner quantum number , j, which differs for 
each term of a multiplet. In the case of the doublet terms of the alkali metals, 
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the value of j for the £-term is while the doublet P-terms have the values 
and and the doublet D-terms, the values % and The values of j for 
the different terms in singlet and triplet systems, as well as in those of higher 
multiplicity are shown in Table 11.1. 

TABLE 11.1 



Singlets 

Doublets 

Triplets 

Quartets 

s 

0 

>2 

1 

% 

p 

1 

X.K 

0, 1, 2 

}(.?£. H 

D 

2 

%. y* 

1, 2, 3 

I 2 . 3/, i- / 2 • 7 A 

F 

3 

'/2> Vl 

2. 3, 4 


0 

4 

3-2, % 

4, 5, 6 

«. H. ?». 11 i 


Quintets 

Sextets 

Septets 

Octets 

S 

2 


3 

J'2 

P 

1, 2, 3 

H. H, W 

2, 3, 4 

M. 34, n 

I) 

0, 1, 2, 3, 4 

^ 2 , y, 

1, 2, 3, 4, 5 

?a.?s. H. H,"4 

F 

1. 2, 3, 4, 5 


0, 1, 2, 3, 4. 5, (i 

H, U, H. H. H. l K- 'H 

G 

2, 3, 4, 5, 6 

H. H. > 2 . %. "A, 13 A 

1, 2, 3, 4, 5, 6, 7 



In designating the different terms of a multiplet, the ./-value is indicated as 
an index at the lower right-hand side, while the degree of multiplicity is indi¬ 
cated by an index at the upper left-hand side. Thus the two terms of the 
P-doublets for the alkali metals are designated spectroscopically by the 
symbols n 2 Pi/ 2 and rt 2 P 3 / 2 , w^hilc the three components of the triplet P terms in 
the case of elements of Group II are designated ?? 3 Po, n z P i and n 3 P 2 . 

As in the case of the quantum number l, the quantum number j obeys a 
selection rule of the form 

A j - 0, or ±1 (11.2) 

with the added condition that no transitions can occur from j — 0 to j — 0. 

We thus observe the following transitions in the case of a doublet spectral 
system (such as that of one of the alkali metals). 1 


*1/2 —► S\/ 2 \ 

P3/2 — * $1/2 


lines 

* 5/2 ► P 3 / 2 ; 

D 3/2 — ¥ P 3/2I 

P3/2 — ♦ Pi 12 

f/ircc lines 

’7/2 D 5 /3 ; 

E 5/2 — * Db / 2 ,‘- 

E 5 2 —* Z^ 3/2 

Mree lines 


The D-lines in sodium correspond to the two P S transitions. Since the 
energy levels corresponding to P5/2 and D 3/2 are much closer than those corre¬ 
sponding to Pa/2 and Pi/ 2 , the two lines terminating on the P3/2 level are prac¬ 
tically merged into one, so that the resulting spectral lines appear as a doublet, 
except under very high resolving power. Similarly the two transitions from 

1 When there is no question regarding the degree of multiplicity, the upper left-hand index 
is often omitted. 




QUANTUM THEORY 


265 


F levels to D h j 2 appear as a single line, while the transition Fu 2 —» D 3 / 2 forms 
the other component of what appears to be a doublet structure. The designa¬ 
tion doublet system thus refers to the spectroscopic terms or energy levels , and 
not to the resulting spectral lines. 

(3) Electron Spin: In the case of an atom with a single valence electron, 
it has been shown that the quantum number l corresponds to an angular 
momentum associated with the motion of the electron, which has the magnitude, 
in units of (h/2ir), 

p = Vi(i + 1). (11.3) 


An angular momentum can, of course, be represented by a vector and the 
physical interpretation originally suggested for the quantum number j was 
that it corresponds to the resultant of two angular momentum vectors, one 
designated by Z, which is associated with the orbital motion of the electron, and 
another, designated by s, which corresponds to the angular momentum of the 
rest of the atom or kernel. This led to numerous difficulties in the interpreta¬ 
tion not only of the effect of magnetic fields on spectral lines, but also of multi- 
plet terms of higher multiplicity than two. 

G. E. Uhlenbeck and S. Goudsmit 1 showed, however, that by introducing 
the hypothesis of the spinning electron , all these difficulties are eliminated and 
the interpretation of multiplet levels becomes very much simplified. According 
to this hypothesis, each electron in an atomic system possesses an intrinsic 
angular momentum whose component in any direction is equal to s(/i/2tt) 
where s = =t On the basis of wave mechanisms it is shown that the total 


Von tor 
model a 


Vector 
model b 




jzl-ib 


angular momentum of spin is \s(s + 1) in units of (k/2w). If this angular 
momentum is combined with that due to 
the orbital motion of the electron, and rep¬ 
resented in units of (h/ 2tt) by V/(7 + 1), 
the result is an angular momentum associ¬ 
ated with quantum number j f and repre¬ 
sented, in units of (h/2 t), by V/(j + 1). 

The interaction of these vectors may 
be illustrated by means of Fig. 11.1. 

Classically, the vectors l and s would be 
combined to form a resultant j, as shown 
in Fig. 11.1(a). That is, j = l ± K, 
where j is a multiple of Since, how¬ 
ever, the magnitudes of these vectors in 
units of (h/2ir) are not integral, as indi¬ 
cated above, the model shown in Fig. 

11.1(6) has to be used. Thus, while the values of the quantum numbers are Z, 
s and j = l db H, the magnitudes of the corresponding angular momentum vec¬ 
tors (in units of ( h/2ir ) for different values of l (for a single valence atom) are 



Fig. 11.1. Vector Models a and b for 
the Composition of Angular Momentum 
of Electron Spin and of Orbital Motion 


i Naturwisa ., 13, 953 (1925); Nature, 117, 264 (1926). 
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those shown in Table 11.2. It should be noted that for a single electron, the 
value of this momentum (in units of /?,/2x) is 

Pi = VOiOO'2 + J) = (H )V3. (11.4) 


TABLE 11.2 


1 

Pi 

j = l db * 2 

Pi 

e 

0 

0 

1 



1 

V2 

I 2 

l 1 2 ) V :* 

144° 4 A' 



3 .j 

<’-i) V15 

G5° 54' 

2 

Vo 

3 2 

('■2)Vl5 

135° 



-> 2 

(’ 2 )V35 

83° 1 V 

3 

Vl2 

5 2 


131° P)' 


S 

J-i 

( 1 - 2 )Vuh 

00° 


Denoting the angle between the vectors / and s by 9, it follows that 

j(j + 1) = Kl + 1) + 8(8 + 1) + 2 vr</ + 1)7(7+ 1) cos 0. (11.5) 



Fig. 11.2. Illustrating the 
Precession of Angular Momen¬ 
tum Vectors for Spin and Orbital 
Motion Around Their Mechan¬ 
ical Resultant Represented by J 


The value of 6 deduced in this manner is 
given in the last column of Table 11.2. In a 
subsequent section it will be shown that equa¬ 
tion (11.5) is of fundamental significance in 
calculating the energy due to this coupling of 
orbit and spin vectors. 

This coupling of the l- and s -vectors to 
form a resultant j corresponds mechanically to 
a precession of the two components about their 
resultant, as shown in Fig. 11.2. 1 

For purposes of qualitative discussion the 
magnitudes of the vectors may b£ represented 
(as is done frequently in the following remarks) 
by s, l and j. But care must be exercised to use 
the correct magnitudes, as given in Table 11.2, 
for any quantitative calculations. 

Even before the advent of wave mechanics 
it was recognized that the value l = 0 must be 
assigned to the lowest level of a univalent 
atom in order to account for the occurrence of 
a single value of j. And, of course, having 
assigned the value / — 0 to the s-level, the 


values / = 1, 2 and 3 follow from the Selection Principle for the P, D and F 


levels respectively. 


» Ref. H. E. W., p. 127. 
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It is also possible on this basis of assignment of j-values to deduce the 
relative energy values of the components in any pair of doublet levels.' Let us 
consider the significance of combining the vector l — 1 with s — >£. The 
result of adding these vectors is j = and physically it may be interpreted 
as indicating that the direction of rotation of the electron is in the same direc¬ 
tion as that of the electron in its orbit. On the other hand, if the resultant 
vector is j = 1 — % = Li, the interpretation is that the two directions of 
rotation are opposed to each other. But, since each angular momentum also 
carries with it a magnetic field (owing to the rotating charge), it follows that 
the two magnetic fields will exert an attractive force on each other in the case 
of opposing rotational directions (j = JiO and that therefore it will require 
more energy to remove the electron when the atomic system is in the state 
j = Vi, than when the two directions of rotation are similar and fhe atomic 
system is in the state j — %. Consequently, the levels designated as P 1/2 and 
Z>s /2 will be lower in the energy diagram than the levels P 3/2 and Z> S / 2 respectively. 

(4) Russell-Saunders Coupling: In the case of atomic systems containing 
more than one valence electron, the spectral terms represent energy states 
which result from (a) attractive forces between the electrons and the nucleus, 
and (6) repulsive forces between the electrons. Hence the Schroedinger equa¬ 
tion for the system will contain potential energy terms due to these two types 
of interaction. Moreover, account has to be taken of the magnetic interaction 
of the electronic orbits and spins. Since the exact procedure for dealing with 
this problem is not known, 1 approximate methods have had to be developed. 
The one which has proved most useful is that known as the LS - or Russell- 
Saunders coupling, 2 which is described in the following section. 

Let us consider the case of two electrons with quantum numbers L and U, 
These correspond to angular momenta of magnitudes V/i (h 4- 1) and V/s(L 4- 1) 
respectively. The possible resultant angular momenta are given by the values 

L = (h + l t ) t (Ij + J* - 1), • • (Ji - l t ) t (11.6) 

where l\ > U. It will be observed that the symbol L represents an angular 
momentum of magnitude VL(L 4- 1)W27 t) which results from the interaction 
of the electronic angular momenta. 

In a similar manner the interaction of the spin vectors Si and s 2 of the 
two electrons will be represented by the resultant vector of magnitude 
Vfl(£ + l)h/2rr, where the quantum number S is given by the relation, 

S = s { 4- « 2 , or S\ — $ 2 . (1L7) 

Since Si and s 2 can each assume only the two discrete values 4- H or — 
it follows that S can have only the two values 0 or 1. The actual magnitude 

1 E. U. Condon and G. H. Shortley, The Theory of Atomic Spectra, Chapter VI, The 
Macmillan Company, New York, (1935). 

. 2 H. N. Russell and F. A. Saunders, Astrophys. J., 61, 38 (1925). See also ref. H, E. W., 
Chap. XII. 
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of the vector, in units of A/2 tt is 0 or V 2 . Again it will be observed that S is 
used to distinguish the resultant of spin-spin interaction from the individual 
spin quantum numbers. 

The further requirement that 

J = L + S, L + 8- 1, •••, \L-S\, (11.8) 

leads to the appearance, in the case of an atom with two valence electrons, of 
two systems of spectral terms, each associated with one of the two possible 
values of S. These are indicated in Table 11.3. 


TABLE 11.3 


Spectral Type 

L 

J for N = 0 

J for S = 1 

S 

0 

0 

1 

P 

1 

1 

2, 1, 0 

D 

2 

2 

3, 2, 1 

F 

3 

3 

4, 3, 2 


That is, in one system there is only one value of J for each value of L, in 
the other there are three values of J for each value of L. The former is known 
as a singlet system, the latter, as a triplet system. In this manner an interpre¬ 
tation is given for the occurrence of singlet and triplet levels in the spectra of 
atoms with two valence electrons. 

In the case of an atom with three electrons, S can have the two values, 
S = and S = Associated with the latter will be a system of doublet 
levels, as in the case of atoms with one electron, and corresponding to S — 
there will be the following values of J for different values of L\ 


L = 1 

2 

3 


Vi, Hi Hi 

X, X, X, 3 A 


Thus four multiplet levels are associated with the value S = %. The 
system is said to be of the quartet type. 

As we proceed in the periodic table from Group I to Group VIII it is ob¬ 
served that the spectral terms exhibit periodic variations in regard to the 
maximum degree of multiplicity, and that the maximum value of the multi¬ 
plicity increases with the value of J for the $-term. This is illustrated in 
Table 11.4 for the elements from K (At. No., 19) to Ni (At. No., 28). The 
most striking feature brought out by this table is that the multiplicity alternates 
between even and odd as we pass from K to Ni. Furthermore for atoms with 
an odd number of valence electrons the multiplicity is even, and it is odd for an 
even number of valence electrons. 
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TABLE 11.4 


K 

Oa 

Sc 

Ti 

V 

Or 

Mn 

Fc 

Co 

Ni 


Singlets 


Singlets 






Singlets 

Doublets 

Triplets 

Doublets 

Triplets 

Doublets 

Triplets 


Triplets 

Doublets 

Triplets 



Quartets 

Quintet* 

Quartets 

Quintets 

Quartets 

Quintets 

Quartets 

Quintets 





Sextets 

Septets 

Sextets 

Septets 

Sextets 








Octets 





It is the presence of these multiplet levels and the resultant possibilities of 
transitions in each system as well as between systems that give rise to the ex¬ 
tremely complex nature of a large number of spectra, such as those of Ti, Cr, 
Mn, Fe and other elements. In fact, it was only after the Bohr theory of 
energy levels had been postulated and the more simple types of spectra had 
been interpreted from this point of view that any progress could be attained 
in unravelling these more complicated spectra, so that it is only within the 
past few years that it has been found possible to formulate energy level dia¬ 
grams for these cases. As an illustration of such an investigation the work 
of H. N. Russell on the spectrum of titanium may be mentioned. This spec¬ 
trum has been found by him to consist of seventeen series divided between 
singlet, triplet and quintet systems. 

On the basis of equations (11.6), (11.7) and (11.8) it is possible, as illustrated 
above, to account for the different types of multiplicity and for the assignment 
of J values which are shown in Table 11.1. From equation (11.8) it follows 
that for L > *8, the number of possible values for J for a given value of L is 
2*8 + 1. (This is most readily deduced by putting L — S = n, so that the 
values of / are n + 2*8, 71 + 2*8 — 1, • • • n + 2S — 2*8.) Also, for L < *8, 
the number of possible values for J for a given value of *8 is 2L + 1. This 
leads to the conclusion that for L — 0 (*8-terms), there is only one value of J , 
viz. J - S. That is the *S-level is always single, as shown in Table 11.1. 
Denoting the degree of multiplicity by r (r = 1 for singlets, r - 2 for doublets, 
etc.), it follows that 


r = 2*8 + 1, (11.9) 

which is again illustrated by Table 11.1. 

It should be added in this connection that the Selection Principle applies 
to L in the same manner as to the electronic quantum number Z, that is 

AL = dt 1, (11.10) 

although AL = 0 is also permissible. In addition there is the rule that for 
the electron making the transition, A l = d= 1, ^Thus, the state L = 1, h = 1, 




270 


A TREATISE ON PHYSICAL CHEMISTRY 


— 0 cannot combine with a state L — 2, U — 3, Z 2 = 3, although a transition 
between these two states would not violate the rule AL — dt 1. 

Furthermore, for Russell-Saunders coupling AS = 0, that is no transitions 
are permitted from terms of one type of multiplicity to terms of another type 
of multiplicity. However, such inter combination lines are actually observed, 
especially for elements of higher atomic number, which means that spin-orbit 
interaction becomes more prevalent in these cases. 


12. Effect of Magnetic and Electrostatic Fields on Spectral Terms 

(1) Zeeman Effect: 1 The following description of this effect is taken from 
F. K. Richtmeyer’s “Introduction to Modern Physics.” 2 

“In 1896 Zeeman discovered that spectral lines are split up into components when the 
source emitting the lines is placed in a very strong magnetic field, and, further, that these 
components are polarized. The simplest case is shown in Fig. 12.1 where a represents a line 

before the magnetic field is turned on. If the field lie 
turned on and the line be viewed at rifjht angles {H) to 
the direction of the field, the line is seen to be triple 
with components <n, ir and crs. The central line ir has 
the same wave-length as the original line a but is plane 
polarized in a plane at right angles to the magnetic field 
H, the direction of x>olarization being indicated by the 
double arrow above the line. The other two compo¬ 
nents, <ri (left, shorter wave length) and er? (right, 
longer wave length) are plane polarized in a direction 
'parallel to the magnetic field. 

“if the pole pieces oi the electromagnet be drilled 
through longitudinally so that one may view the flame 
in a direction parallel to the magnetic field, only two 
components are seen, as shown at P. These two lines 
have the same respective wave-lengths as the outside components in the previous case, but 
they are circularly polarized in opposite directions, as shown by the arrows above the lines. 
(The magnetic field, in this latter case, is directed toward the reader.) " 


<r 


* <5 * 


Fig. 12.1. Effect of Magnetic 
Field on Spectral Lines (Zeeman 
Effect) 


Since the direction of vibration of the electric vector is at right angles to the 
plane of polarization, the 7r-component corresponds to vibration in a direction 
parallel to that of the field (hence the symbol 7r, for “parallel”), and the a- 
components correspond to vibrations of the electric vector in a direction at 
right angles to that of the field (the symbol a for “senkrecht,” that is “at 
right angles”). 

It was observed that the change in frequency , Av ni of each outside component 
is given by the relation 


Ag n 


where H = intensity of field. 


c _H 

2 m Q 2tt ’ 


( 12 . 1 ) 


1 This topic is dealt with very comprehensively in the treatise, Zeemaneffekt und Mul¬ 
tiples Struktur der Spektral Linien by E. Back and A, Land6, Julius Springer, Berlin, 1925. 

* First edition, page 143. 
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Substituting the value e/m 0 = 1.7591 X 10 7 c.m.u. gm." 1 and expressing H 
in gauss, 


<j — Av n = 1.400 X 10 ,: H sec. -1 . 
The change in wave number is given by 


(12.2a) 


Av n = - * 4.670 X 10 -5 H cm.' 
c 


(12.26) 


(o) 1 

(2)4 
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15 
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(a) 


U) 


15 


(0) 4 


S Pi 

3 S V 2 


T* 2 

(1) 3,4 


Po‘ D, 


1 r 


( 0)1 


^ 2 

(0) (1) 2.3. 4 


(«) 


The resolution into three components with separation given by the above 
equation could be accounted for by Zeeman on the basis of the classical electro¬ 
magnetic theory by applying Lorentz’s electron theory of matter. 1 Indeed 
the Zeeman effect was used to obtain very accurate determinations of e/m t) . 
However, it was found that only 
relatively few of the spectral Norma! 

lines show this type of resolu¬ 
tion in magnetic fields, and that SPjl r 

most spectral lines exhibit a sp± i— 

much more complex resolution. ' 

Instead of three components in a „ n „ il (D li .is 

transverse magnetic field, there 
are observed a larger number, 
some having the same state of 
polarization as the 7r-component 
(class 7r) in Fig. 12.1 and others 8 s Vo r 
similar to the <r-components, the 
number of each class varying 
with the spectral type of the line. 

Consequently the designa¬ 
tion of normal effect was applied 
to those cases in which the ob¬ 
served displacement is given by 
equation (12.1) or (12.2) while 
the designation of anomalous 
Zeeman effect came into use 
for more complex types of reso¬ 
lution. 

Further investigation of the 
behavior of different spectral 
lines in magnetic fields led to the deduction by spectroscopists of several im¬ 
portant empirical generalizations, as follows: 

(1) The spectral lines belonging to any given type of series (such as the 
principal or diffuse series in the alkali and alkaline earth groups) exhibit the 


PUD i r 


1(2)3 


Po Dt 


1 | , (0)1(2) 3.5 

| l 

„J 1 1 

(0) (2)5.7./ ( d) 

i D z r ~ r T 
J n .. . . .1 

, , 

1 ' ' 6 

I (2) (4) 6.7.9.11 

r li ' 

■ ill i 

M«* g 

(0) (1)(2) 6.7.8.9.10 

u 3 HTTp 


^TTT’-g- LJ - 


Fig. 12.2. 


Zeeman Patterns for Different 
Spectral Lines 


1 For this explanation the reader is referred to Richtmeyer’s book. 
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same type of resolution in a magnetic field. (Obviously this rule could then 
be used as a guide for determining the spectral type of an unclassified line 
from its behavior in magnetic fields.) 

(2) The lines corresponding to the difference between terms of a series A 
and another series B exhibit the same pattern as those corresponding to the 
difference between terms of series B and those of series .4. 

(3) The components produced by resolution in a magnetic field are located 
symmetrically (with respect to changes in frequency or wave number) about 
the original line. 

(4) The value of Ay, the change in frequency (or Ay, the change in wave 
number) for any one component is always a rational multiple (not necessarily 
integral) of the value Av n (or Ay n ) calculated from (12.1) or (12.2). 

As an example, we may consider the resolution in a magnetic field of lines 
of the principal series in the alkali metals, for instance the ZMines of sodium 
(X5890 and X5896). This is diagrammatically represented in Fig. 12.2 (a) in 
which the tt- and cr-components are distinguished by short vertical lines above 
and below the horizontal line respectively. The relative intensities of the 
components are indicated quantitatively by the length of the vertical lines in 
the diagram, while the relative separation of the components (that is, the value 
of Ay) is also indicated quantitatively by comparison with the pattern for the 
normal Zeeman effect shown at the top in Fig. 12.2. 

Lines of the diffuse series of the alkali metals (e.g., X8183 and X8195, Fig. 1.5) 
exhibit a Zeeman pattern of the type shown in Fig. 12.2 (5), while for the 
transitions S-P and P-D in the triplet series the Zeeman patterns are of the 
types shown in (c) and ( d ) respectively. Illustrations of these transitions are 
found in the energy level diagrams for calcium and mercury (Fig. 1.6.) 

To understand the significance of the numerical values given in the right- 
hand side of Fig. 12.2, it is necessary to discuss briefly the classical quantum 
theory of the Zeeman effect. 1 

In accordance with Bohr’s theory, we must look for the observed resolution 
of any given line as due to the effect of a magnetic field on the initial and final 
states of the atomic system which are involved in the production of the line. 
The interpretation given by Bohr rests upon a theorem deduced by Larmor 
together with an application of the method of the perturbations used in 
astronomical calculations. 

For an electronic orbit of angular momentum, 

p = l(h/2r), 

1 In addition to the references already given, the discussion of the anomalous Zeeman 
effect given by A. Land6 in Ergeb. exakt . Naturwiss ., 2, 147 (1923) should be consulted. 
Fig. 12.2 is taken from this source. It should be noted, however, that the spectral notation 
and assignment of /-values have been changed since that date. For more recent discussion 
of this topic the reader should consult the following: E. C. Stoner, Magnetism and Matter, 
Chapter VI, Methuen and Co., London (1934), (Kef. E. C. 8.), also refs. H. E. W., and G. H. 
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the magnetic moment is given (on classical basis) by the relation 1 



e Ih 

2me 2ir ^ Bl 


(12.3) 


where e is measured in e.s.u., and the negative sign indicates that the magnetic 
moment has the opposite direction to that of the angular momentum. 

For l = 1, n = 9.2720 X 10 -21 erg gauss -1 . This constitutes the unit of 
magnetic moment and is known as the Bohr magneton. It is usually designated 
by the symbol mb, and corresponds to 6.023 X 10 23 mb = 5582 erg gauss -1 per 
gram atom. 

According to Larmor’s theorem the effect on this magnetic moment of a 
field of intensity H is that of imposing upon the electronic motion a precession 
of the orbit about the direction of H, of frequency, 

mH cos Be II 

un =-;- == "— • — l cos 6 = mo, (12.4) 

h 2 me 27r 7 


where 0 is the angle between the plane of the orbit and the direction of H, and 


eK 

Airmc 


(12.5) 


the change in frequency which was introduced in equation 
Larmor” precession is illustrated 

H 

i 


Thus a = Av n 
(12.2 a). This 
in Fig. 12.3 2 

The theory of perturbations leads to the con¬ 
clusion that for o )h small in comparison with a? 
the frequency of rotation of the electron in its 
orbit, the change in energy due to the presence of 
the field is given by 


AE = ho)ji — hm-o, 


( 12 . 6 ) 


where obviously AE may be positive or negative 
in consequence of the presence of the factor cos 6 
in (12.4). 

We now introduce the assumption that the 
orbit can orient itself in a magnetic field only 
in certain definite directions such that l cos 6 
= m is an integral value. That is, the only 
possible values of l cos 6 are the integral values 



Fio. 12.3. Larmor Preces- 
cession of Electronic Orbit in 
Magnetic Field 


m ~ l, l — 1, 1), — L 

1 This expression for /a is the one most frequently used. 

* Taken from E. Buchwald, Das Korrespondenzprinzip, F. Vieweg & Sohn, Braunchweig, 
1923, p. 63. 
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We have thus introduced a fourth or magnetic quantum number , m, whose 
magnitude gives the number of units of magnetic moment of the orbit resolved 
in a direction parallel to that of the field. 

That is, the energy of the orbit in a field is given by 

E + AE = E + ha-m, 


where E is the energy of the unperturbed orbit. 

According to the principle of correspondence, this frequency must appear 
in the radiation emitted, in the form 


v — An • co -f- Am • cr, 

where An represents the change in total quantum number, and Am the change 
in magnetic quantum number. 

But since m is a measure of angular momentum about an axis of symmetry 
the same principle of selection must apply as for the inner quantum number j, 
that is, only those transitions can occur for which 

Am = ± 1, or 0. 

Hence we must have 

v = Vo ± cr or v 0t 

where v Q is the frequency in absence of magnetic field, and v is the frequency 
in presence of a field. 

This theory thus leads to the conclusion that every spectral line should be 
resolved, in a magnetic field, into triplets (normal Zeeman effect). In order to 
account for the so-called “anomalous” effect, it is necessary to introduce into 
the simple classical theory the concept of electron spin together with the 
additional hypothesis, suggested by Uhlenbeck and Goudsmit, that for the 
electron the ratio between the total magnetic moment and angular momentum is 
twice that required by LarmoEs theorem , that is, 


Me = 


2e 

2 me ^ 


he i - 

- - t -2Ws + 1 

4xmc 


(12.7) 


= 1.73ms (12.8) 

As has been pointed out, the angular momentum corresponding to any 
energy state in the case of an atomic system is determined by the magnitude 
of the quantum number J, which is obtained as a result of the LS coupling. 
If it were not for the anomalous relation between angular momentum and 
magnetic moment which is expressed by equation (12.7), the change in energy 
in a magnetic field for a level of quantum number J , would be given by the 
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relation (analogous to equation (12.6)) 

A E = Mha r (12.9) 


where M — J, J — 1, • • •, — J. 

That is, the energy level would be split up into 2J.+ 1 levels in presence 
of a field, and these levels would be spaced at equal intervals of magnitude ha. 
But in consequence of equation (12.7), the value of A E actually observed is 
given by a relation of the form, 


A E — Mg ha f 


( 12 . 10 ) 


where g is the so-called “splitting” factor for which Land 6 deduced the empirical 
relation 


9 = 1 + 


J(J + 1) + S(S -h i) - L(_L+JL) 
2J (./ + 1 ) ’ 


( 12 . 11 ) 


This relation has been confirmed subsequently by considerations based on 
the Uhlenbeck-Goudsmit concept and the use of quantum mechanics. 

The derivation of equation (12.11) is of interest, since a similar argument 
applies to the derivation of the difference in energy for two terms of a multiplet 
level. 1 

In accordance with equations (12.3) and (12.7) the magnetic moments of 
the orbital and spin motions of an electron are respectively, 

Hi = hh'JkI +7) and p. r = 2/xn Vs(7+T). (12.12) 

We shall consider the case of two electrons for which LS coupling is valid. 
The two spins (Si and s 2 ) form a resultant of quantum number S. The vector 
sum of the two magnetic moments projected on that of S is 

Ms = | + 1) cos (siS) -f Vs 2 (s 2 -f 1) cos (s 2 S) }2 hb 

= 2V5(sTT)m«- (12.13) 


Similarly the total magnetic moment due to h and Z 2 , projected on the vector 
of magnitude VL(L -f 1) is 


Ml = ^L(L + 1)ml- 


(12.14) 


Projecting jjls and ml on the resultant J of the vectors S and L, we derive the 
equation 

HJ = { \L(L + Ij cos (LJ) + 2 Vs(S + 1) cos (SJ)\hb. (12.15) 
But 

J(J + 1) = L(L + 1) + S(S + 1) + 2\'L(L + ms + 1) cos (LJ), 

1 This derivation is based on the discussion by H. E. White, op. cit., Chap. XIII, also 
G. Herzberg, op. cit. pp. 106-111. 
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and 


L(L + 1) = J(J + 1) + S(S + 1) + 2Vj(J + 1)S(S + 1) cos (SJ), 


in consequence of the rules for the composition of momentum vectors. Sub¬ 
stituting for cos ( LJ ) and cos (SJ) from these equations in equation (13.15), 
it follows that 

HJ = (12.1C) 

where g is given by equation (12.11). 

Figure 12.4 and the remarks on its significance, 
taken from the discussion of this topic by G. Herz- 
berg, illustrate the relation between the total angu¬ 
lar momentum vector J and the vector gJ which 
corresponds to the resultant magnetic moment. 
The lengths of the vectors are proportional to the 
angular momentum vectors VL(L + l)i an( l 80 forth. 
If it were not for the factor 2 postulated in the 
ratio between ns and p for the electron, the vector 
representing the resultant of nL and ns would be 
equal to Vj(/ -f- 1 )/ib- But actually ns is double 
the length corresponding to S. “The resultant p 
therefore falls,” as Herzberg points out, “not in the 
direction of «/, but in the direction shown, which is 
different from J and processes with L and S about 
the direction of the total angular momentum. Since 
this precession is, in general, much faster than the 
Larmor precession, usually only the component of p 
in the J direction, pj, need be considered in calcu¬ 
lating the magnetic effect .’ 1 The magnitude of ns 
is, as shown already, given by equation (12.16). 

The fact that g is determined by the values of J, 
L and S , evidently accounts for the empirical gener¬ 
alizations mentioned already, which were deduced 
from observations on the anomalous Zeeman effect. 
From equations (12.10) and (12.11) it follows 
that an energy level of quantum number J exhibits in a magnetic field 2J + 1 
levels with displacements in wave number given by the relation 



Fig. 12.4. Illustrating 
Land6’s ^-Formula for Addi¬ 
tion of Magnetic Moments 


Av = Mg Av ny 


(12.7) 


where Av n is defined by equation (12.2). 

For transitions between stationary states the Principle of Selection leads 
to the conclusion 


AM = 0 or ± 1. 
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For individual electrons we shall use the small letter m, to indicate the 
magnetic quantum number, since it is identical with the number designated by 
the same symbol which was deduced in the solution of the Schroedinger equa¬ 
tion in a previous section. Table 12.1 gives values of ra, g and mg for different 
doublet terms, such as are observed in the spectra of atoms containing a single 
valence electron (e.g., the alkali metal group). 


TABLE 12.1 


Term 

l 

j 

a 

m 

mg 

Vn 

0 

H 

2 




rh 1 

2 Pi 

1 

'A 

H 


±'■2 


±H 

2 P% 

1 

% 

f'3 

=t % ; 


db%; 

± % 

Hh 

2 

?2 

« 

± ?2 I 

±‘•2 

±94; 

±% 

2 Ih 

2 

H 

94 


± H 

±% ±%; 

±94 


Thus in a magnetic field, there are two 2 S levels; six 2 P levels and ten 2 D 
levels, or more generally, the total number of possible states of an atomic system 
with single valence electron , for given value of l, in a weak magnetic field , is equal 
to 2(2 1 + 1). 

A graphical illustration of this splitting in the case of a 2 P ;*/2 term is shown 
in Fig. 12.5. 1 The vector j is shown in the four allowed positions with the 


H 



Fig. 12.5. Schematic Orientation Diagram of an Atom in a 2 P State Showing the Resultant 
Zeeman Levels in a Weak Magnetic Field 

associated values of m. The presence of the factor g leads to the relative 
spacing of the levels which is shown at the left. 

1 Ref. H. E. W., p. 159. In the case of terms arising from single electrons, the symbol j 
is frequently used instead of J, 
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By means of the values of mg given in Table 12 . 1 , the effect of weak mag¬ 
netic fields on different lines may be calculated. As an illustration we shall con¬ 
sider the doublet D lines in Na which correspond to the transitions 2 S 1/2 — 2 P 1/2 
and 2 /Si /2 — 2 P 3 / 2 . 

For 

Av 

2 S i / 2 — = mg = db 1, 

Av n 

and for 

Av 

2 P\n ~r~ = mg = ± H- 
Av n 


Hence for -S U2 - 2 F l/2 , — = %; H; - - H . (See Fig. 12 . 2 a.) 

A^ n 

In the case of \S'i / 2 — 2 F 3/2 the only transitions in accord with the selection 
principle are those indicated in the following diagram. 


2 S l 

2 P 2 


Values of m 


/ i /\ l \ 

~ ^ ~ H * * K ^/2 


Consequently the possible values of Av!Av n — mg are given by d= 
and db } 3 . (See also Fig. 12 . 2 a.) 

It should be observed that it can be shown theoretically that Am — 0 
yields ^-components, and Am — ± 1 , ^-components in the Zeeman pattern. 
Thus the components for which mg = db % in the first case, and the com¬ 
ponents for which mg — ± % in the second case are ^-components. 

These values of mg are indicated conventionally by the notation shown 
in Fig. 12.2 on the right-hand side. Thus the notation (2),4/3 for the line SP ]rl 
is used to designate the values mg — db %, rk Furthermore the r com¬ 
ponents are indicated by the brackets around the corresponding value of mg. 

While Table 12.1 gives values of m and mg for doublet terms, tables of values 
for other types of spectral terms are given in the more detailed publications 
to which reference has been made already. 

(2) Paschen-Back Effect: With increase in field strength, the magnetic 
splitting increases and finally exceeds the multiplet splitting. Under these 
conditions, as observed by Paschen and Back, the anomalous Zeeman effect 
changes over to the normal due to the fact that the LS - coupling is broken, and 
each of the vectors S and L precesses about the direction of the magnetic field. 
As a result, each of the vectors is quantized separately, the L-vector giving 
rise to levels of quantum number Ml = L f L — 1 , • • •, — L, and the ^-vector 
to levels of quantum number Ms = S, S — 1 , • • •, — S. 

To a first approximation the change in energy is given by 


A E = HctMl + 2 her Ms 


( 12 . 19 ) 
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(since the magnetic moment associated with the N-vector is double the angular 
momentum, as for a single electron). 

The selection rules governing transitions between levels are as follows: 

AM i = 0, or ±11 

and \ (12.20) 

A M s - 0. J 


From equation (12.19) it follows that for very strong fields, 

M l + 2 Ms 

0 ~ Ml + M s ' 


( 12 . 21 ) 


As we pass from weak to strong fields, the separation between the com¬ 
ponents of a given spectral term, produced by the field, changes, but according 
to a rule proposed in 1923 by W. Pauli, the sum of the g-values for a given value 
of M remains constant for all field strengths. This is known as Pauli’s g 
permanence rule and is illustrated in Table 12.2. 1 


TABLE 12.2 


Term 

II 

M = 1 

M = 0 

M - - 1 

M = - 2 


a P 2 

?2 


?2 

x 

X 


a Pi 


?* 

X 

« 


Weak fields 

:, Po 



% 




3 Pt 

H 

2 i 


1 

X 


3 PI 


1 


o 


Strong fields 

3 Po 







Zu 


3 

% 

;1 

X 



“For 3 P 0 , M = 0, g is indeterminate in all fields.” 

An extension of this is PauWs g-sum rule w r hich states that the sum of the 
g factors for a given M , of a given electron configuration, is constant. Thus Xg 
for the 3 P 0 , 3 Pi, 3 P 2 and l P i terms (which are due, as shown in Section 15.4, 
to the sp configuration) is a constant for any given value of M. 

(3) Space Quantization: 2 In a previous section (12.1) it was pointed out 
that for an atomic system possessing a resultant angular momentum of mag¬ 
nitude p = (h/2w)^J(J + 1), there exist 2J -h 1 possible orientations in a 
magnetic field, corresponding to the different integral values of the magnetic 
quantum number, 

M « J, J - 1, • - J. 

1 Ref. H. E. W., p. 240. 

2 For more detailed discussion see ref., E. C. S., Chap. VII, and R. G. J. Fraser, Molecular 
Rays. The Macmillan Company, New York (1931). 
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Thus the state designated by J is degenerate in absence of a field, since 
there are 2J + 1 eigenfunctions associated with the same eigenvalue. But in 
presence of a magnetic field this degeneracy is removed and there result 2J + 1 
levels which are located symmetrically about the value for the unperturbed 
state, the magnitude of the separation increasing, as in the Zeeman effect, 
with increase in field strength. 

Associated with each value of M there will be a magnetic moment, the 
component of which, in the direction of the field, is given by the relation 

M - Mgim , (12.22) 

where g is Landes splitting factor. 

The existence of this space quantization was first demonstrated by O. 
Stern and W. Gerlach 1 by means of an arrangement which is shown diagram- 
matically in Fig. 12.6. 2 A stream of atoms emitted through the opening O' in 



Fig. 12.6. Arrangement for Stern-Gerlach Experiment 


an oven 0 is defined by the slits Si and $ 2 and condensed on a plate A, after 
passing through the inhomogeneous field produced by an electromagnet with 
pole pieces having the cross-sectional form shown at the right. “In such a 
field, a body with a magnetic moment is subject, not only to a force moment 
tending to turn the direction of the magnetic moment into a field direction, 
but also to a deflecting force due to the difference in field strength at the two 
poles of the body. Depending on its orientation, the body will therefore be 
driven in the direction of increasing or decreasing field strength. Suppose 
we now send through such an inhomogeneous field atoms possessing a magnetic 
moment. If atoms with all possible orientations to the field are present, a 
sharp beam should be drawn into a band. Actually, a splitting of the beam 
into 2 J + 1 different beams takes place. This experiment shows unambigu¬ 
ously that in a magnetic field not all orientations to the field, but only 2/ + 1 
discrete directions, are possible / 9 3 

Table 12.3 gives the values of g and Mg y and the nature of the Stern- 
Gerlach pattern for each of a series of spectral terms. 

1 Ann. Phymk , 74, 673 (1924) and in subsequent papers in Z . Physik. 

* Kef. E. C. S., p. 216. 

• Ref. G. H., p. 100. 
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TABLE 12.3 


Normal 

State 

u 

Mg 

Stern-Gerlach pattern 

KSo 

% 



0 













*Pi 

1 


- 1 

0 

+1 












'1)% 

1 

— 2 

-i 

0 

4- 1 

-4 2 











'■vS'l/2 

2 


- 1 


+ 1 












*Pi n 

H 


-a 


+ M 






1 

1 





2 p3/2 


_ <’>/ 
/3 

-H 


+ H 

+ H 





1 

1 





*Sl 

2 


— 2 

0 

4- 2 













% 


j 

0 







.i 

J 


: 




■Pi 

H 


- ?2 

0 

+ ?2' 

1 




T 



T 

_ 



4 *S’s/3 

2 

- 3 

- 1 


4 1 

4-3 







i 




V4 

2 

- 4 

_ 2 

0 

4- 2 

4-4 






r 


r 


i 


It will be observed that for / = 0, \x = 0 and consequently atoms for which 
the spectral term corresponding to the normal state has this value of J , are 
diamagnetic. This is observed in the case of Zn, Cd, Hg and the rare gases, 
which is in accordance with the fact that the spectral terms of the normal states 
are of type LS 0 . In the case of atoms of the alkali metals, it was observed that 
the beam of atoms after passing through the field forms two spots located 
symmetrically about the point of incidence of the atoms in absence of a field, 
at distances corresponding to the value — Ma, that is, to Mg = 1. Hence 
J = which is in agreement with the value assigned to the normal states of 
these atoms ( 2 $i /2 ). 

(4) Stark Effect: 1 In presence of a strong electric field, the spectral lines 
are resolved into components in a manner which is analogous to that observed 
in magnetic fields. The following description of the conditions under which 
this phenomenon is observed is quoted from F. K. Richtmeyer. 2 

“An effect of an electric field, somewhat analogous to the Zeeman effect, was discovered 
by Stark, in 1913, and is known as the ‘Stark effect.’ It is observed in the well-known ‘canal 
rays ’ when these are moving in an electric field of several thousand volts per centimeter. The 

1 For more detailed discussion see ref. H. E. W., Chap. XX, which gives an extensive 
list of references. 

* Ref. F. K. R., First Edition, p. 325. 
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arrangement for producing the Stark effect is shown diagrammatically in Fig. 12.7. A and C 
are, respectively, the anode and cathode in a glass tube, the gas in which may be maintained 
at such a pressure that the Crookes’ dark space in front of C is several centimeters long. C 

is perforated with small holes through which pass in cylin¬ 
drical bundles luminous streams of atoms of the gas which 
have acquired a positive charge immediately in front of C. 
These streams of atoms are the canal rays. A third termi¬ 
nal S is placed immediately behind C , at a distance of a few 
millimeters, and an electric field of several thousand (20,000 
and up) volts per centimeter is maintained between S and C. 
For the ‘transverse’ Stark effect, light from the canal rays 
enters the spectroscope in the direction of the arrow. Stark 
observed that the lines in the spectrum emitted by the canal 
rays when no field exists between and C, are split up, when the field is applied, into nu¬ 
merous components somewhat after the manner of the Zeeman effect, the lines being polar¬ 
ized, some of them parallel to the field (t r components), others perpendicular (<r components).” 

Illustrations of the resolution of the Balmer lines of hydrogen and some of 
the helium lines have been published by J. S. Foster . 1 While classical electro¬ 
magnetic theory fails to account for this phenomenon, an explanation based on 
the Bohr-Sommerfeld theory was given by P. Epstein 2 and K. Schwarzschild . 3 
Bohr 4 has shown that the problem of the Stark effect may be dealt with rather 
simply by application of the Correspondence Principle, and the following discus¬ 
sion of his interpretation is taken from Van Vleck\s “Quantum Principles .” 5 
While in weak electrostatic fields, the separation of the components for a 
hydrogenic atom is relatively small and varies as F 2 , where F denotes the field 
strength, the separation becomes proportional to the first power of F in strong 
fields. Under these conditions, it is found that the energy levels are given by 


TO SPECTROMETER 

t 


Z 

\ iy + 


z 

Fkj. 12.7. 

1 lc Ijj 

“ TO PUMP 

Arrangement for 


Observing Stark Effect 


Z 2 Rch 3 WnriF 

-4-- F. 

n 2 87 r 2 Zem 


(12.23) 


“Here n is the principal quantum number, and n F is a second quantum 
number introduced by the addition of the field. It may be proved that 
nrln is approximately equal to e cos 6, where e is the eccentricity and 6 is 
the angle between the semi-major axis and the direction of the field. Both 
e and 0 execute large slow or ‘secular’ oscillations, but their product remains 
very approximately constant. The new frequency introduced by the field is 
given by 


1 dE_ 3 hnF 
h drif 87 r 2 Zem ’ 


(12.24) 


and it can be proved that this is the frequency with which the ‘electrical 

1 Phys. Rev ., 23, 667 (1924); J. Franklin Inst ., 209, 585 (1930). 

2 Ann . Physik, 50, 489 (1916). 

8 Silzungsber. Berl. Akad. Wise., 1916, p. 548. 

4 Proc . Phys. Soc. (London), 35, 275 (1923). 

• Pages 62-66. 
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center 7 describes an elliptical harmonic motion in a plane perpendicular to 
the axis of the field.’ 7 

The “electrical center” is a point situated midway between the focus (at 
which the nucleus is located) and the center of the elliptic orbit. The pre¬ 
cession of the orbit is illustrated in Fig. 12.8. 1 In this figure the original posi¬ 
tion of the orbit is indicated as ori¬ 
ented at a certain angle with re¬ 
spect to the X Y plane which is per¬ 
pendicular to the direction of the 
electric field. Application of this 
field causes the orbit to precess 
around the nucleus K in such a 
manner that the electrical center, 

M, describes an orbit in a plane 
parallel to that of XY, as shown in Fl(J I2 8 recession of Electronic Orbit in 
the diagram. Strong Electric Field (Stark Effect) 

Application of the Correspond¬ 
ence Principle to this motion shows that the frequency of the radiation 
emitted is given, for small values of both co (the frequency of revolution in 
the orbit) and cr, by the approximate relation 

v = ( n " — n')w -f (?if" — n/)(r y 

where n" — n' and rip" — v/ are each small compared to the quantum 
numbers involved. 

Since there are no limitations on the values of n//' — tif', the radiation 
emitted contains both the fundamental frequencies co ± a as well as their 
harmonics. The number of components is consequently quite large when 
compared with that obtained in the Zeeman effect. 

The more rigorous discussion of the Stark effect by E. Schroedinger, 2 using 
the methods of wave mechanics, does not substantially alter the nature of the 
conclusion deduced by the earlier investigators. In terms of the more recent 
theory we must regard the splitting up in the electric field as due primarily to 
a separation of the center of gravity of the electric charge distribution from 
the position of the positively charged nucleus (as indicated in Fig. 12.8) which 
results in the creation of an electric dipole moment. The magnitude of this 
moment depends upon the field and upon the orientation of the orbit, that is, 
upon the direction of the angular momentum «/, with respect to the field. There 
results a space quantization into levels with quantum numbers J, J — 1, • • •, 
— J . However, there is an important difference between the number of levels 
obtained in the Zeeman and Stark effects for the same value of J. Since the 
electric dipole moment is not reversed by a change from + J to — J, the num- 

* E. Buchwald, op. til., p. 73. 

« .4nn. Physik, 80, 437 (1926). 
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ber of components for a given value of J is ,/ + >2 or / + 1, according as J 
is half integral or integral. 1 

As in the case of magnetic fields, the LS coupling is destroyed in very strong 
electrostatic fields and consequently the nature of the line pattern alters 
materially. 2 

13. Electron Configuration in Atoms and Periodic System 
of the Elements 

(1) Pauli Exclusion Principle: As stated in a previous section, the Schroe- 
dinger differential equation for the hydrogen atom leads to a series of discrete 
energy states which involve only the total quantum number n. Associated 
with each of these energy states we find a number of eigenfunctions which are 
characterized by the two subsidiary quantum numbers, l and m. While Z 
corresponds to the angular momentum due to the motion' of the electron, the 
number m indicates a possible orientation of this angular momentum (regarded 
as a vector) in a magnetic field. Thus Z and m designate for a single electron 
the same magnitudes as L and M for a spectroscopic term which arises from 
the interaction of two or more electrons. 

Since Z = ,n, n — 1, •••,(), and m = Z, Z — 1, • • •, — l, there are associated 
with any given value of Z, (2Z + 1) values of m. 

If in addition to these quantum numbers we bring in the concept of electron 
spin, then it is necessary to assign to the latter a spin quantum number, $, 
which may have one of the two values s — ± M, and as follows from the dis¬ 
cussion of the Pasehen-Back effect, this gives rise to two possible states in a 
magnetic field which we shall designate by the quantum number m*(= ± l /i)* 
(Thus m s corresponds to the quantum number Ms for a spectroscopic term, 
and by analogy the symbol mi is often used instead of m.) 

In a magnetic field, two electrons having the same values of ft, Z and m but 
different values of m„, will differ slightly in energy because of the different 
modes of interaction with the field of the magnetic moments arising from 
opposite directions of spin. It follows from these considerations that for an 
electron of quantum number Z, the maximum number of energy levels in a 
magnetic field is 2(2Z + 1), and to each of these levels we can assign a different 
pair of values of the two quantum numbers m and m 8 . 

Now, according to Pauli we can never have in any atomic system more 
electrons than there are possible energy states for a given value of ft. Further¬ 
more in any one atom there cannot exist two electrons having the same set of values 
of the four quantum numbers n, Z, m and m«. 

That is, if for two electrons (designated by 1 and 2), n x = ft 2 , h ~ Z 2 and 
m x — m 2 , then m 8 for these electrons must have the values + K and — 

While Pauli's Exclusion Principle has not been deduced from any theoretical 

1 Ref. G. H., pp. 115—116. 

2 Recent investigations on the Stark effect have been reviewed comprehensively by H. 
Verleger, Ergebn. exakt. Naturwiss., 18. 99 (1939). 
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considerations, its validity is confirmed by all spectroscopic observations, 
especially those on the nature of the spectral terms for atoms with more than 
one valence electron. 

(2) Stoner’s and Main-Smith’s Scheme of Electronic Configuration of 
Atoms: Even before the announcement by Pauli of his principle, E. C. Stoner 1 
and J. D. Main-Smith 2 made implicit use of the same idea for developing a 
scheme of electron configuration of atoms which accounts for the observations 
on the periodic arrangement of the elements.^ Recognizing, in view of the 
observations on the Zeeman effect, that the maximum number of levels for an 
electron of quantum number l, is 2(2 1 + 1), they postulated that the latter 
number must also represent the maximum number of electrons of that type which 
can occur in an atomic system. 

Thus if we consider the different possible levels for values of n ranging from 
1 to 4 we obtain the results shown in Table 13.1. It will be observed that for 
any level of type s(l — 0), the maximum number of electrons is 2, while for 
levels of type p, <1 and / (corresponding to l = 1, 2 and 3 respectively, the 
maximum numbers of electrons are 6, 10 and 14 respectively. 


TABLE 13.1 


n 

Value of l 

Spectral I )esignation 

Number of Levels in 
Magnetic Field 

1 

0 

Is 

2 

2 

0 

2s 

2 


1 

2p 

6 

3 

0 

3s 

2 


1 

3 P 

6 


2 

3 d 

10 

4 

0 

4s 

2 


1 

4 P 

6 


2 

4d 

10 


3 

4/ 

14 


On this basis it is possible to deduce electron configurations for the different 
atoms as we proceed from hydrogen to elements of higher atomic number. 

The electron in the atom of hydrogen is of type Is. To form an atom of 
helium, a second electron of same type is added (and, of course, the nuclear 
charge is increased by one unit of positive electricity). In accordance with 
Pauli’s principle the two electrons in helium must possess opposite spins. This 
completes the group of quantum number n = 1, and in the process of building 

1 Phil. Mag., 48, 719 (1924). 

2 Chemistry and Atomic Structure, D. Van Nostrand Co., New York (1924). 
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up of atoms by adding electrons, the group n *= 1 forms the K shell, the diam¬ 
eter of which varies approximately inversely as the nuclear charge. 

With the addition of a third electron we begin to form the group for n — 2, 
and the electrons in lithium and beryllium are of type 2s. Consequently the 
electronic configuration for beryllium is denoted by the expression ls 2 2s 2 , in 
which the exponent indicates the number of electrons of the given type. The 
next electron has to be of type 2 p. Corresponding to / = 1, there are three 
eigenfunctions, associated respectively with the magnetic quantum numbers 
m — + 1, 0 and — 1. Following the procedure used by L. Pauling 1 these 
three functions will be designated as p x , p z and p y . Pauling has also introduced 
the term orbital to designate these eigenfunctions, which reminds us, as it were, 
of the intimate connection between the wave mechanics representations and 
the more simple models used by Bohr. Again, because of possible differences 
in electron spin, it is possible to have two electrons of the same orbital type. 
Furthermore, according to Pauling, “when there are several orbitals of the 
same energy available, such as 2 p xr 2p Vi 2 p g , they tend not to pair with one 
another, but instead to occupy different orbitals, keeping their spins parallel. 
For example, the normal nitrogen atom has the configuration ls 2 2s 2 2p x 2p v 2p z , 
the three 2 p electrons remaining unpaired.” In neon this pairing is completed 
and at the same time all possible orbitals for n — 2 are occupied. Consequently 
this completes the so-called L-shell. (See Table 13.2.) 

The same procedure is repeated with electrons of quantum number n = 3, 
as we pass from sodium to argon, and the electron configuration of the latter 
is ls 2 2s 2 2/? 6 3s 2 3p 6 . In the case of potassium, the similarity with lithium and 
sodium leads to the conclusion that the added electron must be of the 4s type. 
Much more important, however, in the case of this and other atoms is a criterion 
which may be stated as follows: During the process of formation of atoms by 
addition of successive electrons the last bound electron is always of that orbital 
type for which the energy of the atomic system is a minimum. Thus in the case 
of potassium, observations on the relative energies of the different spectral 
terms show that an electron in a 3d state has a higher energy value (less binding 
energy) than in a 4s state. The same holds true for calcium (At. No., 20), 
but in the case of the next element, scandium, the energy in a 3d state is lower 
than that in a 4 p level (since the 4s state is already occupied by two electrons). 
Consequently we begin, with this element, to fill up the 3d group of orbitals, 
for which the maximum number of electrons is 10. As shown in Table 13.2, 
the completion of this group occurs in copper (At. No., 29). With the 
addition of 8 electrons in the A-shell of configuration 4$ 2 4p 6 we obtain krypton, 
the fourth member of Group 0. 

Proceeding to still larger atomic numbers, we obtain a very natural explana¬ 
tion for the occurrence of the two long periods K-Ar and Rb-Xe, and for the 
occurrence of the rare earth group Ce-Lu. It will be observed that while all 

1 L. Pauling, The Nature of the Chemical Bond, Cornell University Press, Ithaca, N. Y. 
(1939) (Ref. L. P.) See Table 10.1. 
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TABLE 13.2 

Electron Configurations, Term Types and Ionization Potentials of the Elements 


Element 

£ 

K 

L 

M 

A r 

Ground 

rr. 

1 ft 

2s 

2/> 

3« 

:ip 

lid 

4 s 

4p 

Term 




H 

1 

1 








*AT/, 

13.595 

He 

2 

2 








LS’o 

24.58 

Li 

3 

2 

1 







2 Nj/2 

5.39 

He 

4 

2 

2 







VS ' 0 

9.32 

B 

5 

2 


1 






*/T/8 

8.32 

C 

0 

2 

2 

2 






3 Po 

11.26 

N 

7 

2 

2 

3 






vs„, 

14.55 

() 

8 

2 

2 

4 






3 iT 

13.61 

F 

9 

2 

2 

5 






2 /V'2 

17.42 

Ne 

10 

2 

2 

0 






SSo 

21.56 

Na 

11 




1 





2 *Si/2 

5.14 

Mg 

12 




2 





TS’o 

7.64 

A1 

13 




2 

l 




VPl/2 

5.99 

Hi 

14 

Neon Core 

2 

2 




IPo 

8.15 

P 

15 


(10) 


2 

3 




4 N.-j/2 

10.95 

R 

16 




2 

4 





10.35 

Cl 

17 




2 

5 




VP,/, 

13.01 

A 

18 




2 

6 




iNo 

15.76 

K 

19 







1 


VSi/, 

4.34 

Ca 

20 







2 


VS 0 

6.11 

»Sc 

21 






1 

o 


2 Dz/2 

^6.7 

Ti 

22 






2 

2 


•Ft 

6.83 

V 

23 


Argon Core 


3 

2 


A Fm 

6.74 

Cr 

24 



(18) 



5 

1 


7 St 

6.76 

Mn 

25 






5 

2 


VST /2 

7.43 

Fo 

20 






6 

2 


*/>4 

7.87 

Co 

27 






7 

2 


4 E«/2 

7.84 

Ni 

28 






8 

2 


■FT 

7.63 

Cu 

29 

1 

10 

1 


VST /2 

7.72 

Zn 

30 







2 


VSo 

9.39 

Ga 

31 







2 

1 

VPl/2 

6.00 

Ge 

32 







2 

2 

3 Po 

8.13 

As 

33 



Cu + Core 



2 

3 

VSs /2 

10.5(H) 

Se 

34 

* 


(28) 



2 

4 

VP, 

9.75 

Br 

35 







2 

5 

2 P»/2 

11.84 

Kr 

36 







2 

6 

VSo 

14.00 
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TABLE 13.2 ( Continued ) 


Element 

z 

Number 
in Inner 
Shells 

N 

O 

p 

Ci round 
Term 

Vi 

4 d 

4/ 

5s 

5p 

5 d 

6.S- 

Rb 

37 




1 





4.18 

Sr 

38 




2 




bSo 

5.69 

Y 

39 


1 


2 





~6.5 

Zr 

40 


2 


2 





6.95 

Ob 

41 

Krypton 

4 


1 i 




‘1>V2 

— 

Mo 

42 

Core 

5 


1 




7 8 3 

7.38 

Ma 

43 

(36) 

6 


1 





— 

Ru 

44 


7 


1 





(7.7) 

Rh 

45 


8 


1 




2 

7.74 

Pd 

46 


10 






bSo 

8.34 

Ag 

47 




1 


i 


2 8j/2 

7.57 

Cd 

48 




2 




bS’o 

8.99 

In 

49 




2 

1 



2 Pl/2 

5.80 

Sn 

! 50 

Palladium Core j 


2 

2 




7.34 

Sb 

51 

(46) 



2 

3 



4 *8.V2 

(8.35) 

To 

52 




2 

4 



s p 2 

9.00 

I 

53 




2 

5 



2 7 J 3/2 

10.6(H) 

Xc 

54 




2 

6 



bSo 

12.13 

Cs 

55 







1 

2 8l/2 

3.89 

Ba 

56 







2 

‘ *8o 

5.21 

La 

57 






1 

2 

*lhn 

5.6(H) 

A Oe ” 

58 



1 



1 

2 

3 // 4 

6.56(H) 

J Pr 

59 



2 



1 

2 

*Kl\/2 

(5.8) 

Nd 

60 



3 



1 

2 

b u 

(6.3) 

o ii 

61 



4 



1 

2 

*Lm 

— 

g Sm 

62 



5 

osop 

1 

2 

7 K< 

6.6 

0 Eu 

63 



6 

Shell ’ 

1 

2 

*H V 2 

5.66(H) 

W Gd 

64 

Palladium Core 

7 

(8) 

1 

2 


(6.7) 

Pi Tb 

65 

(46) 


8 



1 

2 

% H 17/2 

(6.7) 

< D. 

66 



9 



1 

2 

7 Kio 

(6.8) 

H H„ 

67 



10 



1 

2 

fi Kl9/2 

— 

SJ Er 

68 



11 



1 

2 

h Lio 

— 

« Tu 

69 



12 



1 

2 

4 Kl7/2 

— 

1 Yh 

70 



13 



1 

2 


(7.1) 

| Lu 

71 



14 



1 

2 

2 Dili 

— 


* According to W. F. Meggers ( J . Opt. Soc. Am., 31, 157 (1941)) the most recent spectro¬ 
scopic evidence leads to the following electron configurations and ground' terms for a number 
of the rare earth group elements: Nd, / 4 «*, 6 J; II, ps 2 , *H; Sm, ps 2 , 7 F; Eu, fs 2 t *8; Ds, pW t h l ; 
Ho, P l s*, 4 I ; Er, /%*, *H; Tu, / 13 » 2 , 2 F; Yb, P*s 2 , l S. For the other five elements the configura¬ 
tions and ground terms are as indicated in the table. 
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TABLE 13.2 (Continued) 


Element 

z 

Number in 
Inner Shells 

o I 

! 

P 

Q | 

Ground 

Term 

Vi 

5 d 

tta 

6 p 

(kl 

7s 

Hf 

72 


2 

2 




3 P 2 


Ta 

73 


3 

2 




| 4 Fa/t 


W 

74 

Lu M+ Core 

4 

2 




6 7>o 

(8.1) 

Re 

75 

(68) 

5 

2 




«*S 6 /2 


Ob 

70 


6 

2 




<•1), 

—8.7 

Ir 

77 


9 





*rhn 

—9.2 

Pt 

78 


9 

1 

: 



1 

3 Pa 

8.92 

Au 

79 


10 

l 





9.23 

Hg 

80 



2 




hSo 

10.43 

T1 

81 



2 

1 



2 P1/2 

6.10 

Pb 

82 



2 

2 



8 Po 

7.42 

Bi 

83 

Au + Core 


2 

3 



*Ss, 2 

(7.25) 

Po 

84 

(78) 


2 

4 



3 P 2 

! — 

_ 

85 



2 

5 



2 P 3/2 

— 

Rn 

86 



2 

6 



>*So 

10.75 

— 

87 






1 

1/2 

— 

Ita 

88 






2 

l So 

5.27 

Ac 

89 

1 Radon Core 


1 

2 

‘ l D*/2 

— 

Th 

90 

(86) 



o 

2 

Z F a 

— 

Pa 

91 





3 

2 

4 F 3/2 

— 

U 

92 





4 

2 


— 


these elements are identical with respect to the configuration of the external 
group of 0 and P electrons, they differ in the number of electrons in 4/ states. 
Furthermore, since it is possible to» have at the maximum only 14 electrons of 
type/, this accounts for the observation that there are that number of elements 
in the rare earth group. 

Table 13.2 gives, besides the electron configuration, the term symbol and 
ionization potential, as far as known, for each element in the normal or ground 
state. In a subsequent section there will be discussed the method by which 
the term symbols have been derived for atoms containing more than one elec¬ 
tron in the outer or valence shell. (These electrons are also often designated 
“optical” electrons as distinguished from the inner electrons which are of 
importance in the interpretation of X-ray spectra, as shown in the next section.) 

The ionization potentials, which will also be discussed in a subsequent 
section, have been determined in most cases from investigations on the values 
of spectral terms. This applies especially to elements of the first three groups 
in the periodic arrangement. In the case of elements with more complex 
electronic configurations, other methods have been used, wherever possible, 
to supplement the deductions from spectroscopic data. For instance, the 
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nature of the resonance lines has been determined by absorption measurements 
with the vapors, and in some eases, the ionization potential has been deter¬ 
mined directly by observing the minimum velocity of electrons required to 
produce ionization in the vapor. 

Moreover extremely significant information on the type of electronic con¬ 
figuration has been obtained from investigations on the nature of spectral terms 
in enhanced spectra and X-ray spectra. We shall therefore consider in the 
following section these two classes of observations. 

(3) Enhanced Spectra: A particularly interesting class of spectra from 
which significant conclusions have been drawn about the process of building-up 
of atoms by addition of electrons is that known as “enhanced spectra.” 

According to the Bohr theory the energy of an atomic system consisting of 
a nucleus of charge Zc and a single electron is given by 


E n = ~ 


RchZ 2 


(13.1) 


where n is the quantum number of the electron. 

Bohr utilized this relation to show, as has been mentioned previously, that 
certain lines previously ascribed to hydrogen actually belong to ionized helium, 
for which Z is 2. It is evident that for an atomic system from which one 
electron has been removed, that is, a singly-ionized atom, the force between the 
“optical” electron and the rest of the atom (or kernel) will approximate that 
between a nucleus of charge + 2e and an electron, especially for non-penetrat¬ 
ing orbits. Thus the spectra of singly-ionized atoms will possess terms in 
which the Rydberg constant R, obtained for ordinary spectra (those of neutral 
atoms) is replaced by 2 2 R. Now such spectra had been observed and were 
known as “spark” spectra in contradistinction to the more usual “arc” spectra. 

Bohr’s theory, however, led to the conclusion that it should also be possible 
to observe spectra due to atoms in which two or more electrons have been 
removed, and for these “enhanced” spectra the value of the Rydberg constant 
would have to be replaced by 4 R, 9 R or p 2 R according as one, two or (p — 1) 
electrons have been removed from the neutral atom. It has become con¬ 
ventional to designate such a “stripped” atom by the symbol of the element, 
to which is attached at the lower right hand corner a Roman numeral whose 
value is equal to that of p . Thus we speak of the spectrum of Fvii and signify 
by this symbol the spectrum emitted by a fluorine atom which has been stripped 
of six external electrons and therefore actually has the same number of valence 
electrons as the Li atom. 

Evidently the first spark spectrum o’f any element ought to exhibit the same 
multiplet structures as the arc spectrum of the element preceding it in the 
periodic table. (Kossel-Sommerfeld’s displacement law.) Furthermore, the 
enhanced spectrum of an element of atomic number Z from which p electrons 
have been removed should resemble the ordinary spectrum of an element of 
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atomic number Z — p. (But, of cqurse, the coefficient of the Rydberg constant 
in the case of the enhanced terms would be (p -j- l) 2 .) 

A very interesting illustration of these considerations is furnished by the 
spectra of the series Nai, Mgn, Aim, Sijy, which have been investigated by 
Pasehen, Foote and Fowler, 1 and Py, Svi, and Clvn investigated by Millikan 
and Bowen. 2 All these spectra exhibit doublet levels, but owing to the effect 
of increasing net nuclear charge, the wave lengths of similar lines (i.e., corre¬ 
sponding to transitions between levels of same spectral designation) become 
shorter as the number of electrons removed from the atom increases. Thus 
Fig. 13.1 11 3 shows the “D” lines in the spectra of the first four atoms. 


The “D” Lines of Na I, Mgr II, 
„ 60000 40000 


A1 III, 
20000 


Si IV 


A* X 6 


_ Na I (Na) 

. Mg II (Mg+ ) * 

. ai m (ai++) 
.Si IV (Si + ++) 


1394 

jie55 

(2790 

(5890 

1402 

(1863 

\ 2803 

( 5896 

4G9 

228 

91.5 

17.2 


Fio. 13.1. “JO” Lines in Enhanced Spectra of Sodium-Like Atoms 


Table 13.3 (from the paper by Fowler) gives a comparison of the lowest 
series terms for these spectra. In accordance with equation (13.1) the observed 
values of v have been divided by p 2 where p — 1 designates the number of 
electrons removed from the neutral atom. The values of v for the correspond¬ 
ing levels in II are given at the top. Here again it is observed that the values 
for D and F levels are approximately the same as those for similar levels in H, 
(thus indicating that the corresponding orbits are completely external to the rest 
of the atom) while owing to the deeper penetration of the s and p orbits the cor¬ 
responding energy values (as measured by the values of v) are greater. Conse¬ 
quently the quantum defect (ax — n — n e m) decreases as we pass from 
Nai to Svi- 

TABLE 13.3 

Comparison of Wave Numbers of Series Terms for Stripped Atoms Naj to Sy* 



3 8 

3P 

3D 

4 F 

II. 

12192.8 

12192.8 

12192.8 

6858.4 

Na/1. 

41449.0 

24475.7 

12276.2 

6860.4 

Mg/4. 

30316.9 

21376.6 

12444.3 

6866.8 

A1/9. 

25494.9 . 

19504.0 

12611.0 

6871.3 

Si/16. 

22756.8 

18272.6 

12733.7 

6874.2 

P/25. 

20979.7 

17401.9 

12811.8 

6876.4 

8/36. 

19729.6 

16753.6 

12856.6 

6878.1 


1 A. Fowler, Proc. Roy. Soc ., [A], 103, 722 (1923). 

* I. 8. Bowen and R. A. Millikan, Phys. Rev., 25, 295 (1925). 
»A. Fowler, Nature, 113, 217 (1924). 
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Millikan and Bowen have also obtained the spectra of the series Lii to 
Fvn and these show variation in the frequencies of series terms similar to those 
observed for the series Nai to Clvu. 

While these spectra all resemble those of the alkali metal group in exhibiting 
doublet levels, Millikan and Bowen have also found spectra of stripped atoms 
which resemble the metals of Group II in exhibiting singlet and triplet levels. 
Such are the series: 


Bei, Bn, Cm, Niv, Ov, Fvi 

Mgi, Ain, Sim, Piv, Sv, Clvi 

In fact the spectra of all these atoms and a number of others have been 
obtained in all the various states of enhancement. Thus the spectra of series 
such as Pi to Pv and Sii to Siiv, Ni to Ny, have been observed by Millikan and 
Bowen , 1 while spectra of stripped atoms of the K, Rb and Cs series have been 
investigated by R. C. Gibbs and H. E. White . 2 Further reference to this topic 
will be made in the section on isoelectronic sequences. 

14. Quantum Numbers for Inner Electrons 

(1) X-ray Levels and Associated Transitions: In Section 1.5 some of the 
more elementary aspects of our knowledge of X-ray spectra were presented, 
such as the observations on the occurrence of K-, L - and M- series of lines and 
the relations of these series to A"-, L- and M-levels. Furthermore, mention was 
was made of Moseley's observations which led to the concept of atomic number. 
In the present section we shall consider especially the interpretation of these 
X-ray levels from the point of view of electron configurations and the relation 
between X-ray and optical spectra. 

From his observations on the wave lengths of Xa-lincs for different elements, 
Moseley deduced the empirical relation 

Vi/ = a{Z — o ' 0 ), 

where v = frequency, and a and <r 0 are constants. A similar law has been found 
to be valid, to a first approximation, for other members of the A-series, as 
illustrated in Fig. 1.12 by the plot of "> Iv/R against Z, where R denotes the Ryd¬ 
berg constant. For the range Z = 20 to Z = 30, the Moseley relation for the 
Xa-line has the form 

Vz/tf = 0.874 (Z - 1.13), (14.1a) 

which may be expressed in the form, 

v/R = 0.764(Z - 1.13)*. (14.16) 

< Phys. Rev., 23, (1924); 26, 310 (1925); 27, 144 (1926); 28, 256 (1926); 29, 231, 510 (1927). 

* Proc. Nat. Acad. Sci., 12, 448, 551 (1926); 13, 525 (1927); Phys. Rev., 29, 426, 655 (1927), 
33, 157 (1929). See also Ref. H. E. W„ Chap. XVII. 
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Now let us consider as a possible interpretation of this line that it arises 
from a transition between two levels corresponding to n = 2 and n = 1. As 
follows from Table 13.2, the electrons in these states are much closer to the 
nucleus than electrons of higher quantum number which correspond to the 
valence electrons. Owing to the presence of these other electrons, the nuclear 
charge effective on the inner electrons will be less than Z , say Z — <r } where 
a may be regarded as a “ screening constant.’'’ On the basis of either the simple 
Bohr theory of the hydrogen-like atom, or wave mechanics, we would expect 
a frequency relation, for the transition n - 2 to n = 1, of the form: 

f 1 1 

m = (Z - a)* j p - - J 

= 0.75 (Z - a)\ (14.2) 

The close agreement between this result and the empirical equation (14.16) 
leads to the conclusion that the AMevels correspond to the spectroscopic 
ls-states. As a further confirmation of this view it has been shown by Millikan 
that the limiting frequency in the Lyman series forms an extension of the plot 
for the frequencies of Xa-lines as a function of Z. 

As mentioned in Section 1(5) an investigation of X-ray spectra has led to 
evidence for the existence of not only X-levels but also L- and M- levels which 
correspond to higher energy states (lower binding energy) for the electrons, 
while in the case of elements of high atomic number we find levels which are 
associated with still lower binding energies. These are designated, in order 
of decreasing binding energy as N- f 0- and P-levels. The evidence for the 
existence of these levels is obtained, as pointed out already, from X-ray ab¬ 
sorption spectra and by application of Einstein’s law giving the relation between 
maximum frequency of radiation emitted and voltage applied. In this manner 
we obtain the following “picture” of the X-ray levels and mode of origin of 
X-ray spectral lines. 

In the process of building up atoms by adding electrons, those of quantu'm 
number n — 1, will be closer, on the whole, to the nucleus than those correspond¬ 
ing to n = 2, while those of still higher quantum numbers will be further out. 
We can thus conceive of the electrons as forming “shells,” and since the 
X-radiations have the highest frequencies we must regard these as produced 
by the removal of an electron from the X-shell, followed by the spontaneous 
transfer of an electron from one of the outer shells to the X-shell. The Ir¬ 
radiation is produced in a similar manner by the transfer of electrons from 
other shells such as those designated M, N, etc. to the L-shell, from which an 
electron has been removed. Since this shell is further out from the nucleus, 
the amount of energy required to remove an electron from this shell is less than 
that required to remove an electron from the X-shell. Consequently, the 
frequencies of the L-radiations, which correspond to transitions from outer 
shells to the L-shell are lower than those of the X-radiations. 
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We thus obtain a qualitative representation of the origin of X-rays such 
as that shown in Fig. 14.1. 1 The process of excitation is represented dia- 



Fig. 14.1. Schematic Repre¬ 
sentation of Origin of Different 
Types of X-Rays 


grammatically by the arrows that point outwards. 
They terminate on a circle, indicated by dashes, 
and are labelled K-Gr (iv-limit) and L-Gr (L-liinit), 
corresponding to frequencies vk and vl which rep¬ 
resent the limiting values for the respective series. 
Similar frequencies, vm, v#, etc., are obtained 
which are associated with the M-, TV-levels, etc. 
This concept of the origin of the different series 
of X-radiations has been presented already in 
Section 1.5, and illustrated by Fig. 1.13. 

In order to obtain from a given target any one 
of the 7v-lines, the voltage applied to the X-ray 


tube must be increased to the value V given by the Einstein relation 


Ye = hv Kt 


(14.3) 


for which the obvious explanation is that in order to obtain any 7v-radiation 
at all an electron must first be removed from the 7v-shell. 

Similarly, in order to excite any line of the L-scries, it is necessary to apply 
a voltage greater than that determined, in accordance with Einstein’s law, by 
the value of vl . Actually, there are three L-levels, and by carefully regulating 
the voltage it is possible to obtain radiations of the £m-series, but not those 
of the Ln-series. Thus, in the case of tungsten the three excitation limits are: 


Lm-Iimit V = 10.2 kilovolts 

Ln-limit V =11.6 “ 

Li-limit Y — 12.0 


In Fig. 14.2 are shown Moseley plots (Yv/R versus Z) for the different levels. 2 
Each plot can be represented to a first approximation by a linear relation of 
the form 



where <j represents, as in equation (14.2), a screening constant, and hence 
Z — a is the effective nuclear charge. The fact that these plots lead to the 
values n = 1, 2, 3 etc., for the K-, L-, M-levels and so forth, respectively, 
leads to the schematic illustration of the process of emission of X-rays which 
is illustrated in Fig. 14.3. 3 

1 A. Sommerfeld, op. cit., p. 248. 

a Bohr and Coster, Z. Physik, 12, 342 (1923). 

*A. Sommerfeld, op. cit., p. 250; Atomic Structure and Spectral Lines, E. P. Dutton 
and Co., New York, 1923, p. 146. 
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“This diagram,” as Sommerfeld describes it, “has an advantage in that it 
takes more account of the quantitative aspect of the phenomenon. In it we 



Fig. 14.2. Moseley Plots for X-Ray Levels. (In these plots v denotes the wave number) 


visualize the various shells not by their relative positions in the atom, but by 
their relative energy-differences. Thus we draw a succession of energy-steps 
such that the difference in height between two steps gives the energy that is 
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liberated when an electron drops from the higher to the lower step (orbit). 
The lowest step bears the sign K, the next L, and so forth. The energy level 
of the nucleus is to be considered at — oo. The highest dotted limit of the 
steps corresponds to the periphery of the atom. The quantitative drawing of 

the picture leads us to assign to the 
successive steps K , L, M, N, etc., the 
series of integral ‘quantum num¬ 
bers J 1, 2, 3, 4, etc., in such a way 
that the position of each step below 
the highest level is, at least to a cer¬ 
tain degree of approximation, pro¬ 
portional to 


N~ 

M- 


Pr 


Gr 


Kbc Kr 




K 




1 

l 2 ’ 


1 

2 2 ’ 


1 

3 21 


1 

4 2 * 


Fig. 14.3. 


Energy Levels for Excitation 
of X-Rays 


Accordingly we make the height of 
the steps in the figure decrease, from 
the bottom upwards, in the manner 
indicated by the differences in height 
1, Hj • written at the side (on 

the right). Moreover, we again draw 
the arrows Ka, K(3, • • *, La, • • • that correspond to the various possibilities 
of energy-emission, and the arrows K-Gr , L-Gr , which correspond to the 
various kinds of energy absorption.” These arrows thus indicate the limits 
of the K and L series. 

From these considerations it is evident that X-ray spectra are to be con¬ 
sidered as indicating the process by which an atomic system undergoes re¬ 
organization after a disturbance of the electrons constituting the kernel (that 
is that portion of the atom which remains after removal of the valence or outer 
electrons), just as optical spectra represent the reorganization process after 
a disturbance in the valence shell. 

(2) Doublet Levels in X-ray and Optical Spectra: For the X-level with 
total quantum number n = 1 the only possible value of l is 0, that is, this level 
corresponds to the optical Is state, and in accordance with Pauli’s principle 
there can be only two electrons in the atom of this type. Thus the X-electrons 
are of the same type as the two electrons in the helium atom, only the binding 
energy for the former is much greater, because the field in which they move is 
due to a positive charge of magnitude (Z — <r)e instead of 2e. 

In the case of L- and Af-levels, Fig. 14.2 indicates the presence of multiplet 
levels, and the problem arises regarding the assignment of subsidiary quantum 
numbers l and j. The solution of this problem is based upon the observation 
that certain empirical relations apply to the frequency differences between the 
components of the multiplet levels. 

As shown in the figure, the value of Av , the difference in wave numbers for 
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the levels Lu and Lm increases with Z . The variation in A Vl (the subscript 
indicating that it is the difference for the L-levels) with Z may be represented 
very satisfactorily by a relation of the form 

Av L = 0,365(Z - <n) 4 cm." 1 , (14.5) 


where <Ti is, again, a screening constant. 

Similarly the value of Av for the Mu and Mm levels may be represented 
fairly accurately by the relation 

Av m = 0.108(Z - <r 2 ) 4 cm.- 1 , (14.6) 


where a 2 is not the same as a\. 

Now relations of this form were derived by A. Sommerfeld for the difference 
in energy of two orbits having identical values of n but different values of the 
azimuthal quantum number k. The considerations on which these relations 
were deduced may be stated briefly as follows: 

According to the theory of relativity, the mass of an electron increases with 
the velocity. In an elliptic orbit the velocity of the electron is a maximum at 
perihelion (that is the point at which the radius vector is a minimum) and a 
minimum at aphelion (maximum distance from the focus.) Because of this 
the energy of the system should be given, to a first approximation in powers of 
a 2 (Z — cr) 2 , by a relation of the form, 


Enk = 


2 tt 2 (Z — a) 2 c 4 m Q a 2 (Z — a ) 2 / 1 3 \ 

n 2 h 2 ^ 1 + n y k 4 n)_ ' 


(14.7) 


where a(~ 2 ire^/he) is known as the “fine-structure” constant, while Z — a 
is the effective nuclear charge. Hence the difference in wave number for two 
states having the same value of n, but different values of k, should be given by 
the relation 


AV = 


R{Z - aYa 2 / 1_ 

n 3 \ ki 



(14.8) 


For n = 2, the only possible values of k are 1 and 2. Hence 


AV12 = 


R(Z - <rYa 2 
2 3 


1 

- = 0.365(Z - ay cm." 1 . 
J* 


(14.9) 


For n — 3, the difference for k = 1 and k = 2 is given by the relation 

Av lt = 0.108(Z - a)* cm.- 1 , (14.10) 

and for k — 2 and k = 3, by the relation 

= 0.030(Z - a)' cm.- 1 . (14.11) 
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On the basis of this theory Sommerfeld was able to account quantitatively 
for the so-called fine structure (see following section) of the lines in the spectra 
of hydrogen and ionized helium. 

In view of the similarity between equations (14.9) and (14.5) on the one 
hand, and (14.10) and (14.6) on the other, it was therefore concluded that Lu 
represented an orbit for which k — 1, and L m, one for which k — 2, and similarly 
for Mu and Mm. These pairs of levels were therefore designated as “ rela¬ 
tivity” or regular doublet levels. 

On the other hand, the levels LiLn, MiMu are known as the irregular 
doublet levels, or ‘‘screening” doublets. For these pairs of levels the values 
of the differences — V v Lu and Vvmj — Vva/ n increase, as was shown by 
G. Hertz, 1 only slightly with increase in Z , as is evident from Fig. 14.2. Ac¬ 
cording to Hertz this constant difference in Vy could be accounted for, on the 
basis of Moseley’s law (see equation (14.4)) by a difference in the value of a 
for each component of the pair of levels. 

Now in the case of the alkali metals the difference between the Si/ 2 and P i/ 2 
levels was accounted for by Bohr as due to a difference in orbital shape and the 
consequent difference in penetration of the two orbits, while the much smaller 
difference between the two P-levels was interpreted as due to different orienta¬ 
tions of the orbits. On the basis of Sommerfeld’s theory, the Si r > and Pi/* levels 
ought to form a relativity doublet. But the actual difference between these 
terms is considerably greater than can be accounted for on the basis of equation 
(14.5) or (14.6). Thus there existed two different explanations: one for the 
fine structure of H, IIe + and X-ray regular doublets, the other for optical 
doublets in the alkali metals. 

In 1924 Bowen and Millikan 2 showed, however, that for stripped atoms of 
Li- and Na-like electronic configurations the difference in energy between the 
P i /2 and P 3 / 2 terms * varies with the atomic number in precisely the same manner 
as the regular doublet difference in X-ray spectra. 

Table 14.1 shows how well their observations agree with the values of Nv 
calculated by means of equations (14.5) and (14.6). The data in the right- 
hand column show the application of the irregular doublet law to the Si / 2 and 
P 1/2 levels 

It was thus established that the X-ray levels Ln and Lm are analogous to 
the optical levels 2Pi /2 and 2P a / 2 respectively, and that Mu and M m correspond 
similarly to the 3 Pi / 2 and 3P 3 / 2 levels. This analogy has been found to extend, 
as shown in Table 14.2, over the whole range of X-ray and optical levels. 

Irregular doublet levels are shown bracketed on the left-hand side, while 
regular or relativity doublet levels are bracketed on the right. 

These investigations therefore showed that the following three laws of 
X-ray spectra could be extended into the field of optical spectroscopy: 

1 Z. Physik, 3, 19 (1920). 

*Phy9. Rev., 24, 209 (1924); 25, 295 (1925); 26, 150 (1925); 27, 144 (1926). 

* At that time these levels were designated as p 2 and pi respectively. 
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TABLE 14.1 



2 Pi/t - 2P 9/ i 

2$i/2 — 2Pl/2 

u 

<1 

VA5/.305 

<T'< 

A? 

yjvs V?/* 

Li i . 

0.34 

0.981 

2.019 

14903.8 

39.470 

Ben. 

6.01 

2.003 

1.937 

31927.6 

44.297 

Bin. • • 

34.4 

3.110 

1.884 

48358.7 

45.594 

(’iv • 

107.4 

4.142 

1.858 

64481.2 

46.068 

Ny . . . . 

259.1 

5.102 

1.939 

80455.1 

46.276 

Ovi 

533.S 

0.184 

1.810 

90307.8 




3 Pm - 3/ j 3/2 


363/2 

— 3Pi/2 


1 

A? 

\^A?/.10S 

(X 2 

A7 

— VS 

Nai . . 

17.18 

3.550 

7.450 

1G950.17 

47.09 

Mkii 

91.55 

5.394 

0.000 

35009.42 

55.07 

Aim - 

234.00 

0.820 

0.180 

53081.53 

59.76 

Wvi. 

401.84 

8.084 

5.910 

71285.49 

02.28 

IV ... 

794.82 

9.259 

5.741 

88049.42 

64.12 

> K V I. 

1207.10 

10.404 

5.590 

105800.04 

65.52 

LI VII • - 

1889.5 

11.490 

5.504 

123001.23 



(1) The Somrnerfeld law 1 of regular or relativistic doublets: 


a 2 R(Z - a 2 y 
~ n 3 (l + 1) 


(14.12) 


where is a screening constant, and the smallest value of Z( = k — 1) is 1. 


TABLE 14.2 
Analogous Levels 


X-ray Level 


K 

Li 

Lu 

Liu 

Wu 1 
Mm! 
lAflvl 

My I 


Optical Level 

X- 

ray Level 

Optical Level 

LS'l/2 


f.Vi 

46 1/2 

26i/2 


t.Vn \ 

4Pi/2 

2P,/2 


\Ninf 

4P>/t 

2P m 

1 

|A' iy l 

4L>3/2 

3 6 

J 

IAv J 

4D&/2 

SPl/2 

1 

i*VI \ 

4Pb/3 

3Ps/2 

AVllJ 

4 Fvt 

3Z>3/2 

J 

0\ 

56i/s 

SDb/2 

1 

On l 

5Pl/2 


OmJ 

5jP 8/2 


1 See also A. Land A Z. Physik, 25, 46 (1925). He showed that this law applied to the 
successive doublet levels in the series for the normal alkali spectra. 
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(2) The irregular or screening doublet law of Hertz: A(Vy) is independent 
of Z. 

(3) The Moseley law 

\v (Z — Ci) 

i - -' (14 ' 4) 

where <ri is a screening constant which does not necessarily have the same 
value as <r 2 . 

The application of these laws is best illustrated by the Moseley diagram 
for sodium-like atoms shown in Fig. 14.4 which is taken from a paper by Bowen 



Fio. 14.4. Moseley Plots for Sodium-Like Atoms 

and Millikan. 1 The Moseley law is exhibited in the linearity of the different 
plots, and the irregular doublet law in the parallelism between 3s, 3p and 3d 
lines. The regular doublet law is not illustrated because the separation be¬ 
tween two p- or d-levels is so small that it cannot be shown on the scale used 
in the diagram. 

As is shown in Table 14.1 the value of the screening constant derived by 
application of (14.12) is approximately 2 for the Lii series, which corresponds 
to the number of electrons in the helium or iT-sheil and therefore represents 
the residual number of electrons after removal of the L-electrons. In the 
case of the Nai series, the value of cr 2 is approximately 6, instead of the ex¬ 
pected value 10, which is interpreted as due to a penetration of the 3 p orbit 
within the L-shell, and indeed when <r 2 is calculated from the doublet separa- 


* Phys. Rev., 25, 295 (1925). 





QUANTUM THEORY 


301 


tions 3Z) 3 /2 — 3 Z>i/ 2 and 4F 6/ 2 — 4P 3 /2, or from the Moseley plots for these 
levels the value obtained is close to 10. 

These results led Millikan and Bowen 1 to point out the evident inconsistency 
in assignment of azimuthal quantum numbers to the Ln and Lm levels as 
compared with the values used for the Pi/ 2 and P 3 / 2 levels, and the following 
quotation from their paper is of special interest in view of the solution which 
was finally arrived at and which has provided a satisfactory interpretation of 
the observations. 

"The only way,” they remark, "in which it appears to be possible to avoid the foregoing 
serious diffioulites is to throw overboard altogether the relativity explanation of the ‘relativity 
doublet’ and to assume that the amazing success of this relativity formula in predicting the 
correct numerical values of a is not due at all to differences in the shapes of elliptical and 
circular orbits, as postulated by the relativity theory of doublet separations, but that there 
is some other cause, which b]/ mere chance leads exactly to this relativity formula without actually 
necessitating relativity conceptions.” 

It is one of the most striking incidents in the history of physics that within 
a little over a year after these remarks were published “Uhlenbeck and Goud- 
smit found in the assumption of the spinning electron another cause of the fine 
structure which followed exactly the same law in all respects as the relativity 
cause. ” 2 

On the basis of the new mechanics, W. Heisenberg and P. Jordan 3 4 derived 
a relation for the energy of a doublet level of the form: 

l -f H 4 n ) 

_ a 2 Rch(Z - a 2 y j(j + 1) - l(l + 1 ) - s(s + 1) 
n 3 21(1 + } 2 )(l + 1) 

where n, l, j are the quantum numbers for the state (j replacing J in the case 
of terms due to single electrons). The second term on the right-hand side of 
the equation gives the correction due to relativity , and the last term that due to 
spin-orbit interaction. From this equation the following consequences are 
readily deduced: 

(1) For two states having the same values of Z — <ri and Z — a 2 and j 9 
but values of l differing by 1 (as e.g., S i /2 and Pi/ 2 or P 3 / 2 and D3/2), the value 
of the energy is exactly the same f and is given by the relation 



E n ,l,j — 1 Vn,l,j — 


Rch(Z — cr 1) 2 a 2 Rch(Z — 




En.U = Wn.lJ 


Rch(Z 


a 2 Rch(Z — a 2 ) 


'Itts-s!' <14J 


1 Phys. Rev., 24, 223 (1924). 

8 R. A. Millikan, Proc. Am. Phil. Soc ., 66, 211 (1927). This paper entitled "Recent 
Developments in Spectroscopy” contains an excellent review of the subject matter of this 
section. 

» Z . Physik , 37, 263 (1926). 

4 This relation is derived in Section 15(7), 
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In this case, as is evident from Table II.1, the values of l for the two levels 
are h = j -f- J 2 ; ^ = j ~~ l 2 - As a matter of fact, the value of Z — <ri is the 
same for two such levels only in the case of H and He 4 . For all other atoms, 
owing to differences in penetration of the orbits, the values of Z — <jy vary 
with l. If we denote the screening constants corresponding to L and by 
<711 and or 12 respectively, it follows from equation (14.14) that to a first approxi¬ 
mation, 

jv 1 1 

\R~ V/? - n <*«* - nO- 


Hence, for two levels arising from a single electron, and having the same 
value of j, but values of / differing by 1, the irregular doublet law must be valid. 
Furthermore, it also follows from (14.14) that for two such levels 


\>\ — c 2 = R 




ffii) - f (cr 1 1 2 — <7 12 2 ) 
?1 2 


(14.16) 


That is, the difference in wave numbers for similar pairs of levels must vary 
linearly with the nuclear charge. This represents another method of stating 
the relation for irregular doublets, and may be illustrated by referring to the 
data in Table 14.1 for the pairs of levels 2*S 1/2 , 2Pi/ 2 and 3*Si/s, 3Pi /2 in lithium¬ 
like and sodium-like stripped atoms. 

The validity of the linear relation between the values of Ac for each of these 
pairs of levels and Z in the sodium series of stripped atoms is exhibited in 
Fig. 14.5. 

(2) On the other hand, if we compare two levels in the same atomic system, 
having the same value of l, and consequently the same value of a i} but with 
the values ji = l A- H, and t ; 2 — l — ,!$, the energy values of the levels are 
given by 




Rch(Z - (j,) 2 _ a*Rch( Z - cr 2 ) 4 j 1 


+ 


I j + 


4n 


where j denotes either j 1 or j 2 . 

For ji — l + }' 2 , this relation becomes 

Rch(Z — <7i) 2 odRchiZ — 0 - 2 ) 4 

= - n -+ — r* - 


(14.17) 


\Z+1 4 nj’ 


(14.18) 


which is identical with Sommerf eld's relation, equation (14.7), derived on the 
basis of the theory of relativity alone, with k = l + 1. 

For the difference in energy between two doublet levels having the inner 
quantum numbers, ji = l + H and j 2 = l — it readily follows that 


a 2 Rch(Z — <r 2 ) 4 

~ En d>h « nH y + ij > 


(14.19) 
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which is identical with equations (14.8) and (14.12), since Z = 1 is the lowest 
value of Z for which two different values of j can occur. Hence (14.19) ex¬ 
presses the law for regular doublets, and as shown already, this relation may be 
used to calculate the value of the screening constant. 

Because the difference in energy arises from the difference in electron spin 
these doublets are customarily designated now as spin doublets . 

From these deductions it follows as stated previously, that the L\ level 
must be of the same type as *S t i /2 , while Lu and Lm must be analogous to P i /2 
and P 3/i respectively, as shown in Table 14.2. Thus the same explanation is 



Nal Mg II Aim Si IV PV SVI C1YH 

Fig. 14.5. First Members of Principal Series for Sodium-Like Atoms, Illustrating Irregular 
Doublet Law. (In this plot v = wave number) 

found to apply to the two types of doublets in optical and X-ray spectra. The 
resemblance is accounted for by the fact that while doublets in optical spectra 
are due to the presence of a single valence-electron outside a completed “shell,” 
X-ray spectra are due to the removal of a single electron from a completed shell 
nearer to the nucleus. According to the Pauli-Hund theory, the type of 
spectral terms should be the same in both cases, as will be pointed out in a 
subsequent section. 

Similarly by removal of two electrons from an inner shell, X-ray terms are 
obtained which resemble those of the Ca-group. G. Wentzel 1 has designated 


Z. Physik , 31, 441 (1925). 
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these as X-ray spark spectra. Further details with regard to spectra of this 
nature have also been published by L. A. Turner. 1 
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Fig. 14.6. Complete Energy Level Diagram for Cadmium Illustrating Relation 
Between Optical and X-Ray Levels 


It should be added here that the relations for the spin and irregular doublet 
levels as given in the above series of equations represent a first approximation, 
valid only for lower values of Z — a. The complete equations contain terms 

* Phyn. Rev., 26, 143 (1926). 
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involving a 4 (Z — <r 3 ) 6 /n fi , a 6 (Z — <r 4 ) 8 /^t 8 , etc., which become of increasing 
importance with increase in Z. That the screening constant is not necessarily 
the same for all these terms is indicated by the values <r 8 , <r 4 , etc. Thus the 
more rigorous expression for the separation in wave numbers for the Lii-Lm 
doublet is given by the equation 


_ Ra*(Z - * t y\ 

Av =-- i 

2 4 1 


5a 2 5a 4 

1 "b — (Z — o’ 2 ) 2 ~h ~ (Z — <To) 4 -f 


2 3 


2 7 



As illustrating the relative energies of the X-ray and optical levels, Fig. 14.6 
shows a complete energy level diagram for cadmium. 1 

The electron configuration for the normal state and corresponding spectral 
term are shown at the bottom. Removal of one of the 5s electrons (indicated 
by 5s” 1 at the lower right-hand side) requires an energy corresponding to the 
wave number 7.3 X 10 4 , i.e., 8.99 electron volts. This is the ionization po¬ 
tential for the atom, as shown in Table 13.2. All the optical levels fall in this 
range of energy values. 

By removal of “inner” electrons of type 4 d, 4s, etc., the different X-ray 
levels are obtained. Thus the removal of one of the 2s electrons raises the 
atom to state Li, and finally the removal of one of the Is electrons raises the 
atom to state K, “The term values given at the left in the figure show that 
the binding energy of a Is electron is about 3000 times that of a 5s valence 
electron.” 


15. Multiplex Levels in Optical Spectra 

(1) Hydrogen Fine Structure: In the previous section reference was made 
to Sommerfeld’s interpretation of the fine structure observed for spectral lines 
in hydrogen. When the H a and lines of the Balmer series are investigated 
under conditions of high resolution, it is observed that these lines are actually 
doublets, with a wave number separation between components of 0.365 cm.” 1 . 
While Sommerfeld interpreted this as due to the relativity effect, it was shown 
by Heisenberg and Jordan that the separation is actually due to a combination 
of the relativity effect and spin-orbit interaction. Furthermore the latter 
showed that by proper assignment of values of l and j to the spectral terms the 
analogy could be demonstrated between the spectral terms for hydrogen and 
those for the alkali elements, as would be expected from the fact that in both 
cases the terms are due to a single valence electron. 

Figure 15.1 shows the energy levels (excluding that corresponding to n = 1) 
and transitions on the basis of the present views. 

The Sommerfeld notation of n and k values for the levels is given on the 
left-hand side, while the values of l and j which must be assigned to these levels 
on the basis of the Heisenberg-Jordan relation are given on the right-hand side. 
The S and Pm levels, P 3/2 and Z ) 3 / 2 levels are shown slightly separated, although 

1 Fig. 16.11, H. E. W., op. cit. , p. 310. 
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they actually coincide , since the effective nuclear charge is the same, i.e., unity, 
in all cases. That is, the irregular doublet separation is not present , and conse¬ 
quently each group of transitions which is indicated by a bracket located across 



Fig. 15.1. Energy Levels of Hydrogen Atom as Related to Energy Levels of Alkali 
Atoms, According to Unsold. (Following the practice at that time the subscript corresponded 
to the value j -f for doublet levels) 


the vertical lines refers to the same spectral line. The corresponding transi¬ 
tions in spectra of the alkali metals are indicated by the notation (pd), («p), 
(d/), etc., while the values of Av calculated by equation (14.17) are indicated 
for the different doublet levels. 
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The diagram thus exhibits the resemblance between the spectrum of hydro¬ 
gen and the spectra of other atoms with a single valence electron on the one 
hand, and X-ray spectra on the other. 

(2) Energy Levels for Helium: Fig. 15.2 1 shows the energy levels observed 
in the spectrum of helium. These levels can be arranged in two systems, and 
it was assumed for a long time that ordinary helium consists of two elements, 
designated as orthohelium and parhelium. The former is characterized by a 
spectrum of what was at one time regarded as a system of doublet terms, but 



which is now known to be in reality a triplet system (as would be expected by 
analogy with other atoms which have two valence electrons in s-states, such 
as Ca and Hg). On the other hand, the parhelium spectrum consists of singlet 
terms. The energy level diagram shown in Fig. 15.2 is based on the measure¬ 
ments of critical potentials by Franck and Knipping 2 and on the investigations 
by Hertz 3 and Lyman, 4 of the extreme ultra-violet spectrum of the gas. 

1 Fig. 53, Ref. S. D. (revised). 

2 Physik. Z ., 20, 418 (1919); Z. Physik , 1, 320 (1920). 

*Ibid. t 22, 13 (1924). 

4 Astrophys. J. t 60, 1 (1924). 
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Each level is designated by the quantum states of the two electrons, and 
it will be observed that there are two levels of type Is2s, and three of type ls2p.* 
Furthermore there are no transitions from the ls2s levels to the ground state. 
These are known as metastable states and will be discussed in a subsequent 
section. 

On the basis of the Bohr theory, with its concept of Is electrons revolving 
in circular orbits, it was assumed that in the normal (Is 2 ) state the two electrons 

revolve in very slightly elliptical 
orbits inclined at an angle of 
120 ° to each other, as shown in 
Fig. 15.3,—hence the designation 
“crossed-orbit” model. How¬ 
ever, all attempts by the fore¬ 
most theoretical physicists to 
derive the ionization energy of 
such a system on the basis of 
classical mechanics proved un¬ 
successful, and it was only by 
the application of the methods 
of wave mechanics that a sat¬ 
isfactory solution of the problem was obtained, including an explanation of 
the observed occurrence of two systems of energy levels. While the more 
detailed mathematical procedure involved in this solution is given in different 
treatises on quantum mechanics, it is of interest to present here a brief summary 
of the method used and of the significant results deduced. 

For the system consisting of a nucleus of charge Ze and two electrons 
(designated 1 and 2), the Schroedinger differential equation assumes the form, 



Fig. 15.3. Crossed Orbit Model of Helium Atom 


ViV + V 2 2 0 + 


87 Cm 

HT 


(* 


Ze 2 Ze 2 

E -f — + — 
r 1 r 2 


r 12> 


0 = 0 , 


(15.1) 


where r 1 and r 2 are the distances of the electrons from the nucleus and r J2 
denotes the interelectronic distance, while Vi 2 and V 2 2 represent the Laplacian 
operators with respect to the coordinates of each electron. 

Let us consider first the normal state, in which the two electrons are in Is 
states and must therefore possess opposite spins. The first two terms involving 
the Laplacians represent the kinetic energy of the electrons, the last three 
terms in the bracket represent the potential energy of the electrons. In solving 
equation (15.1) a well-known principle is applied, viz: the correct solution will 
be that for which E , the total energy, that is the sum of kinetic and potential 
energy, is a minimum. The procedure used consists in substituting for 0 some 
plausible function and determining the values of certain arbitrary parameters 
which will make E a minimum. This is known as the variational method and 

* Two of these (in the column *P*. 1 ) are so close together that the separation cannot be 
indicated in the diagram. 
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has proved extremely useful in solving many problems in physics. By means 
of this method it has been found possible to deduce a value for the ionization 
potential of helium which is in very good agreement with the spectroscopically 
observed value (from the wave number of the normal term). 

In the excited state of the helium atom, one of the electrons is in a state of 
quantum numbers n, Z, m, with which is associated an eigenfunction which we 
shall designate by (hnirf) and the other in the Is state, which is represented by 
the eigenfunction </>i(ri). 

If it were not for the presence of the term e 2 /r which represents the repulsive 
energy between the electrons, the solution of equation (15.1) would be the 
same as for two independent hydrogen-like atoms. That is, the eigenfunction 
would be represented by 

<t>m = 0i(ri)<Z> n (r 2 ), (15.2) 

where 4 >i and <f> n are the eigenfunctions for electrons in hydrogen-like atoms, 
and the energy states would be given by 

Eo = El + En 



But the same value of the energy would be obtained if the electrons were 
interchanged with respect to quantum states. In that case the eigenfunction 
for the system would have the form 

<t>m = <£n(r,)<Mr 2 ). (15.4) 

Both eigenfunctions, <£i n and <t> n \, represent the same energy state and we 
therefore have here a case of two-fold degeneracy , which arises from the possi¬ 
bility of interchanging the two electrons. An analogous condition occurs when 
two identical pendulums or oscillating systems of identical frequency, v } are 
coupled together. Owing to interaction, the system as a whole exhibits two 
new frequencies, v Y — v — Av, and 
V 2 = v + Av f where Av is, in gen¬ 
eral, small compared to v . 

These two frequencies corre¬ 
spond to the two so-called normal 
modes of vibration of a system 
of coupled identical oscillators, 
which are illustrated in Fig. 15.4. 

In one of them, v\, which is less 
than v } the pendulums (which 
may be regarded as typical oscil¬ 
lators) vibrate in phase f and in the other, v 2 , with opposite phase. Hence, these 
are designated as the symmetric and antisymmetric modes, respectively. The 
actual motion of the pendulums is the result of a superposition of the two 


Symmetric Antisymmetric 



Fig. 15.4. Illustrating the Two Modes of Vibra¬ 
tion of Two Interacting Pendulums 
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modes, as shown in Fig. 15.5. The following description of the behavior of 
the system is taken from the discussion of this topic by N. F. Mott. 1 



Fig. 15.5. Motion of Each Pendulum as a Superposition of the Two Modes 


“One can see that vi is greater than v, and vi less than v. For when they are swinging in 
opposite phase, the pendulums are, so to speak, pulling one another back all the time, and 
so increasing the restoring couple. The frequency must therefore be greater than it would be 
in the absence of one of the pendulums. When the pendulums are swinging in the same phase, 
the opposite is the case; the pendulums help each other to swing outwards, the restoring 
couple is decreased, and so the frequency is less than it would otherwise be. One can also 
see that the amount by which v\ and V 2 differ from v depends on the strength of the coupling 
between the pendulums. For instance, if the string on which the pendulums are hung be 
fairly tight, and the two pendulums are hung very near \o opposite ends of the string, then 
Vi and V 2 will not differ from v by as much as they would if the pendulums were hung nearer 
to the middle of the string. It is on the existence of these two different frequencies *m and 
that the slow exchange of energy from one pendulum to the other and back depends.” 

An analogous phenomenon occurs in the helium atom since the system can 
pass from the state described by the eigenfunction 0 ln to that described by 0m, 
and it is concluded from this that the actual state of the system should be 

represented, to a first order approximation, by the 
two eigenfunctions 

Es = 01 n + 0nl *1 

and l, (15.5) 

E A — 01 n 0n 1 J 

in one of which, Fs, the two electrons are in the 
symmetric mode, and in the other, Fa, in the anti¬ 
symmetric mode. The difference between these two 
states may be represented diagrammatically by Fig. 
15.6 which is taken from the discussion of this topic by C. G. Darwin. 2 

The two circles represent two Bohr orbits with angular momenta differing 
by one quantum (ni = 1, n* = 2). As Darwin points out, “If one electron is 
found to be at 0, then in the symmetric mode the other is most likely to be at S , 
whereas in the antisymmetric mode it is most likely to be at AN 

1 An Outline of Wave Mechanics, Cambridge University Press, Cambridge, 1930 
(Chapter VI). 

* The New Conception of Matter, The Macmillan Company, New York, 1931, p. 205. 
See also discussion by S. D., op. cit ., p. 274, et seq. 



Fia. 15.6. Symmetric and 
Antisymmetric States of Ex¬ 
cited Helium Atom 
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The function Fs in of the type known as symmetrical because an interchange 
of the coordinates of the two electrons leaves the sign of the function unaltered. 
On the other hand, the function Fa is of the antisymmetrical type, because it 
does change sign when the coordinates are interchanged. 

From this point of view it follows that the energy Eg f corresponding to Fg, 
must be less, numerically, than E A j, which corresponds to F A • For in the anti¬ 
symmetric state the repulsive energy between the two electrons must be less 
than in the symmetric case, and consequently the net attractive energy between 
each electron and the nucleus will be greater. 

Actually it is found, by solving the Schroedinger equation, that the so-called 
zeroth order eigenvalues for the excited states of the helium atom are repre- 


sented by 

Es = E 0 + fjr + Ve 1 


and 

. 

Ea - E0 + Vc — Vc J 

(15.6) 


where E 0 has been defined already in equation (15.3), tj c represents the resultant 
energy due to repulsion between the electrons and attraction between each 
electron and the nucleus, (and is therefore known as the coulomb energy ), 
while r) t > represents a non-classical term, known as the resonance or exchange 
energy. The latter arises, as stated above, from the fact that the two electrons 
can interchange orbits, and r\ v jh represents the frequency of this interchange. 

For the state n\ = 1, n>> = 2, the values obtained for the two eigenvalues are 


E s 

— = - (1 + h)Z 2 + 0.420Z + 0.044Z 
Rck 

E A 

—- (1 + )a)7A + 0.420.1 - 0.044Z 


(15.7) 


where Z represents the charge on the nucleus (Z = 2 for He). Thus Es and E A 
represent energy levels which are located symmetrically about the energy level 
E/Rch = — (1 + J- 4 )Z 2 -f- 0.420Z, and the level corresponding to E A is lower , 
that is, represents a greater binding energy for the two electrons. 

For any given value of ?i, E A is lower than Es. Now it will be observed 
that the ls2s level in orthohelium is lower than the ls2s level in parhelium, and 
a similar relation exists between the ls2p levels in both systems. Consequently 
the parhelium terms must correspond to the symmetrical eigenfunctions , and the 
orthohelium terms to the antisymmetrical eigenfunctions . 

While we thus derive an explanation for the occurrence of the two systems 
of series for helium, it does not afford an explanation for the existence of triplets 
and singlets. This may be obtained by introducing both electron spin and a 
criterion first enunciated by Pauli. 

As pointed out previously, the Pauli principle leads to the conclusion that 
in the normal state of the helium atom, the two electrons must have opposite 
spins. Now it i|3 assumed that corresponding to this spin there exists an 
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eigenfunction ^($), which designates the orientation of the axis of spin in a 
magnetic field. Designating the functions for the two electrons by 4f{s\) and 
^(s 2 ), the complete spin function may be represented by any one of the four com¬ 
binations shown in the last column of the following table. The first two columns 
give the corresponding values of m 8 and the third that of M = m Sl -f* m 82 . 


VI *, 


M 

Eigenfunction 

/2 

>2 

1 

^ ( 1 2 W' ( ^ 2 ) =* « 


— )i 

0 

totm - H) = 0 

-ii 

Vs 

0 

- Hi'PO' i ) - y 

-is 

- >2 

- 1 

vH- H)H- is) = « 


The eigenfunctions ft anti y correspond to the same value of M, and thus 
represent a degenerate state. For the perturbed state (that is for the state in 
which the electrons interact) these eigenfunctions must be replaced by ft + y 
and ft — y. 1 We thus obtain three functions which are symmetrical in the 
electron spins, viz: 

a, ft + 7, and 5 

and one which'is antisymmetrical, viz., ft — y. The first set gives rise to 
triplet terms for which the values of M are 1, 0, and — 1, and the last function 
corresponds to the singlet term, M — 0. 

The complete eigenfunction for any state of the system is the product of 
the orbital and spin f unctions. Now Pauli’s principle states that the complete 
eigenfunction for an atomic system must be of the antisymmetrical type . We 
thus obtain the following four functions to represent an excited state of the 
helium atom: 

Fs(ft-y); F A a, F A (ft + y), F A 8. 

Since the spins in parhelium are opposed, the first function must represent 
this series, and the remaining three, the orthohelium series, which is in agree¬ 
ment with the observed occurrence of triplets in this system. 

Furthermore it has been shown that in absence of any spin-orbit interaction 
no transition can occur between a state of type F$ and one of type F A . 

While Lyman 2 had observed in the spectrum of helium, a line X591.6 which 
was interpreted as the intercombination line VSq — 3 i\ it was shown subse¬ 
quently by H. D. Dorgelo 3 that this line must actually have been due to a 
trace of neon in the helium. 

However, in the case of more complex atoms, the spin-orbit interaction is 
so strong that many intercombination lines are obtained. For instance, the 

1 In this case, as well as in equation (15.5), a factor 1/^2 has been omitted, in order to 
simplify the argument. See ref. S. D., pp. 280-1. 

8 Lyman, Astrophya. J., 60, 1 (1924). 

» Phyaica , 6, 150 (1926). 
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Hg line X2537 which corresponds to the transition l S 0 — 3 P 1 is very intense, 
especially in a discharge in a low pressure of mercury vapor. 

(3) Two-electron Transitions: In accounting for the origin of lines in the 
spectra of hydrogen, ionized helium and of the alkali elements, it has been 
assumed that these lines are due to transitions of a single electron between two 
different electronic states. This view is however not adequate to account for 
higher multiplet levels and the observations on the resulting transitions. 

Although Heisenberg, Land6 and others had formally derived certain rules 
by which they could calculate the nature of the multiplet levels formed by 
successive addition of electrons, there existed certain theoretical difficulties 
in the whole scheme. While the conception of the spinning electron served to 
remove some of these difficulties, the evidence brought forward by Russell and 
Saunders for the simultaneous transition of two electrons helped materially 
in clarifying the whole problem of complex spectra. 

It was known for some time that in the spectrum of Ca there exist not only 
the two systems of singlet and triplet terms mentioned already, but also a 
so-called anomalous * group of terms for which the limiting terms (corresponding 
to the ionizing potential in the normal spectra of the alkali and alkaline earth 
metals) have negative values. 



Fig. 15.7. Complete Energy Level Diagram for Ca, Showing Negative Terms 


Figure 15.7 1 which gives a more complete energy level diagram for calcium 
shows the presence of two such sets of levels (marked 3d and 4 p) which are 

* These are also known as ‘"displaced" terms, 
i Ref., H. E. W. ( p. 1S2. 
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located above the limit (indicated by wave number 0) for the normal terms in 
the spectrum. This limit corresponds to the removal of one of the 4s electrons, 
leaving Ca + (for which the ionization energy derived from the wave number of 
the normal hS 0 level, v — 49305, is 6.11 volts). 

As an explanation for the occurrence of terms for which the limit is 13961 
cm. -1 (that is, 1.73 volts) above the ionization potential, Russell and Saunders 
suggested that these terms correspond to a set of energy states in which one of 
the valence electrons is in a 3d state, while the other occupies successively the 
states 3d, 4d, etc., or 4 p, 5 p, etc. 

This suggestion was in agreement with the observation that in the spectrum 
of Ca + , which is a doublet system, like that of K, the first excited state, which 
corresponds to excitation of the single valence electron to a 3d state, lies 1.70 
volts above the ground level. 

That the electron configuration 4$3d has a higher energy value than 4s 2 
is evidenced by the fact that in building up electron configurations, the two 
4 s levels are filled first (see Table 13.2) and then the 3d level, as shown by the 
spectra of K {Z — 19), Ca (Z = 20) and Sc (Z = 21). 

Furthermore, since the excitation of the 4s electron in Ca + to a 4 p level 
requires 3.1 volts (which agrees well with the observed limit at about 25,000 
cm."* 1 above the ionization potential for Ca), this latter level could be accounted 
for by assuming that one of the valence electrons in Ca is excited to the 4 p 
state, while the other electron occupies successively the states 4p, 5p, etc. 

Thus the negative terms must be due to the occurrence of simultaneous 
transitions of one of the two valence electrons from the 4s to a 3d or 4 p level, 
and of the other electron from the 4s to some other level. When both electrons 
return to lower levels a monochromatic radiation is emitted, just as in the case 
of a single electron. 

From an analysis of the transitions between terms in these anomalous terms 
and the normal terms (those having as a limit the ground term 4 2 6\/2 of Ca* 4 ") 
it was found possible on the basis of the selection rules to assign to the former 
values of L, $ and J. In this manner it was observed, for instance, that 
transitions occur between 3 P' terms in the anomalous series and normal A P 
terms, and also between :{ D' terms in the former and normal A D terms, the primes 
being used to indicate the observation that these terms could combine with 
other terms having the sam,e value of L. Also, double primes were introduced 
to indicate terms in the anomalous series which do not combine with normal 
terms in accordance with the selection rule, AL = db 1. 

Russell and Saunders showed that their deductions regarding the spectral 
symbols to be assigned to these anomalous, as well as to normal, terms could 
be accounted for on the following basis, which forms an extension of the vector- 
model used in interpreting the relations between l f s and j for terms in the 
spectra of the alkalis. 1 

It is assumed that interaction between the s-vectors of two electrons is 
stronger than that between the 8 -vector of any one electron and its l- vector, 

1 Bee Section 11(3). 
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and similarly for the /-vectors. As a consequence, the /-vectors of the two 
electrons interact to form a resultant L- vector; similarly the «-vectors combine 
to form an ^-vector, and the resultant of L and S gives rise to a /-vector for the 
particular term . As an illustration of the application of this procedure, let us 
consider the nature of the terms which can result from the interaction of a 
4s(l\ = 0) and 3 d(h = 2 ) electron. The resultant L -vector can have only the 
single value L = 2 + 0 = 2. Since s j = =fc s 2 = ± }-$, the resultant values 
of S are 0 or 1, corresponding to singlet and triplet terms respectively. Further¬ 
more, since the possible values of J are / — 2 -f- 1, 2 -f 0, 2 — 1 = 3, 2, 1, it 
follows that the resulting spectral terms should be of type l D 2 and 1 , 2 , 3 . 

In a similar manner the nature of the spectral term may be derived, as will 
be described more fully in the following section, for the interaction of two 
electrons in any other types of spectral states. 

As mentioned above it has been observed that transitions between anoma¬ 
lous and normal terms occur for which A L = 0, thus apparently violating the 
selection rule enunciated previously, viz., A L = ± 1. This was the reason for 
adopting symbols such as l D>' and :i P' 0 . 1,2 to differentiate anomalous terms 
from normal terms, having the same value of L, with which they combine. 

However, Heisenberg showed, on the basis of theoretical considerations, 
that in those cases where two electrons jump simultaneously, A/i = db 1, and 
A/o = 0 or ± 2. This conclusion, which has been verified by observation is 
illustrated by the following transitions, which are observed in the spectrum of 
calcium: 

(1) a / v —> 3 P, that is, 3 d6d{ :i P)j with h + l> = 4, to 4s4p( 3 P°) with 

/, + /,> = 1. Thus, A/, = - 2, A/ 2 = 1. 

(2) 3 P''-> l D, that is, 3d4p( 3 P°) with h + /- = 3, to 3d4*pD), with 

U + h = 2. Thus A/i - 0, A/ 2 = - 1. 

(3that is, 3d4p( 3 F Q ), with /1 -f h ~ 3, to 4s3d( 1 /)), with 

/, + / 2 = 2. Thus Ah = - 2, A/ 2 = + 1. 

(4) 3 D' —> hS, that is, 3d4p( 3 D°) with /1 + h = 3, to 4s4s(hSo), with 

h + h = 0. Thus A/i = - 2, AZ 2 = - 1. 

These transitions also illustrate an empirical rule deduced by O. Laporte, 
according to which transitions are permitted only from a state for which 2/, is 
odd to one for which it is even, or vice versa. Consequently it is customary 
to classify terms into two groups, odd and even. Formerly the odd terms were 
indicated by a prime at the upper right-hand corner of the spectral symbol, 
thus 3 P', 2 D', and so forth. More recently a small superscript 0 is used instead. 
For instance, the possible spectral terms for the configuration 3d-mp (11 = 3) 
are W, 1 Z) 2 °, W, 3 P°o,i. 2 , 3 Z>° 1 . 2.3 and 3 F° 2 , 3 , 4 - As will be pointed out in a 
subsequent section the' distinction between odd and even terms has a quantum 
mechanical basis. 

Finally it should be mentioned that anomalous (or displaced) terms have 
been observed in the spectra of other elements of the second group and in 
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spectra of atoms of greater complexity in both the normal and partially stripped 
states. 

(4) Derivation of Terms in Complex Spectra: The observations on the 
occurrence of negative terms led Russell and Saunders to formulate a method of 
deriving terms in complex spectra which has been described briefly in a previous 
section and is known as the L$-coupling method. As pointed out already, it 
is extremely difficult to solve the Schroedinger equation for a system of many 
electrons without introducing certain assumptions regarding the probable form 
of the orbital functions. The Russell-Saunders method represents one such 
procedure for overcoming the mathematical difficulties, and another method 
will be described below. 

In this connection it is desirable to review briefly the remarks on spectral 
notation which have been made in previous sections. 1 

The state of a single electron is ordinarily designated by four quantum 
numbers: (a) n, the principal or total number, which determines to a first 
approximation the energy of the state; (6) /, the “serial” quantum number, 
which serves to designate the type of orbital ($, p, d,/, etc.); (c) m/, the magnetic 
quantum number which designates the orientation of the orbit in a magnetic 
field; ( d ) m«, the magnetic quantum number which designates the direction of 
electron spin in a magnetic field. 

The quantum numbers mi and in* indicate that the projections of the angular 
momentum vectors l and $ in the direction of a magnetic field are quantized 
in space, that is, only certain orientations of the orbit and of the direction of spin 
are possible. 

It is to be observed, furthermore, that 

l = n — 1, n — 2, • • 0, 

mi = l, l — I, • * • — (l — 1), — l, 

m, = ± } 2 . 

Thus there are but two possible directions of spin of the electron, 180° apart. 

The state of an atomic system is defined by three numbers: (a) the “serial” 
quantum number, L, which is the resultant of the /-vectors for the individual 
electrons, and which designates the type of system according to the following 
table: 

L: 01234567 
Type: SPDFG II KL 

( b ) the spin quantum number S which corresponds to the resultant of the spin 
vectors of the individual electrons, and (c) the inner quantum number, J, which 

1 Notable contributions on the derivation of terms in complex spectra and on the notation 
of spectral terms were made not only by Russell and Saunders but also F. Hund, who has 
discussed this topic very comprehensively in his book, Linienspektren und periodisches 
System der Elemente, Julius Springer, Berlin (1927). See also refs. P. G., H. E. W, and G. H. 
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represents the total number of units of angular momentum of the atomic system 
for the given state, and which is the resultant (vectorially) of L and S. 

The value of S determines the multiplicity, r, of the system which is given 
by the relation 

r = 2S + 1 . (15.8) 

Hence r — 1 (singlets) for S = 0 ; r — 2 (doublets) for S = }£, and so forth. 
As mentioned previously, the multiplicity is indicated by an index at the upper 
left-hand corner of the symbol for the series; while the value of J is shown by 
an index at the lower right-hand corner. 

The method which has just been described for determining the nature of a 
spectral term is that of ltussell and Saunders and may be represented sym¬ 
bolically by the relations 

(«.«* •••) = O r , Q = J, (15.9) 

J = L + S, L + $ — 1, • * •, j L — S |. (15.10) 

As an application of this method let us consider the nature of the terms 
resulting from the interaction of two electrons of spectral types nip and n 2 d. 
Since the actual values of n\ and n 2 are immaterial in this connection w r e may 
omit any consideration of these numbers and merely inquire into the result of 
the interaction of a p-electron (U ~ 1 ) and a rf-electron (/ 2 = 2 ). The resultant 
values of S are S = 0 for antiparallel spins and S = 1 for parallel spins. These 
values of S correspond to singlet and triplet terms respectively. The resultant 
values of L are L — 3, 2 and 1, corresponding to F, D and P terms respec¬ 
tively. Coupling the values of S with those of L we obtain the following terms: 

J — 3, 2 , 1, corresponding to L = 3, L = 2, L — I* S = 0, 

J = 4, 3, 2 , corresponding to L = 3, S — 1 , 

J — 3, 2 , 1 , corresponding to L = 2 , S = 1 , 

J — 2, 1, 0, corresponding to L ~ 1, S — l. 

The first set of three terms have the spectral symbols ^ 3 , 1 D 2 and 1 P 1 . 
The second set have the symbols 3 F. h S F 3 and 3 F 2 , the third set, 3 D 3 , 3 D 2 and 3 D lf 
and the last set, 3 P 2 , 3 P 1 and 3 Po. 

As another illustration let us consider the interaction of s and p electrons, 
on the one hand, and 5 and d electrons on the other, such as are observed in 
the spectrum of helium. In the first case, U = 1, l 2 = 0, hence L = 1, S = 0 
or 1, and J = 2, 1, 0, and 1. The resulting terms are therefore S P 2 , ®Pi, 3 Po 
and l Pi. 

For the second case, li = 2, Z 2 = 0. Hence L — 2, $ = 0 or 1 , and 
/ = 3, 2 , 1 , and 2 . The resulting terms are therefore, z D 3t z D 2f 2 D 1 and 1 D%. 
Both these sets of terms are shown in the energy level diagram for helium, 
Fig. 15.2. 
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The method used above is applicable to the interaction of non-equivalent 
electrons, that is, electrons belonging to different orbital types (different values 
of n and different values of l). In the case, however, of equivalent electrons, 
that is, electrons for which n Y — n 2 and /i = l 2 we must take into account the 
Pauli exclusion principle, which states that for two such electrons the values of 
m 8 must be + * 2 and — > 2 respectively. This excludes certain terms which 
would occur in the interaction of non-equivalent electrons. 

The procedure used in deriving the spectral terms for equivalent electrons 
is that developed by F. Ilund and may be illustrated by its application to the 
interaction of two electrons of type 3d. 

TABLE 15.1 

n 2 = n\ — .3: /1 - h - 2 


m l x 


nis x 


Ml 

Ms 

M 

2 

2 

+ 1 * 

- h> 

A 

0 

4 


1 

± ?£ 

± ‘2 

3 

100- 1 

4332 


0 

± ^ 

± *2 

2 

100 1 

3221 


- 1 

=fc hi 


1 

100-1 

2110 


- 2 

± t*> 


0 

100-1 

100-1 

1 

1 

+ J 2 

- L, 


0 

2 


0 

;£ ^2 

± 

1 

100-1 

2110 


- 1 

± h 

±*2 

0 ! 

100 1 

100-1 


- 2 

db?2 

i 1 * 

~ 1 j 

100-1 

0-11-2 

0 

0 

+ 

“ }•> 

0 

0 

0 

0 

- 1 

db?- 2 

dh >2 

- 1 

100-1 

0-1-1-2 

0 

— 2 

± H 

=fc L, 

- 2 

100-1 

1-2-2-3 

- 1 

- 1 

A M 

- 1 2 

— 2 

0 

. 2 

- 1 

- 2 

± hi 

± 1 2 

- a 

100 1 

2-3 -3-4 

— 2 

_ 2 


— l 2 

- 4 

0 

- 4 


Table 15.1 shows the procedure in detail. Adding the values of mi for each 
electron and those of m s we obtain the values tabulated under Ml and Ms 
respectively. These, in turn, when added yield the values of M = Ml + Ms 
given in the last column. It will be observed that for values of mi x = m/ (> , 
only two values of m s are possible, so that Ms — 0. For mi x 9 ^ mi 2 , four values 
of Ms are obtained, viz., 1, 0, 0 and — 1. This shows that the terms will be 
either singlets or triplets. Also, since 

M = J, J - 1, •- J 

it is possible by arranging the values of M as in Table 15.2 to deduce the 
corresponding values of J . Furthermore, since L can have the values 4, 3, 2, 
1, 0 it follows that the terms will be of types G, F } D, P and S f and that the 
values of J will be distributed among these types. These considerations lead 
to the conclusion that the only possible spectral types of terms are those indi¬ 
cated in the last column in Table 15.2. 
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TABLE 15.2 







Corresponding 

Spectral 

Values of 

M (Table 15.1) 


Value of J 

Term 

2 1 0 

- 1 

- 2 - 3 

- 4. 

. 4 

v; 4 

2 1 0 

- 1 

- 2 - 3 

- 4. 

4 

3 F 4 

2 1 0 

- 1 

- 2 ~ 3 


3 

3 F 3 

2 1 0 

- 1 

_ 2 


2 

s F 2 

2 1 0 

- 1 

— 2 


2 


2 1 0 

- 1 

- 2 


2 

sp 2 

1 0 

- 1 



1 

8 Pi 

0 




0 

3 Po 

0 




. . . 0 

ASo 


In a similar manner it may he shown that two equivalent /^-electrons 
(corresponding to the electron configuration p 2 ) yield the terms LS 0 , l D>, 3 Pi>, 
[] P i, 3 Pa. On the other hand, for the ease of two non-equivalent /^-electrons, 
- the spectral terms art? hS' 0 , X P\, l D» } 3 P«, A P t , ;, P„, 3 /) 2 , ;, Z)j. 

For more than two electrons, the derivation of spectral terms becomes a 
more tedious task. The results deduced for different configurations are shown 
in Tables 15.3 and 15.4 which are given by (1. Herzberg. 1 The numbers in 
parentheses indicate the number of corresponding terms. For example 2 P(4) 
means that there are four sets of 2 P terms (that is four terms of type 2 P i /2 and 
four of type 2 P 3 / 2 . 

In the case of closed shells, that is those which contain their maximum num¬ 
ber of electrons, $ = 0, since all the electrons are paired. Furthermore, since 

TABLE 15.3 

Terms of Non-Equivalent Electrons 


Electron 

Configuration | Terms 

i.S, 3 S 
>P, 3 P 
>P, VI 

KS, ’P, ] D, \S\ 3 P, 3 /> 
iP, » D , J F, 3 P, V), 3 F 
i»S\ J P, l D, «F, HJ, 3 S, 3 P, V>, 3 P, 3 G T 
AS, AS, 4 *S 
2 P, 2 P, 4 P 
2 D, 2 Z>, 4 /> 

AS, 2/", V>, AS, 2 P, 2 />, AS, 4 P, *D 
2 P, 2 />, 2 F, 2 P, 2 />, 2 F, 4 P, V7, 4 F 
2 £(2), 2 P(6), 2 P(4), 2 P(2), AS(1), 4 P(3), V)(2), 4 F(1) 

2 >S(2), 2 P(4), 2 Z>(6), 2 P(4), 2 C(2), AS(1), 4 P(2), 4 7>(3), 4 F(2), 4 <7(1). 
AS (2), 2 P(4), 2 P(6), 2 F(6), 2 (7(6), 2 /7(4), 2 /(2) 

AS(1), 4 P(2), 4 />(3), 4 F(3), ^(3), 4 7/(2), 4 /(l) 


.s-.s 1 

•V> 

PP 

P'f 

,S,S\S 

ifftp 

Ksd 

spp 

spd 

PPP 

ppd 

pdf 


Ref., C*. H., p. 132. 
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TABLE 15.4 


Terms of Equivalent Electrons 


Electron 

Configuration 

Terms 

s 2 

hS 

V 2 

'S, ’/>, 3 P 

P 3 

2 P, 2 />, 

P* 

'/), 3 P 

;) B 

2 P 

pf, 

1>S 

d“ 

i,s\ ip. i a, «p, 3 P 

d 3 

2 P, 2 P(2), 2 P, 2 (7, 2//, *P, 


l S(2), 1 P(2), 1 P. »<7(2), */, 3 P(2), 

3 P, 8 P(2), 3 <7, 3 //, 6 P 

d* 

2 *S\ 2 P, 2 />(3), 2 P(2), 2 <7(2), 2 tf, 2 J\ 


«p, ip, 4 f, 


in a closed shell all the orientations possible in a magnetic field are present, 
— Ml — 0. Hence / — 0, and the spectroscopic term is therefore of 
type ^o. 

Thus as shown in Table 13.2, atoms of the elements of Groups 0 and 2, 
in which there are two 6*-eIectrons in the valence shell, and of palladium (in 
which the d-shell is filled) all exhibit in the normal state spectroscopic terms of 
type l S 0 . It follows that in deriving the spectral term of a many-eleetron 
atom, we need consider only those electrons which are in incomplete shells. 
For instance, in the case of Si (Z — 14) for which the electron configuration 
is ls 2 2s 2 2p 6 3s 2 3p 2 , we need consider only the interaction of the two 3p electrons. 

Another important conclusion is that if N e denotes the maximum number 
of electrons for any one type of level ( N e = 2 for $, N e = 6 for p, N e — 10 for 
d levels, and so forth) then the spectral terms for N e — n electrons are the same 
as those for n electrons. Thus, the spectral terms for the configuration p 2 are 
the same as for p 4 . The only difference occurs in the order of multiplet levels 
with respect to the value of the energy. While in the case of the p 2 configura¬ 
tion the lowest level is of type 3 P 0 , the lowest level for the p 4 configuration is 
*p 2 , as shown in Table 15.5. 


TABLE 15.5 

Terms fop. Equivalent ^-Electrons 


Number of Electrons Terms Normal Term 

1 . 2 P 2 Pl/2 

2 . 'Sq'Di'P 8 Po 

3 . *P*D*S *S V t 

4 . *So l J)t'P 8 P* 

5 . 2 P 2 P 3/ 2 

6 . 1 <So *iSo 
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In order to draw attention to the origin of a particular energy level the term 
symbol is often preceded by the symbol for the electronic configuration, as 
shown in the following examples: 

He: Is 2 hS 0 (lowest term), ls2p 3 P 2 ,10 (excited state); 

Tl: Gs 2 0/> 2 / > ]/ 2 , 3/2 (lowest terms); 

Tii: 3(Ms 2 *F 2 , 3 , 4 ] Sd'As U F i_ 6 (excited state); 

Tin*. 3d 2 ( 3 F)4s 4 F 3 /2-9/2 (normal state), 

3 d? 4 F 8 / 2 - 9/2 (excited state). 

These symbols indicate, for instance, that the excited state in Tii is ob¬ 
tained by exciting one of the 4s electrons to state 3d; and in the case of Tin, 
the normal term is derived from the 3 F state of Tii by removal of one of the 4s 
electrons. This method of describing the nature of energy levels is especially 
useful in the case of stripped atoms and more complex electronic configurations. 

In X-ray spectral levels we have another illustration of the deduction that 
spectral terms for N (; — n electrons in a shell are the same as those for n 
electrons. Thus, as shown in Table 14.2, the L\ level which has the con¬ 
figuration (2s)(2py has the same spectral type of term as a 2s orbital while the 
Lit and Liu levels which are associated with the configuration ( 2s)‘ 2 (2p) b are 
of the same spectral type as those observed for a 2 p orbital (when electron spin 
is taken into account). 

In the case of atoms with single valence electrons, as in the alkali elements, 
the normal term , or term corresponding to the lowest energy state, is of type 
2 >S T 1 / 2 , and for atoms with two equivalent .s-electrons (as in helium and elements 
of Group II) the normal term is of type hS’ 0 . 

For electronic configurations containing equivalent p- or d-electrons the 
normal term is determined in accordance with the following two rules, originally 
suggested by Hund: 

(1) The normal term is that with highest value of the multiplicity r. 

(2) For atoms in which the valence shell contains less than half the maxi¬ 
mum number of electrons the deepest component of a multiplet is that 
for which J — L — S, that is, J has the lowest possible value. Such 
multiplets are known as regular. 

(3) When the shell is more than half filled, the component of the multiplet 
which has lowest energy is that for which J = L + S, that is, J has 
the highest value. Such multiplets are designated as inverted. 

In Tables 15.3 and 15.4 the normal term associated with a given configura¬ 
tion is the one mentioned last. Table 15.5 illustrates rules (2) and (3) for the 
order of the multiplets. 

The normal terms for the different atomic systems are given in the second 
last column of Table 13.2. Not only do they illustrate the application of the 
rules mentioned above, but they demonstrate that, as in every other respect, 
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the periodicity of the elements is exhibited in both electronic configuration and 
spectral behavior. 

With regard to most of the rare-earth elements (Z = 57 to Z = 71) and 
some of the elements of still higher atomic number there seems to be some 
question at present regarding the spectral type of the normal term. 1 Un¬ 
doubtedly this is due to the extreme complexity of the spectra, as indicated by 
the occurrence of spectral terms which are characterized by large values of 
both S and L. 

In concluding this section it is essential to point out that while the Russell- 
Saunders coupling has been used in the discussion so far, this is not the only 
type of coupling which is possible. This procedure is strictly justified only for 
cases in which the interaction of the individual /-vectors and individual 
5-vectors is so strong that they give rise to resultant L and S vectors. “This 
assumption/’ as Herzberg states, 2 “holds for a large number of elements, par¬ 
ticularly for all the lighter elements, as may be seen from the fact that, for them, 
the multiplet splitting is usually small compared to the energy difference of 
the levels having the same electron configuration but different L. The splitting 
is likewise small compared to the energy differences of corresponding levels 
which differ only in their multiplicities.” 

If, however, it is assumed that the spin-orbit interaction for each electron 
is much stronger than any /-/ or s-s interaction, we obtain the so-called jj 
coupling. This may be represented symbolically by the relation 

(hsi)(hs 2 ) • • ■ = (jijij* •••)=/, (15.11) 

which should be compared with equation (15.9) stated near the beginning of 
this section. Each U and $*- combine to form a vector j if and these then combine 
to form a resultant./. While this procedure yields definite values for J and M, 
L and S remain indefinite. A detailed consideration shows that while the 
number of terms is the same as for the LS coupling, the separations are 
not the same, since the mode of interaction of individual electrons is just the 
opposite of that involved in LS coupling. Furthermore, since L and S are no 
longer definite, it is impossible to apply the selection rules for these quantum 
numbers. The only selection rules applicable in these cases are AJ = 0, db 1, 
and Aji = 0, ± 1. 

As might be expected from the fact that LS and jj coupling represent 
two extremes, transition cases occur. Thus, as the value of Z is increased in 
the elements of Group IV (C, Si, Ge, Sn, Pb), the coupling changes from pure 
LS in the first two members to a type which is closer to jj coupling in the 
case of Pb. 3 

’ The term symbols given in the table are those used by L. P., op. tit. They are different 
for some of the elements mentioned from those given in a similar table by G. H., op. cit. In 
fact for many of the rare earth elements, the latter has indicated the lack of information by 
a blank space. 

Op. cit., pp. 173-4. 

3 G. H., op. cit., p. 175. See also ref., H. E. W., p. 200. 
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Figure 15.8 1 shows the ideal vector modes for (.4) LS coupling and (B) 
jj coupling. It will be observed that in (A) the vectors L* = VL(L + 1) and 
S* = \ f S(S + 1) process about their resultant J* = Vj(/ -f 1). (An asterisk is 
used by White to distinguish the magnitude of the vector from the corresponding 
quantum number.) The particular case illustrated is that for which L = 3, 

J' J* 



S = 1, and ./ = 3. The angle, d\, between the vectors L* and J* is given by 
the trigonometric relation, 

3(3 + 1) + 3(3 + 1) - 2.3(3 + 1) cos 0, « 1(1 + 1). 

Consequently cos Q\ — 1 }\ 2 , and S i = 23° 36'. Similarly, we derive the 
value of the angle 0 2 between L* and S*, by the relation, 

3(3 + 1) + 1(1 + 1) + 2\4~X~2 cos 0, = 3(3 + 1), 

which yields the result cos 0\ ~ — 0.3536, 0i = 110° 42'. 

In case B, the vectors j* and j* are the resultants of U*s* and l 2 *s>* 
interactions respectively, and they process about their resultant J*. The 
angles between the different vectors are deduced by means of trigonometric 
relations similar to those used above. 

Figure 15.9 1 shows the behavior of the spectral terms in weak magnetic 
fields (Zeeman effect). In both types of coupling the resultant vector J* 

1 Ucf., H. E. W., op. cit.y p. 191. 
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processes about its component m in the direction of the field. The particular 
case illustrated is the same as that shown in the previous figure. 

It should be mentioned that in the case of jj coupling, the value of the factor 
g for the Zeeman effect is calculated by means of a different formula from that 
used for L$-coupling. However, Pauli s g sum rule applies for this case also. 
This rule states that for all the levels arising from a given electron configuration 
the sum of the {/-factors for levels with the same value of J is a constant, 
independently of the nature of the configuration. 

,, We^k field 




Fig. 15.9. Illustrating Precession of Vectors in Weak Magnetic Field for LS~ and,//-( Coupling 

(5) Isoelectronic Sequences: In Section 13(3), on “Enhanced Spectra ,” at¬ 
tention was drawn to the similarity in respect to spectral terms of the series of 
sodium-like atoms Nai to Clvn. Such a series of atoms having the same extra- 
nuclear electronic configuration is known as an isoelectronic sequence. A 
number of such sequences have been investigated by R. C. Gibbs and H. E. 
White and Pig. 15.10 1 shows the regular displacement of multiplets for the 
normal and stripped atoms in the first and second long periods. The ordinates 
give the values of v for the transitions indicated in the center of the figure. 
Thus the first vertical line gives values of v for the line 4 2 $ 1/2 —» 4 2 Pi /2 (first 
line of the principal series) for the isoelectronic sequences Kj to Cryi and Rbi 
to Zriv respectively. The second column gives values of v for the line 3 Ds —* 3 Ph 
in the sequences Cai to Cry and Sri to Cby, for which the external configura¬ 
tions are of type (ns) 2 This line corresponds to a transition from dp to a da 
configuration. In the following columns the transitions considered are those 
corresponding to d n 8 —> d n p, where n varies from 2 to 10. 

i Proc. Not. Acad . Sci., 13, 525 (1927). See also ref., H. E. W. f Chap. XVII. 
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The figure illustrates the application of the procedure discussed in the 
previous section for the derivation of spectral terms. Thus, it will be seen 
that with increasing value of Z , the multiplicity alternates between even and 
odd, and also that the degree of multiplicity passes through a maximum (r — 7) 



Fig. 15.10. Regular Displacement of Multiplets in Spectra of Atoms 
of First Two Long Periods 

for atoms isoelectronic with Cri. It will also be observed that the configura¬ 
tions d lo s and d 10 p yield the same types of spectral terms, respectively, as single 
s and p electrons, arid a similar statement holds valid for configurations involv¬ 
ing d 9 and d a as compared with those involving d and d 2 respectively. 
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Figure 15.11 taken from a paper by H. E. White 1 shows Moseley energy level 
plots for the different isoelectronic systems. The electron configuration cor¬ 
responding to each set of four heavy diagonal lines is given below each sequence 
in the order in which they appear for the last elements. It will be observed in 
the case of the Ki to Yv series that while the order of increase in v values is 4d, 
3d, 4 p, 4s for Ki, this order is altered in the case of the subsequent elements, 
so that in Vv the 3d level has the highest value of v, ‘‘which indicates an 
increased binding of a 3d electron over a 4 p and a 4s electron,” as the nuclear 
charge is increased. In the series Cai to Cry a similar occurrence is observed. 



Fio. 15.11. Moseley Plots for Different Iso-Eleetronio Systems of First Long Period 


The lowest term for Cai is the resultant of one electron in a 3d, and the other in 
a 4s orbit, but in Cry the corresponding term is formed by two electrons each of 
which is in a 3d orbit. 

The limits for each sequence are indicated at the top of the figure. Thus 
the limit for the Ki sequence is the lowest term in Kn (isoelectronic with 
Argon), which is of type l S 0 (see Table 13.2). Similarly the limit of the Cai 
sequence is a 2 D Z term corresponding to the removal of one of the 4s electrons 
and the binding of the residual electron in a 3d orbit. In fact, “the increased 
binding of the electron configuration 3d n over the electron configurations 
3 d n_1 45, 3d n ~Hp , and 3d n ~ l 4d (where n = 1, 2, 3, 4 for the first, second, third 
and fourth sequences respectively) appears to be almost identical for each 
sequence. In going from one sequence to the next (from left to right) the 


Phys. Rev., 33, 914 (1929), Fig. 9. 
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heavy diagonal line 3 d n gradually shifts down with respect to the other three 
parallel diagonals.’’ 

Another interesting feature brought out by the diagram is the parallelism 
existing between the lines 4s, 4p and 4 d in the Ki sequence and between similar 
lines in the other sequences, a regularity which is a result of the irregular 
doublet law. Fig. 15.12 and the following remarks on this figure taken from the 
same paper by H. E. White emphasize the manner in which this law has been 
applied in the determination of electron configurations from spectral terms. 



Ficj. 15.12. Regular Displacement of Frequencies for Transitions Bcteeen Similar Levels 

“The irregular doublet law, wherever applicable, proves to be the most powerful method 
of attack in attempting to analyze the spectra arising from ionized atoms. The irregular 
doublet law is applicable to those radiated lines arising from electron transitions involving no 
change in total quantum number. For sequences of isoelectronic systems involving only one 
valence electron (i.e., Ki, Cap, etc.) an electron transition gives rise to only two or three 
radiated lines. In the sequence starting with Tip however, where four valence electrons are 
involved, electron transition may give rise to over a hundred radiated lines.* In this report on 
the latter sequence of isoelectronic systems only a few of the strongest lines have been traced 
through five elements. For the electron transition 3d 3 4p to 3dHs about forty lines, and for 
the electron transition 3d*4d to 3d 3 4p about twelve lines, have been traced through the first 
three elements, Tip Vn, and Crup” 

The figure shows the regular displacement of frequencies and increasing 
width of separation of the lines corresponding to these transitions. 

Other isoelectronic sequences which have been investigated are the follow¬ 
ing: Cui to Sevi, by R. A. Sawyer and C. J. Humphreys, 1 N* to Gey, by J. E. 

* The italics are the present writer’s. 

i Phys. Rev., 32, 583 (1928). 
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Mack, 0. Laporte and J. R. Lang, 1 Nii to Krix and Pdi to Xeix by P. G. 
Kruger and W. E. Shoupp, 2 Cli to Mnix by P. G. Kruger and L. W. Phillips, 3 
Ai to Feix by the same investigators and S. G. Weissberg 4 and Bri to Srrv by 
D. H. Tombourian. 5 In all these case Moseley plots similar to those shown in 
Fig. 15.11 have been obtained. 

It is of interest in this connection to observe the progress that has been 
made in the analysis of ordinary and enhanced spectra since about 1930. A. 
G. Shenstone has pointed out in a review published in 1938, fi that, while Bacher 
and Gouds in it’s “ Atomic Energy States,” published in 1932, listed spectral 
terms for 231 normal and stripped atoms, there were available at the time he 
wrote his report, analyses of 169 more spectra. A considerable number of these 
analyses refer to spectra of atoms which have been stripped of more than 7 
electrons. For instance, the Neon sequence has been extended to Crxv, and 
other sequences have been extended to ten or more members. In a more recent 
review of ‘‘Spectroscopy in the Vacuum Ultraviolet,” J. C. Boyce 7 has listed 
31 isoelectronic sequences in the ultraviolet, which include not only those 
mentioned above, but also additional observations made since 1938. 

Even in the analysis of spectra of rare earth elements progress has been 
made. As is evident from the spectral notation of the normal terms for these 
elements, given in Table 13.2, these spectra are extremely complex. The 
difficulties in deriving spectral terms for atoms of this group may be realized 
better when one considers that in such a relatively simple case as that of 
titanium, the systems of terms present in the successive spark spectra are as 


follows. 8 

Tii 

Tin 

Tim 

Tiiv 

Electron configuration: 

3d 2 4 s 2 

3d 2 4s 

3d 2 

3d 

Systems in spectrum: 

f Singlets 
s Triplets 

1 Quintets 

f Doublets 
[ Quartets 

f Singlets 
\ Triplets 

Doublets 


Several factors have contributed towards this progress in analysis of spectra. 
The introduction of the grazing-incidence grating spectrograph has made 
possible the photography of “optical” lines down into the region of soft 
X-rays. 9 For instance, Vi for Crxv is over 1000 volts, and the corresponding 
lines are as short as 18.5 A units. This has been of special importance in the 

1 Ibid., 31, 74S (1928), also J. E. Mack, ibid., 34, 17 (1929). 

*Ibid., 46, 124 (1934). 

*Ibid., 51, 1087 (1937). 

*Ibid,, 51, 1090 (1937). 

* Ibid., 54, 350 (1938). 

6 Reports on Progress in Physics, 5, 210 (1938). This paper gives a bibliography of papers 
on Bpectroscopy during the period 1934-1938. 

7 Rev. Mod. Phys., 13, 1 (1941). 

8 H. N. Russell and R. J. Lang, Astrophys. J., 66 , 13 (1927); H. N. Russell, ibid., 66 , 283, 
347 (1927). 

• Discussed in review by M. Siegbahn, Ergeb. exakten Naturwiss., 16, 104 (1937). 
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study of higher spark spectra, which was initiated by R. A. Millikan and I. S. 
Bowen, about 1924. The lines in spectra of stripped atoms such as Clm, 
Neiv, and so forth, are in the extreme ultraviolet and a refined technique had 
to be developed for measuring these wave lengths. The analysis of these 
spectra has been made possible by application of the X-ray doublet laws, 
mentioned in Section 14(2). 

Furthermore, the analysis of very complex spectra would be a prodigious 
labor if unassisted by the mechanical means devised by (1. R. Harrison and 
his associates. 1 

(6) Ionizing Potentials of Normal and Stripped Atoms: In Sections 1(3) 
and 1(4) the ionization potential (Vi) has been defined as the energy required 
to remove one of the optical or valence electrons completely from the normal 
level, while the resonance potential (F r ) is defined as the energy required to 
transfer an electron from the normal to the first excited state. These poten¬ 
tials may be calculated by the relation 


V (in volts) 


Vn ~ Ve 
8068 ~ 


where v n and v r are the wave numbers of the normal and excited levels re¬ 
spectively. In the case of the ionization potentials, v e — 0. 

While this is the most accurate method for the determination of these 
critical potentials for all those cases in which the levels have been determined 
from an analysis of the spectral lines, other methods have been used to supple¬ 
ment the spectroscopic method, as mentioned in the sections referred to above. 
In fact, in the case of some of the more complex atoms, the direct method of 
measuring Vi by bombardment of the vapor with electrons of definite velocity 
has been the only one available. 

In the case of one-electron and two-electron configurations, where the 
ionization process involves the removal of an s-electron, the ionization poten¬ 
tials have perfectly definite values, but in the case of more complex configura¬ 
tions there exist more than one value of Vi, depending upon the type of electron 
removed. This has been emphasized by Millikan and Bowen 2 and also by 
H. N. Russell. 3 

“In considering ionization potentials,” Millikan and Bowen remark, “it should not he 
overlooked that, unless there has been careful definition, the term ionizing potential has no meaning 
at all. Thus the normal oxygen atom has two electrons in 8-orbits and four in p-orbits, and 
this configuration is therefore designated as the « 2 p 4 configuration; but this configuration has 
triplet P } singlet I) and singlet 8 terms, which correspond to five different orientations of the 
orbits and the spins of the four p electrons. When one of these p electrons is removed, the 
atom, now an ion, having left two s and three p electrons, may in its turn exist in any one of 

1 These methods are described in J. Opt. Soc. Am., 25, 169 (1935), and Rev. Sci. Inst., 9, 
15 (1938). The data are contained in M. 1. T. Wave Length Tables, John Wiley and Sons, 
Inc., New York, 1939. 

* Proc Nat. Acad. Sci., 13, 531 (1927). 

3 A atrophy s. J., 66, 233 (1927). 
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five different states, namely a quartet S t a doublet P, and a doublet D , .so that the atom can be, 
ionized in twenty-five different ways, each of which requires a slightly different energy and hence, 
represents a different ionization potential from all the others. ‘Ionization potential,' therefore, 
has no definite significance, unless it is defined, for example, as the energy corresponding to 
the passage from the most stable state of the atom to the most stable state of the ion.” 

It is this definition which has been used by Millikan and Bowen and 
practically all other investigators in this field, so that it is the one adopted in 
the present section. 

H. X. Russell has discussed in considerable detail the ionization potentials 
of elements of the second long period (K to Xi). If we designate the number of 
electrons outside the “argon shell” by n, the normal state of the atom cor¬ 
responds to the configuration s in the case of K and d n ~' 2 s 2 in ail the other 
cases (except Cr for which the normal configuration is d' n s). 

Now, as is evident from Table 11.4 the degree of multiplicity, r, changes by 
+ 1 or — 1 as we pass from one element to the next in the periodic arrange¬ 
ment (Heisenberg’s “branching” rule). Therefore, in the removal of one 
of the 4s electrons from the configuration d"~V the resulting ion may have a 
greater or less multiplicity than the neutral atom. Corresponding to these 
two possibilities we have two different ionizing potentials: 

A : to d u ~ 2 s (greater multiplicity), 

B : d n ~ 2 tt 2 to d n ~ 2 s (smaller multiplicity). 

Thus in the case of Ca the normal level is of type bSV On ionization there 
results a potassium-like ion, in which the lowest term is of greater multiplicity, 
i.e., of type 2 *Sj. On the other hand, the ionization may be accompanied by 
the simultaneous transition of the second electron from the 4s to the 3 d level, 
and again the multiplicity may be either increased or decreased, with the 
corresponding two possible ionizing potentials for the normal atoms: 

C: d n ~ l s (greater multiplicity) to d n ~ 1 1 
D: d n ~ l s (smaller multiplicity) to d n ~ l . 

Russell therefore defines the principal ionizing potential as that which 
represents the difference in energy between the normal states of the atom and that 
of the ion. He furthermore accounts for the difference between the four 
ionizing potentials .1, B, C and D as follows: 

The differences between the ionization potentials A and B, or C and D 
admit of a simple explanation: The reverse process for the transition C and D f 
whether in the arc or the spark, consists of adding a 4s electron to a partially 
completed shell of 3 d electrons. In case (7, the multiplicity is increased, that 
is, the added electron is spinning in the same direction as the resultant spin of 
those already present. In case Z), it is spinning in the opposite direction. 
Now, as Hund has pointed out, the magnetic interaction produces attraction 
in the first case, and repulsion in the second, so that the energy of binding is 
greater for C than for D . 
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In the case of the ionized atom there may exist three ionizing potentials 
corresponding to the following processes: 

C: d n ~ 2 s (greater multiplicity) to d n ~ 2 , 

D: d n ~ 2 s (smaller multiplicity) to d n ~ 2 , 

E: d n ~ l to d *~ 2 . 


As an illustration, the following diagram indicates the terms in the spectra 
of Mn, Mrii and Mnn, and their different modes of formation. 


Mm 


Mn 


6 ^5/2W 6 ) 



l 6 / 2 (rfV) 


E 


b I)<(d G ) 


r 'D» /2 (d c 's) 


D 


4 d 7 


Table 15.7 1 gives the various ionization potentials of the atoms K to Ni 
and of the corresponding ionized atoms, classified according to the transitions 
mentioned above. The last column in each half of the table gives the principal 
ionization potential. 

TABLE 15.7 

Ionization Potentials of Atoms and Singly Ionized Atoms of First Long 

Period (Russell) 


Neutral Atom 

Ionized Atom 

Element 

A 

B 

C 

D 

Principal 

C 

D 

E 

Principal 

K. 



4.30 


4.32 





Oa... 

6.21 


5.39 

5.22 

6.09 

11.83 


10.13 

11.82 

Sc 

6.57 

6.88 

5.74 

5.33 

6.57 

12.80 

12.49 

12.19 

12.80 

Ti. 

6.79 

7.39 

6.10 

5.48 

6.80 

13.60 

12.99 

13.45 

13.60 

V. 

7.04 

7.84 

6.46 

5.68 

6.76 

14.4 

13.5 

14.7 

14.7 

Cr. 

7.28 

8.21 

6.70 

5.76 

6.74 

15.1 

14.1 

16.6 

16.6 

Mn. 

7.38 

8.55 

7.00 

6.28 

7.40 

15.7 

14.5 

13.8 

15.7 

Fe. 

7.83 

8.81 

7.20 

6.58 

7.83 

16.5 

15.4 

16.3 

16.5 

Co. 

8.25 

9.0 

7.38 

6.90 

7.81 

16.8 

16.0 1 

17.2 

17.2 

Ni. 

8.65 

9.30 

7.62 

7.22 

7.64 

17.15 

16.5 | 

18.2 

18.2 

Cu. 

8.95 

9.48 

7.63 


7.69 

17.62 

17.09 

20.34 

20.34 

Zn . 

9.40 




9.36 

! 

17.93 



17.89 


1 H. N. Russell, Astrophys. J., 66, 233 (1927). 
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The values in heavy type arc derived from longer series and are therefore 
preferred by Russell. It will be seen from this table that the principal poten¬ 
tials for Ca, Sc, Ti, Mn, Fe and Zn correspond to a transition of type .1; while 
those for K, Cr and Cu correspond to a transition of type B . For V, Co and 
Ni the transition involving the least energy change is of type C. 

In this case the transition involves the simultaneous removal of one 4s 
electron and the shift of another from 4s to 3d. 

The last column of Table 13.2 gives, as far as possible, the values for each 
element of the principal ionizing potential as defined by Russell. These values 
are based largely upon the values published by R. F. Bacher and 8. Goudsmit 1 
for the wave numbers of the normal terms 2 and on the more recent table of 
values of Vi for normal and stripped atoms given by G. Hcrzberg. 3 Values 
which according to the latter are uncertain arc indicated by The values in 
brackets, are omitted in both the above-mentioned publications and are taken 
from other sources. 4 There is probably considerable doubt regarding their 
reliability. 6 

It is of interest to observe that helium has the highest, and cesium the 
lowest value for the ionizing potential. This is in accordance with the chemical 
behavior of these two elements. In a general way it may be stated that the 
ionizing potential tends to increase as the number of electrons in any given 
level is increased and reaches a maximum value when the particular level is 
completely filled. Thus the elements of Group 0 have the highest ionizing 
potentials, and it will be found that the ionizing potential increases as we pass 
from Li to Be, Na to Mg, K to Ca and Cu to Zn (corresponding to completion 
of the .9-group). On the other hand, the presence of a single electron in a new 
“shell” leads to a decrease in the value of as compared with those for 
elements either immediately preceding or following. This is well illustrated 
in the case of the alkali metals for which the values of Vi are lower than those 
of the other elements, and also in the case of the triads, Be, B, C; Mg, Al, 8i; 
Zn, Ga, Ge; Cd, In, Sn; Hg, Tl, Pb, in each of which the value of Ft is a mini¬ 
mum in the middle of the group, (corresponding to the presence of one p- 
electron). 

In contrast with this is the observation that in each of the series Ca-Ni, 
Sr-Pd, and (probably) Ce-Hf, the values of F t exhibit no striking variation with 

1 Ref. B. G. 

2 Since Bacher and Goudsmit (as well as Hcrzberg) use the factor 8106 for converting volts 
into wave numbers whereas the value of this factor, oil the basis of revised values of e and h , 
should be 8068, the values for V% as given in Table 13.2, and calculated from the wave numbers 
of the normal terms, are 0.5 percent approximately higher than those given in the treatises 
mentioned. 

3 G. H., op. cit. 

4 H. N. Russell, Aetrophys. J ., 70, 11 (1929); A. A. Noyes and A. O. Beckman, Chem. Rev., 
5, 85 (1928). 

6 The value of Vi for Ir is given by W. Albertson, Phys. Rev., 54, 183 (1938) and that for 
Eu, by H. N. Russell and A. S. King, Astrophys. «/., 90, 155 (1939). They conclude that the 
lowest term for the latter is of type /V 3 So. 
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increase in atomic number. This is obviously in agreement with the conclusion 
that in each of these series increase in nuclear charge is accompanied by 
addition of an electron to a shell which is within an already completed shell. 

Next in interest to the problem of ionization potentials of the normal 
atoms themselves comes that of the ionization potentials of the atoms which 

TABLE 15.8 


Element 


Oonfig. 
of outer 
electrons 

Electron Volts for Removal of Outer Electron from 

M 

M + 

M 2 ' 

M 3 + 

M* + 

H. 

1 

Is 

13.595 





lie. . . . 


l* 2 

24.58 

54.38 




Li. . 

3 

2, v 

5.39 

75.62 

122.4 



Be .... 

4 

2*2 

9.32 

18.21 

154.8 

217.7 


B. 

5 

2* 2 2 p 

8.32 

25.12 

37.93 

259.3 

340.1 

0.. .. 

0 

2s 2 2p 2 

11.20 

24.39 

oc 

DC 

c 

rjl 

64.5 

392.0 

N. 

7 

2s 2 2p 3 

14.55 

29.01 

47,03 

77. 

97.9 

O. 

8 

2ft 2 2p* 

13.01 

35.10 

55.14 

77.4 

113 

y . 

9 

2s 2 2 p h 

17.42 

34.97 

62.05 

87.1 

114.2 

No 

10 

2* 2 2/> fi 

21.56 

40.1 

63.5 

— 

_ 

Nri. . . 

11 

3s 

5.14 

47.27 

71.04 

— 

— 

Mg. 

12 

3*2 

7.64 

15.03 

80.08 

109.4 

— 

A1 . 

13 

3* 2 3p 

5.99 

18.82 

28.44 

119.9 

154.1 

Si. 

14 

3# 2 3/>* 

8.15 

16.34 

33.50 

45.1 

166.3 

V . 

15 

3#*3/>* 

10.95 

19.65 

30.13 

— 

55.0 

s. 

16 

3* 2 3/; 4 

10.35 

23.4 

35.00 

47.3 

63 

Cl . 

17 

3* 2 3/; & 

13.01 

23.78 

39.87 

53.38 

j 07.7 

A. 

18 

3* 2 3/;« 

15.76 

27.88 

40.93 

—61 

—78 

K . 

19 

4* 

4.34 

31.80 

46.7 

— 

— 

Ca. 

20 

4* 2 

6.11 

11.87 

j 51.18 

70.0 

_ 

So . 

21 

4s*3d 

6.7 

—12.8 

24.72 

—73.9 

97.5 

Ti. 

22 

4«*3rf 2 

6.83 

—13.6 

—27.6 

43.16 

| —99.6 


are singly, and, more generally, multiply ionized. In previous sections, the 
results of investigations on enhanced spectra have been discussed at length. 
In the present connection we shall consider the relations which have been 
observed for the ionizing potentials of isoelectronic systems and also the man¬ 
ner in which the ionizing potential varies as successive electrons are removed 
from the same atom. 

Table 15.8 taken, with slight modifications, from a similar table given in 
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the book by G. Herzberg, 1 gives ionization potentials for the normal and ionized 
states of the elements Z — 1 to Z = 22. 

These values are based to a large extent upon the observations on iso- 
electronic sequences mentioned in the previous section as well as on the ob¬ 
servations on enhanced spectra of a number of elements. For instance terms 
in the spectra of Fn, Fm and Fiv as well as those of Clm, Cliv, and Civ have 
been derived by I. 8. Bowen 2 from observations on wave lengths in these 
spectra in the extreme ultraviolet region. 

In Table 15.8 a stair-like line has been drawn to the right of those values 
which correspond to the complete removal of the electrons in the valence shell, 
the configuration of which is indicated in the third column. This line thus 
represents the direction along which are arranged different isoelectronit; se¬ 
quences. For instance, immediately above the uppermost of the heavy lines 
are arranged the members of the sequence which are isoelectronic with Lin, 
and immediately below the line the members of the series isoelectronic with Lij. 

Since the individual values refer to the energy of removal of an electron 
from those still present in the outer shell at that stage, the energy for the re¬ 
moval of all the electrons in a given configuration is the sum of these values. 
A better conception, from the point of view of the chemist, is obtained by 
converting these results into gram-calories per gram-atom. 3 

Thus, in the case of beryllium, the total energy required for the removal 
of the electrons from the 2s- and ls-shells is as follows: 


Original Electron 
Configuration 

Energy in kcal. gm.-atom -1 for 
removal of one electron 

Tc 

Volts 

>tal Energy in 

kcal. gm.-atom 1 

1 # 2 2s 2 . 

214.9 

9.32 

214.9 

ls 2 2s. 

419.0 

27.53 

633.9 

Is*. 

3541 

181.3 

4175 

Is. 

5012 

399 

9187 


The last column gives the total energy required for the removal of 1, 2, 3 
or 4 electrons respectively. It will be observed that the energy required for 
the removal of the A'-electrons is considerably greater than that required to 
remove the two outer electrons. 

Comparing with these values the chemical energy of formation of BeCb, 
155 kcal. per gram mole, it is seen that in general the energy of removal of one 
electron from the valence shell is of the same order of magnitude as chemical 

1 Op. cit., pp. 200-201. The values given in this table have been increased in the ratio 
8107/8068 to take into account the revised values of h and e. See also Gasentladungstabellen, 
M. Knoll, F. Ollendorf and R. Rompe, Julius Springer, Berlin (1935). 

*Phys. Rev ., 45, 82, 401 (1934). 

8 The conversion factors are given by the relations: 1 electron volt = 23,055 cal. gm.- 
atom' 1 volt -1 and 10 s cm.' 1 = 2.858 kcal, gm.-atom -1 . 
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heats of formation, while that required for the removal of two or more electrons 
is usually larger than any chemical energy of formation. Furthermore, the 
energy required to remove electrons from the rare gas shells underneath the 
valence shells is of a much different order of magnitude. 

The most striking feature about these data is the observation that if 
we plot the square roots of the values of (or Vy//2) corresponding to 
stripped atoms which are isoelectronic, against Z , approximately straight lines 
are obtained. Fig. 15.13 shows a series of such lines plotted for the series Li 



Fig. 15.13. Moseley Plots for Ionization Potentials of “Stripped” Atoms 

to F in all the states of ionization. Values for Ovi and Fvn have been obtained 
from data published by Millikan and Bowen. The regularity of the lines 
furnishes a beautiful illustration of the validity of Moseley's law for isoelec¬ 
tronic systems. As a matter of fact, the Moseley diagram in Fig. 14.4 for 
the 3s level in the series Nai to Svi represents a plot of the same data, since in 
the case of these one-electron systems this level is the lowest, and therefore 
corresponds to the ionizing energy. Furthermore, a comparison with the slope 
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of the line for which ——— = is evidence, as in the case of the K levels for 
lxZ 

elements of high atomic number, that the total quantum number for these 
levels is equal to 2. 

It will also be observed that the Moseley line shown in Fig. 15.13 for the 
series Hei, Lin, Bem, Biv and Cy (in all of which the electron removed be¬ 
longs to the He shell) 1 has a slope which is exactly twice that for the series Lii 
to Ovi. (In the diagram the slopes actually appear the same because the 
values of ( YD^v/R have been plotted.) This again is in agreement with the 
conclusion that in these atoms the electrons are in the Is level. 

For the elements of the series beginning with Na, we find relations between 
the different ionizing energies similar to those observed for the first series. 



Fig. 15.14. Moseley Plots for Ionization Potentials of “Stripped” Atoms of Series Na to Cl. 
In these plots v = wave number 

1 More recent term values for the members of this series, including Nvi and Ovii, are 
given by H. A. Robinson, Phys . Rev., 51, 14 (1937). 
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The Moseley diagrams for isoelectronic systems are shown in Fig. 15.14. The 
slope is not as well defined, but is approximately and here it is also observed 
that the values for the series Nei to Aliv (which is analogous to the series Hei 
to Cv) shows the slope indicating that the electrons in these systems 
are in levels for which the total quantum number is 2, whereas in the systems 
Nai — Clvn, etc. the electrons are in 3s levels corresponding to the value 
for the slope. 

(7) Application of Wave Mechanics to the Many-Electron Atom: In Section 
15(2) we considered briefly the wave mechanics treatment of the helium atom 
problem, and in the subsequent sections there were discussed the methods by 
which the type of spectral terms may be deduced for a given electron configura¬ 
tion. It is of interest in this connection to discuss somewhat qualitatively the 
methods used and results obtained in the application of quantum mechanics 
to the problem of the many-electron atom. 2 

The Schroedinger equation for a complex atom, has the form 


V 2 0 + 


h 2 

87r 2 m 


* Ze 2 
E + X 

<-i 



0 = 0 , 


(15.12) 


where the first summation corresponds to the attractive energy between the 
nucleus of charge + Ze and each of the Z electrons, and the second summation 
corresponds to the repulsive energy between each pair of electrons. The prime 
on the second X indicates that the combined t, j is taken only for values of 
j > i. For the case Z — 2, this equation becomes identical with equation (15.1). 

If the so-called “perturbation” terms e 2 /r 1? were absent, the solution would 
be the product of Z eigenfunctions, one for each electron. Hence, the im¬ 
portant problem in the solution of equation (15.12) is that of taking into account 
the repulsive terms between the electrons. 

Now the total energy, E, may be separated into two parts: one correspond¬ 
ing to the total kinetic energy of the electrons, which we shall designate by T 7 , 
and the other representing the potential energy, designated by V. Since the 
electrons are in constant motion, we are interested in the average values, T 
and F. The latter is the average of the result obtained by adding the two 
summations in equation (15.12). Since the total energy is negative for a stable 
system, and T is always positive (since it consists of terms like Mmv 2 ), it 
follows that F must be negative, and greater in absolute magnitude than T. 

Furthermore, for a stable state, E must possess a minimum value. Hence, 
the proper solution of equation (15.12) must lead to such a value for <t> as will 
make E a minimum. That is, the distribution function for the charge density 
obtained by solving the Schroedinger equation must be of such a form, that E 
will have a minimum value for this distribution as compared with any other 
conceivable distribution. In general, the particular form assumed corresponds 

2 The moat authoritative treatment of this kind is, of course, that given in The Theory 
of Atomic Spectra, by E. U. Condon and G. H. Shortley, The Macmillan Company, New 
York (1935). (Ref. C. S.). See especially Chap. XV. 
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approximately to a single-electron function or the product of two or more such 
atomic orbitals with one or more arbitrary parameters included. The values 
of these parameters are then determined by the variational method. 

Of course, the fact that the value of E thus deduced, by assuming a par¬ 
ticular form for <f>, is a minimum, is no assurance that there does not exist a 
lower value of E which might be deduced by a better choice for the form of <j>. 
The experimental observations on ionization potentials and values of spectral 
terms in general provide therefore the only criterion by which, ultimately, 
a decision must be reached regarding the validity of the particular expression 
chosen for the eigenfunction, </>, that is, for the distribution function |0| 2 . 

It is essential in this connection to observe that minimizing E involves a 
minimizing of both T and V. Now E can be decreased (made more negative) 
by decreasing V. This means that the distances r t - which enter into the first 
summation in equation (15.12) must be decreased, and the distances r*,; in 
the second summation must be increased. Since the contribution to the total 
potential energy made by the first set of terms constitutes the predominant 
term in F, this means that the distribution function will exhibit a decreased 
extent of the region in which the electrons are confined, on the average. That 
is, the function |0| 2 will have the form of a relatively narrow band in the 
neighborhood of the nucleus, indicating localization of electrons in this region. 
But in consequence of the Principle of Indeterminism, a decrease in the value 
of Ax, must be associated with an increase in A p. Consequently, the kinetic 

z 

energy, 7\ which corresponds to the average of Pi 2 12m will be increased. 

On the other hand, if we decrease T , by decreasing the range of values of 
then the range of values of r t must be increased. That is, \<p \ 2 assumes the 
form of a broad band, corresponding to distribution of the electrons over a wide 
range of values of rj. 

Actually, therefore, a solution must be sought which will be a compromise 
between these two extremes, and in the case of the hydrogen atom, as indicated 
in Section 10(1), the correct solution is such that T = — F/2, and E — V/ 2. 

Of the methods which have been developed for treating the problem of the 
many-electron atom, that of the “self-consistent field” developed by D. R. 
Hartree, 1 and that involving antisymmetrical functions, utilized by J. C. 
Slater 2 are the most important. 

Hartree’s method may be described briefly (and crudely) thus: the eigen¬ 
function for the system is represented as the product of Z single-electron func¬ 
tions which must satisfy the following condition. The effective field which is 
in accord with the assumed charge density distribution function for any one 
electron (that is, represents a solution of the corresponding Schroedinger 
equation for a given form of the potential energy function) must be consistent 

1 Proc. Camb, Phil . Soc ., 24, 89, 111, 426 (1928) and subsequent paper by Hartree and 
his associates in Proc. Roy. Soc., [A]. 

: Phy.i, Rev., 34, 1293 (1929); 35, 210 (1930). 



QUANTUM THEORY 


330 


with the field deduced from the charge density distribution due to all the other 
electrons. 

The mathematical technique involves extremely tedious calculations, since 
it is essentially a method of trial and error involving the successive approxima- 



Fig. 15.15. Probability-Density Distribution Curves for Neutral Alkali Atoms (Hartree) 

tion to a more exact result by modifying the form of the eigenfunction used. 
At each stage of approximation the variational method is used to test the 
result deduced. 
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According to Pauli’s principle, the complete eigenfunction for any atomic 
(or molecular) system must be antisymmetrical. Since Hartree’s functions 
do not take this into account, this method is not quite as satisfactory in many 
cases as that used by Slater. In the latter method the calculation yields 
relative values of coulomb and exchange energy, and again the variational 
method is used to test the resulting values for the total energy 




Fia. 15.16. Probability-Density Distribution Curves for Normal and Excited States of 
Sodium Atom Compared with Bohr-Sommerfeld Orbits for Same States 

Figure 15.15 1 shows probability-density distribution curves for the neutral 
alkali atoms, as deduced by the Hartree method. The distribution due to 
inner electrons is indicated by the shaded area, and that due to the valence 
electron by the curve which extends to the extreme right. The curves indicate 
not only the presence of the L- and M-“ shells/’ but also the penetration of 
the “valence” s-type electron into these inner shells. Fig. 15.16 2 shows the 

1 From ref. H. E. W., p. 101. 

a Idem , ibid., p. 103. 
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distribution functions for the valence electron in sodium for the successive 
states of excitation (3p and 3d) as deduced by wave mechanics and, for com¬ 
parison, the Bohr-Sommerfeld orbital model. This figure thus emphasizes the 
difference between penetrating and non-penetrating orbits which, as mentioned 
in a previous section, was deduced from the older point of view. 

As an illustration of the degree of exactness with which ionization potentials 
may be calculated from purely theoretical considerations, the investigation of 
J. Wilson 1 may be mentioned. He has calculated the charge density distri¬ 
bution functions for the isoelectronic sequence Lii to Civ and deduced values 
for Vi which are within less than 1 per cent of those observed from spectro¬ 
scopic data. 

For complex atoms containing more than two electrons in the valence shell, 
the calculation of charge distribution functions and energies for different states 
becomes even more difficult. 

However, as has been pointed out in the discussion of the laws for irregular 
and regular doublet levels, it has been found possible by the methods of wave 
mechanics to derive expressions for the energy-differences between spectral 
terms. Similarly, as shown by R. F. Bacher and S. Goudsmit, 2 it is possible 
to develop approximate relations between the values of the energy states of 
an atom and those of the corresponding ion. 

(8) Interval Rules for Multiplets: In previous sections the interval rules 
for doublets have been discussed in connection with alkali metal and X-ray 
spectra. Also interval rules were discussed for the splitting up of lines observed 
in the Zeeman effect. These observations have proved of great importance 
in the analysis of spectra for the determination of term values, and in a similar 
manner determinations of the separation for multiplets in more complex spectra 
have provided significant information for the elucidation of these spectra. 

As stated in equation (14.13), the energy due to interaction of the spin and 
orbital motions of a single valence electron, with quantum numbers n, l and j, 
is given by the equation 


A Ei, 


Rct 2 ch(Z — <r) A j(j + 1) — 1(1 + 1) - s(s -fi 1) 
nH(l + h)(l + 1) ' ~ 2 ' ~ 


where R = = 109,737 cm. -1 ; a 2 = 5.325 X 10~ 6 and (Z — <j) is the effective 

nuclear charge. 

Dividing by he , this energy, expressed in wave numbers, is 
A Vi, 8 - — a^l(l + 1) Vs(s + 1) cos (Is) = — F, 

where 

RolHZ-vY 5.844(Z —cr) 4 

n — -- 5— - - -cm ~ 1 

nH(l + y 2 )(l + 1) nH(l + H)(l + 1) ‘ 

and the expression for cos (Is) is obtained in the same manner as in the deriva- 

1 J. Chem. Phys., 1 , 210 (1933). 

*Phys. Rev., 46 , 948 (1934). 


(15.14) 

(15.15) 
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tion of Landes ^-factor from the relation between the vectors /, $ and j. (See 
equations (12.11) and (12.16).) 

The expression 

r = oV/(/ + i)V«oT+ 7 ) cos (/*) 

= \ [j(j + 1) ~ 1(1 + 1) - *(* 4- 1)1 (15.16) 

is usually referred to as the Y-factor. Evidently, the wave number for any 
doublet level is given by 

v = p 0 - T, (15.17) 

where is the value for the center of gravity of the doublet. 

Thus for the 2 Pj/ 2 and 2 P 3 /2 terms of an alkali-like atom 

_ 0 

— Vq -f 9 • 2, 

a 

^ 3/2 = ~ 9 • 1 . 

That is, the 2 P 3/2 term lies above (has a smaller wave nuiubcr than) the 
2 Pi/a term, and the total interval between the two terms is Nv = ( ;i 2 )a. 

The interaction energy expressed by equation (15.13) corresponds to the 
mean value of the product of two terms: (a) the angular velocity of precession 
of the electron about the direction of j, and (b) the projection of the spin angu¬ 
lar momentum on L This is illustrated by Fig. 11.2 1 which shows the preces¬ 
sion of the electron spin and orbital vectors around their mechanical resultant j. 

We shall now consider the extension of this argument to the derivation of 
an expression for the energy of LS coupling in an atom with two valence 
electrons. In this case it is necessary to evaluate the four interaction energies 

Fi = Aj ^siisi + 1)V$2(S2 -f 1 ) cos (avs,), 

r 2 = aS w , + iW m, +T) cos (/,«, 

Ts = + l)Vsi(s] + 1) cos (Z,S|), 

I 4 ~ A diil'i “H 1)$2($ 2 ~H1) cos (f 2 ^ 2 )• 

As shown in Fig. 15.8 A, the vectors * Si and s 2 precess with fixed angle of 
inclination around their resultant S, so that Ti may be calculated by application 
of the cosine law. Similarly, h and l 2 precess around their resultant L, and 
r 2 may be calculated in the same manner as T 1 . “Now L and S,” as White 
states, “precess around their mechanical resultant in just the same way as l 
and 8 of a single electron precess around their resultant j. The interaction 

1 See ref. H. E. W., pp. 189-198 for more complete discussion. 

4 ‘ In the following remarks Si actually signifies >ISi(Si 4 1), and a similar notation is used 
for the other vectors. 
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energy due to this precession is attributed to the coupling between each elec¬ 
tron’s l and its own s, r 3 and r 4 .” It may be shown that 

r 3 + r 4 = ~ {./(./ + 1) - L(L + i) - S(S + i)}, (i5.is) 

where A is a constant of the same nature as A i, A 2 , A 3 , A 4 above and a in 
equation (15.15). 

Of the four F-factors thus introduced, the most significant contribution to 
the interaction energy is that made by the last two. Hence equation (15.18) 
gives the value of the V factor for each component of a multiplet level. From 
this equation it, follows that the intervals (usually measured in terms of wave 
numbers as Av) between successive components of a multiplet are proportional 
to successive differences of J(J -f- 1)* Since these differences are proportional 
to (J + 1)(«/ 2) — J (J -b 1) = 2(.7 + 1) it follows that the magnitude of 

Av for two successive values of J is proportional to the larger of the two values 
of J associated with this interval. This is known as Lande’s interval rule. 

While this rule has been derived for the interaction of two electrons it has 
been found equally applicable to multiplicities of higher order. 

An illustration of this rule is given by Table 15.9 1 for the terms 3 P — 3 7) in 
the diffuse subordinate series of calcium. 


TABLE 15.9 



0 


3 />i 



*lh 

19310.3 

196.5 

19506.8 

(410.5) 

19917.3 

3 />2 



(54.2) 

19452.0 

(411.7) 

(53.0) 

19864.3 

*/>* 

1 ($7.2) 

19777.1 


The wave numbers are given for each line, as well as both the horizontal 
and vertical differences. Thus 19310.3 is the wave-number for the line 
S Po — 3 Di, and the difference in wave number for this line and the line S P i — 3 Z>i 
is 196.5. For lines terminating on the same D level, the values of Av should 
be in the ratio 1 : 2 according to the rule, while the actually observed values 
are 196.5 and 410.5. For lines terminating on the same P level, the values of 
Av according to the rule are in the ratio 2 : 3, while the observed values are 
53.0 and 87.2. 

It follows that for the four levels 4 F 3 / 2 , 4 F&t 2 , *Fn 2 and 4 F 9 /2 the values of 
Av for the separations 4 F 5 / 2 — 4 F 3 / 2 , 4 F 7/2 — 4 F 6 / 2 and 4 F 9 / 2 ~ 4 F 7 / 2 should be 
in the ratio 5:7:9, and in the case of the b D term, for which the values of J 


1 Hund, Linienspektren, p. SO. 
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are 0, 1, 2, 3 and 4, the values of Av for the successive components should be 
in the ratio 1 : 2 : 3 : 4. 

The validity of Tandy’s rule has been demonstrated in a large number of 
cases, and as mentioned already, it has been possible, by application of the 
rule, to determine in the case of complex spectra, the proper assignment of 
./-values. 

Finally, we shall mention briefly the extension of the same type of argument 
to ^’-coupling, which is illustrated in Fig. 15.8 B. In this type of coupling, 
the spin-spin interaction is considerably less than for Ltf-coupling, but not 
negligible. For the four F-factors mentioned above, the following relations 
are deduced: 

Fi + r 2 = “■ \J(J -f i) -j\(ji + i) ~~ j« (jf 2 + i)}, 


i '3 = £ liiUi + i) — /i(/i + i) — *i(«i + i)!, 


F 4 = 2 " \ji(j2 + 1 ) ~ + 1 ) — So («2 + 1 )(. 

As in the case of Pauli’s ^-permanence rule for the splitting up of terms in 
magnetic fields (mentioned in Section 12 ( 2 )) we have Tandy’s F -permanence rule. 
“This rule may be stated as follows: For a given multiple term , i.e., given S and 
L, or given j\ and j 2 , the sum of all the F factors for terms with the same magnetic 
quantum number M is a constant independent of the field strength .” 1 

Also in analogy with Pauli’s 0 -sum rule, S. Goudsmit 2 has proposed the 
Y-sum rule which is as follows: “For a given electron configuration the sum of the 
T values corresponding to a given value of M is independent of the field strength HP 

1G. Intensities of Spectral Lines 

(1) Quantum Mechanics Calculation of Intensities and Selection Prin¬ 
ciples: 3 In classical electromagnetic theory the source of radiation is assumed 
to be an electron oscillating about a unit positive charge at a fixed point, in 
accordance with the relation 

x — Xo cos 2irvt, 

where x 0 = maximum amplitude, and v — frequency of radiation emitted. 
Such an electric oscillator (which is often designated a dipole) will have a 
variable moment, M, defined by the relation 

M = ex = exo cos 2tvL (16.1) 

According to the electromagnetic theory radiation occurs when a charge is 
1 Ref. H. E. W. f pp. 242-4. 

» Phys . Rev., 31, 940 (1928); also ref. P. G., pp. 157-165. 

* The discussion in this section is based upon the remarks by S. D., op. cit., Chap. XV. 
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accelerated, and the rate of emission of energy is then given by the relation 


dE _ 2e* (&x\ 2 
ft ~ 3c 3 \ dt* ) ’ 


where x is the coordinate along which the motion occurs. 

From equations (10.1) and (16.2) it follows that for the linear harmonic 
oscillator, 

dE 2{2 ttvY 

— — = —**— e 2 Xi? cos 2 (27 xvt). 
dt Sc 6 , 

Hence, the average rate of emission of energy per oscillator is 


(a 


since the average value of cos 2 (2irvt) is It will be noted that the frequency 
of the radiation is identical with that of the oscillator. 

If the charge, instead of being concentrated at a point, is represented by a 
distribution function p(x, y , z) as in the case of a negative charge distribution 
about a positive charge at the origin, the electric moment of the system will be 
represented by a vector 

M = ef r p(x, y } z)dxdydz • cos ( 27 ti//), (lb-4) 

where r is the vectorial distance measured from the origin. Denoting the com¬ 
ponents of M along the three axes of coordinates by M x , M„ and the in¬ 
tensity of the radiation for which the direction of polarization is along the 
z-axis is given by 

(2irv) 4 - 

S x = “‘Mx 2 , (16.5) 


and similar relations will apply to the components M v and M* and the corre¬ 
sponding directions of polarization for the radiation emitted. Consequently, 
the average rate of emission of radiation per atom for all three components is 
given by 

( 2tv y — — — 

8, + S, + S, = (Mj ! + M„> + M , 1 J 

- * M*. ( 16 . 6 ) 

where the bars designate time-average values of the squares. 

Now the Bohr theory of the origin of spectral lines represented a radical 
departure from the classical point of view inasmuch as it postulated the relation 



346 


A TREATISE ON PHYSICAL CHEMISTRY 


where v mn is the frequency emitted ns a result of a transition from state m to 
state n. How may we apply the results obtained with the classical model of a 
harmonic oscillator as a source of radiation, to the emission of radiation as a 
result of quantum transitions? 

Bohr obtained a solution by means of the Correspondence Principle. As 
pointed out previously, this principle states that for orbits of. very large quan¬ 
tum number, the frequency of radiation emitted is an integral multiple of the 
frequency of revolution of the electron. Consequently it is possible to calculate 
the value of a component, such as S x , of the radiation emitted, by calculating 
the average value of M x 2 for the orbit. 

In the case of a charge moving in some form of periodic orbit, the motion 
along any coordinate q (q = ;r, y, or z) can be represented by a Fourrier series 
of the form, 

q — ,4o‘+ A i cos 2irvt -f- • • • + A „ cos 2tt nvt + • • • 

sin 2irvt + • • • A- B n sin 2tt nvt + • • • (16.7) 

where A „ and B n are the so-called Fourier coefficients for the harmonic of 

frequency nv. It may be shown that for such a motion, the time average value 

of q 2 is given by the relation, 

tf 2 = E (A n * + Rn 2 ), (16.8) 


and consequently, 

(2fW 

* 3c 3 

(27 tv)W ^ 

= ^E('V + i. ! ), (16.9) 

where S represents the intensity of radiation for which the direction of polar¬ 
ization is along the direction of the coordinate q . 

If now, in any given case, A n — B n = 0, this leads to the conclusion that 
the harmonic of frequency nv cannot occur in the radiation emitted. Thus, 
in the case of a circular orbit, the only frequency associated with the motion of 
the electron is the fundamental, corresponding to n — 1. Hence, for such an 
orbit, the only possible transitions are those for which An = ± 1. In this manner 
Bohr was able to deduce the Selection Principles for quantum numbers which 
have been stated in previous sections. 

With the formulation of the new quantum mechanics and its model of a 
charge distribution function, which takes the place of the Bohr orbit, it became 
necessary to translate the classical results in terms of the new ideas. In 
quantum mechanics the complete eigenfunction for a given state is represented 
by the product of the form 

\p n = (f> n e~ 2xi ( Bnlh)t , 


where E n is the eigenvalue associated with the eigenfunction <j> ny which is a 
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function of the coordinates. The product of the function \f/ n by its complex 
conjugate, $ n , leads to the distribution function = 0„</> n (in which the 

exponential factors cancel out), which is independent of time and is interpreted, 
as mentioned previously, in the following mariner. If, for instance, <£„ is a 
function of x, y, z, then 4> n (j> n dxdydz corresponds to the probability of occurrence 
of the particle in the element dxdydz at the point designated by the coordinates 
x, y> z. Instead of regarding <£„<£„ as a probability distribution function, it is 
more convenient usually to consider it as a charge density distribution function. 

Now let us consider the product 


Mj 


J x\p m \p n dr -f c J xypn^mdr, 


where dr — element of volume. This may evidently be written in the form 
M z mri = e J x<hmd>nC~‘ TlVnmt dT 4- e J x^ m <t>nC 2ViVnmt dT. (16.10) 


Noting that 


— cos ax — i sm ax, 


it is seen that M x nm is a harmonic function of the time in which the frequencies 
are identical with those given by the Bohr frequency relation for a transition 
between states for which the energy values are E m and E n . 

Equation (16.10) thus resembles equation (16.4) for the variable moment 
of a charge distribution. Only in the quantum mechanics case the sum of the 
two integrals takes the place of the single integral in the latter. We have thus 
introduced a fictitious moment, which represents the moment due to the transi¬ 
tion from state m to state n. 

A rigorous calculation shows that the intensity of dipole radiation for which 
the direction of polarization is along the x-coordinate is given by 


where 


and 



(27rr mn ) 4 4e 2 
3c* 

Xnt n ~ I X(f)m*findT 


-/ 

— ^ X(j>n { 


,4> m dr 


(16.11) 


(16.12) 


The total rate of emission of energy per atom is therefore given by 


647rVnme 2 , , » 

S mn I X mn X nm “f" Vm ny nm 4 " ^tnn^nm J , 


(16.13) 
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where y mn represents an integral similar to that in equation (16.12) with y 
replacing x , and similarly for the other integrals. 

By the application of equation (16.11) or (16.13), it is thus possible to 
calculate the intensity of polarized or unpolarized radiation emitted for any 
given case. As in the classical quantum calculations, if one or more of the 
products x mn Xnm in these equations is found to vanish, this leads to a selection 
principle governing the occurrence of the corresponding transitions. It is thus 
possible from a knowledge of the eigenfunctions to deduce not only the selection 
principles mentioned in previous sections, but also in special cases the intensities 
of spectral lines. 1 

Incidentally, it should be observed that the integrals x nmi etc., are known as 
matrix elements , since it is possible, for different values of n and m t to arrange 
these integrals in the form of a square array or matrix in which n designates the 
order in a row, and m the order in a column. Evidently the elements x nn will 
occur along the diagonal of the matrix, while elements x nm and x mn will occur 
in positions which are symmetrical with respect to the diagonal. 

On the basis of equation (16.13) it is possible to obtain an explanation of 
Laporte’s rule, mentioned in the discussion of anomalous terms. According to 
this rule, which applies to simultaneous transitions of two electrons, such 
transitions are possible only from even terms (those for which £l is even) to 
odd terms or vice versa. 

Now for an electron configuration consisting of more than one electron in 
the valence shell, the total eigenfunction is approximately equal to the product 
of the eigenfunctions for the single electrons. An application of this rule has 
been made in a previous section in the discussion of the eigenfunction for the 
helium atom. It follows that the total eigenfunction is even or odd, according 
as J^l is even or odd. In mathematics a function f(x , y, z) is said to be even, 
if /(+ x, + y, + z) = /(— x, ~ y, — z), and odd if it changes sign when the 
signs of the coordinates are changed. 

From equation (16.13) it is evident that the intensity of dipole radiation 
emitted because of a transition between two states of the system will depend 
upon the magnitude of matrix elements similar to x mn . The integrand in this 
integral is evidently an odd function if <j> m and <£ n are either both even or both 
odd; since in either case it will change sign when + x is changed to — x ) and 
hence the integral (which is taken over all values of x from -f 00 to — °o) will 
vanish. But if <t> n is even and <j> m odd, or vice versa, the integrand will be an 
even function and consequently the integrand will differ from zero. 

By calculating the magnitudes of the matrix elements for different types of 
transitions, selection rules have been deduced for dipole radiation, which, al¬ 
though they have been stated previously in different sections, may be sum¬ 
marized as follows: 2 

1 See ref. C. S. for comprehensive discussion of this topic, especially with regard to in¬ 
tensities of atomic hydrogen lines. 

* Ref. H. E. W., p. 204. 



QUANTUM THEORY 


349 


For transitions involving only a single electron, Al = 0; for transitions 
involving two electrons, AZi = db 1, and Ah = 0 or dr 2. 

For the different types of spectral terms arising from all possible electron 
configurations, we may have either Ltf-coupling or j^'-coupling. 

For L$-coupling, the restrictions are: 


AS - 0, 

AL = 0, or ±1, 

A J ~ 0, or db 1, 

and in addition, the transition J — 0 to J — 0 is excluded. 
For ^‘-coupling, the restrictions are: 


A j, = 0, 
A j. « 0 , 
A J = 0, 


± 

or 


.} 


or vice versa, 
d: 1, 


(16.14) 


(16.15) 


and as before, the transition J = 0 to J = 0 is excluded. 

As will be pointed out in the discussion of so-called forbidden lines, transi¬ 
tions are observed under certain conditions which apparently violate these 
selection rules. However, these may usually be explained (see subsequent 
section) as arising from variable quadrupole or variable magnetic dipole 
moments. 

(2) The Einstein Transition Probabilities: 1 In Einstein’s derivation of the 
Planck equation for black body radiation 2 three coefficients were introduced 
which are of importance in the consideration of spectral intensities. Let us 
consider two quantum states m and n of a system such that the energy level 
E m is higher than E n . Transition from the upper to the lower state is accom¬ 
panied by emission of radiation of frequency 



We shall assume that we have a large number of identical systems (atoms or 
molecules) in equilibrium with black body radiation at a temperature T. Then 
the rate at which systems pass spontaneously from state m to n, by emission of 
radiation, is given by 





(16.16) 


where Am is known as Einstein's coefficient of spontaneous emission , and N m is 
the number of systems in state m. But the rate at which systems can pass 
from the upper to lower state is also dependent upon the density of the radia- 

1 The discussion in this section follows closely that of ref. P. G., Chap. VIII. See also 
ref. P. W., p. 299 et seq. 

2 See Section 6(7), 
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tion, p(v mn ), so that we have a second process defined by the relation, 


(dN m \ 
V dt A 


— Bj/iNmP(Vm ?i ) ) 


(16.17) 


where Bm is known as Einstein's coefficient of induced emission . 

Furthermore, the system can pass from the lower to the upper state by 
absorption of radiation, and the rate of this reaction will be given by 


dN n 

dt 


BnN n p(v m „), 


(16.18) 


where N n — number of systems in quantum state n, and Bn is known as 
Einstein’s coefficient of absorption. 

At equilibrium, 

( dN m \ / dN m \ _ dN fl 

\ dt /i \ dt )i dt 9 

hence, 

Bnp(p) Tp = Arn + B^p(p). (16.19)* 

According to the Boltzmann relation, 

= £" e -(E„-E„),kT = l* e h„kT t (16.20) 

A m Qm Qm 


where g n and g m are the so-called a priori probabilities or statistical weights. 
Substituting from the last equation in (16.19), the result is 


P M = 


A 


n 

m 


Bn(gJgm)e hylkT - B n m ‘ 


(16.21) 


But according to Planck’s law, 


Hence, 


and 


87 rhv* 1 

p{v) — ^ ’ JiNikT _ i * 


Bl 


g - n -B 


m 

n 


A n - 


fSirhv* 

- 7 “ Bm 


(16.22) 

(16.23) 

(16.24) 


* In this and subsequent equations v «* v mn . 
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Now the energy radiated per unit time per atom in state m is given by 

S mn = AlhVmn. (16.25) 

Comparing this with equation (16.13), it follows that 


A 


n 

m 


64tt 

3 he' 


(16.26) 


where M 2 — e 2 (x nm Xmn + J/nmyrnn "4" ZntnZmn) • 

Thus the transition probabilities for spectral lines might be calculated in 
the same manner as the intensities, from the eigenfunctions for the associated 
energy states. However, in view of the difficulties involved in applying equa¬ 
tion (16.25) to any but the simplest cases, values of the transition probabilities 
have been derived from two kinds of observations: first, from measurements 
of the intensities of spectral lines, and by application of equation (16.25); 
second, from observations on the dispersion of light in gases and vapors. 
These methods will be discussed in a subsequent section. 

(3) Intensities of Spectral Lines: It was noticed by spectroscopists that 
for the two D lines of sodium, i.e., the lines *8 i/ 2 — 2 Pi/2(X5890), and 2 $i /2 
— 2 Ps/ 2 (X5896), the intensities of the two components are in the ratio 1 : 2 
respectively. A similar relation has been observed for other doublets in the 
same series and for analogous doublets in the spectra of the other alkali metals. 
That is, the relative intensities are independent of n, the total quantum number, 
but depend only upon the values of L and J for the two levels between which 
the transition occurs. 

For triplets in the alkaline earth series and in the spectra of Zn and Cd, 
it has also been observed that the intensities of the three components *5* — 3 P 0 , 
3 $i — 3 Pi, and i — 3 P 2 are in the ratio 1:3:5 respectively. 

From these observations Burger, Dorgelo and Ornstein 1 deduced quantita¬ 
tive rules for the relative intensities of spectral lines which have been deduced 
subsequently by the application of quantum mechanics. These rules are as 
follows: 2 

“ (1) The sum of the intensities of all lines of a multiplet which start from a 
common initial level is proportional to the quantum weight (2 J + 1) 
of the initial level. 

(2) The sum of the intensities of all lines of a multiplet which end on a 
common final level is proportional to the quantum weight (2 J + 1) 
of the final level.’’ 

It will be recognized that 2 J + 1 is the number of levels into which a level 
of quantum number J is split by a magnetic field. 

Let us consider the application of these rules to doublets of the types 
2 £i /2 — 2 Pii 2 , 3/2 and 2 Pi /2| 3/2 — 2 L> 3 / 2 , 6 / 2 . For the first one we immediately 

1 H. C. Burger and H. B. Dorgelo, Z. Physik, 23, 258 (1924); L. S. Ornstein and H. C. 
Burger, ibid., 22, 170 (1924); 24, 41 (1924). 

2 Ref. H. E. W., p. 205. 
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deduce the result: 

3 S 1/2 — 2 P 112 __ 2(^ 2) ~f~ 1 _ 2 

2 Si/2 ““ 2 P 3/2 2 (%) + 1 4 * 

which is in agreement with the observation. 

For the other type, the possible transitions may be shown most conveniently 
by arranging the levels as in Table 16.1. 

TABLE 10.1 



'-P*n( 4) 

2 Pi/ 2 (2) 


2 /><,/ 2 ( 6) 

a = 0 

0 

9 

2 Z)a/ 2 (4) i 

h = 1 

c — 5 

6 


10 

5 



The numbers in brackets give the values of 2,7 + 1, and the letters a, 5, c 
are the relative intensities. The transition 2 P 1/2 — 2 7 ) & /2 is forbidden and is 
therefore indicated by 0. Applying the “sum rule” we obtain the following 
equations: 

a + b c b -f c a 

~ 4 “ 2 ’ ~T~ * 6 

the solution of which is a = 95, c = 56, as shown in Table 16.1. The numbers 
in the last column and those in the bottom row illustrate the application of 
the sum rule. 

For multiplets of higher order, the number of available equations is less 
than the number of ratios. However, by application of the Correspondence 
Principle a number of investigators succeeded in deriving relations for the 
calculation of relative intensities in these more complex cases, 1 and these 
deductions have been confirmed by quantum mechanics calculations. 

As an illustration of the application of these formulae and of the sum 
rule, Table 16.2 gives relative intensities for the components of the triplet 
3 Po, l, 2 — Z D 1 , 2 . 3. The numbers in brackets give the values of 2,7 + 1, and 
it will be seen that the values of 2 are those deduced from the sum rule. 


TABLE 16.2 



3 Po(l) 

3 Pj(3) 

3 P 2 (5) 

2 

*£>i(3) 

20 

15 

1 

36 


— 

45 

15 

60 

•D,( 7) 

— 

— 

84 

84 

v 

20 

60 

100 



1 Itef. H. E. W., pp. 205-7; see also ref. A. C. C., Vol. 2, Chap. XVII. 
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For multiplets of higher degree, as well as for multiplets in the Zeeman effect, 
tables are available, 1 based upon the equations mentioned above, for calculating 
the relative intensities of the components. 

(4) “Life” of Excited Atoms: 2 Integrating equation (16.16) we obtain 
the equation 

{N m )t = (N m ) *r A Z, (10.27) 

which gives the relation between the number of atoms in quantum state m at 
t — t and the number at t = 0. This is the equation of a first order reaction, 
and evidently 

r = 1/A” (16.28a) 

defines the so-called “mean life” of the atom in state m, that is, the period in 
which the number of atoms decreases to 1/eth of its original value. Equation 
(16.27) is of course valid if the transition m n is the only one that can occur. 
In general, the excited atoms can return to lower states in several ways. In 
that case, 

T = 06 . 286 ) 

n 

where the summation is taken over all the states corresponding to different 
values of n, to which spontaneous transition can occur from the upper state m. 

Before proceeding to discuss some of the methods which have been used 
for the determination of r for various spectral lines, it is essential to point out 
that a similar magnitude was deduced from classical electromagnetic theory. 
For a charge oscillating about a point in accordance with the law of a linear 
harmonic oscillator, the “ damping-period,” r 0 , is given by the relation 


3 m& 
8ir 2 eW ’ 


(16.29a) 


where vo is the frequency of the oscillator (and hence, the frequency of radiation 
emitted or absorbed) and e is the electronic charge. In terms of the wave 
length, A 0 , this expression becomes 

3 me 

r° - — Xo 2 * 4.50 X 10~ 16 Aq 2 , (16.296) 

where X 0 is expressed in A units. Thus for X = 5000A, To — 1.125 X 10~ 8 
sec. In view of the fact that quantum mechanics yields, in general, results 
which are at least of the same order of magnitude as classical theory, it would 
therefore be expected that for spectral lines, r and AZ would be of the order 
of 10~ 8 sec., and 10 8 sec.” 1 respectively. 

* Ref. A. C. C., and ref. C. S„ Chap. IX. 

2 For comprehensive discussion of this topic Bee Resonance Radiation and Excited 
Atoms, by A. C. G. Mitchell and M. W. Zemansky, The Macmillan Company, New York, 
(1934). (Ref. M. Z.). 
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The most direct method for the determination of r depends upon the 
measurement of the intensity of the spectral line. For a gas in thermal equi¬ 
librium at temperature T } the ratio between concentrations of atoms in the 
upper and lower states respectively is given by the Einstein-Boltzmann relation, 

~ = ~ e~ E ' kT , (16.20) 

Nig 2 


where 1 refers to the lower, 2 to the upper state, and E is the difference in 
energy between the two states. Applied to a resonance line, Ni = concentra¬ 
tion of atoms in normal states and A r 2 = concentration of atoms in resonance 
state. 

The total energy emitted per unit time per unit volume is 


S - 


N«hv 12 


r 


N x hv 


e -ElkT' 
92 


(16.30) 


Hence r or A (= 1/r) can be deduced from a measurement of S. As pointed 
out by R. Ladenburg, 1 the actually measured value of S has to be corrected 
for self-absorption of the radiation in the gas and the Dopplcr-efTect broadening. 
From measurements of the intensities of the D-lines produced in a sodium flame, 
E. F. M. van der Held and L. S. Ornstein 2 obtained by application of the above 
equation the value r = 1.63 X 10 -8 sec. for the 3 2 P levels. 

L. S. Ornstein and H. Brinkman 3 have pointed out that since the tempera¬ 
tures attained in arcs in air between carbon electrodes are quite high (5000° 
to 6000° K.), it is possible to obtain thermal excitation under these conditions 
of some of the elements for which E is comparable with kT in equation (16.20) 
or (16.30). 

L, S. Ornstein, J. P. A. Hengstum and H. Brinkman 4 have used this method 
of excitation to deduce relative values of transition probabilities for some of 
the lines of cadmium. In this case, the relative transition probabilities are 
calculated from the relative intensities by means of the equation, 


h = A *' v ‘ e ~ El,kT 

1 2 A 2 g 2 v 2 e- E * kT ’ 


(16.31) 


where E\ is the excitation energy of the level from which the line of frequency 
v\ emanates, q\ is the statistical weight of the level and h is the intensity of the 
line emitted, with similar notation for the other line of frequency v 2 . The lines 
investigated were those ending on the levels h^P 2 , i, o and emanating from the 
next higher *S i and 3 Z) 3 , 2 , 1 levels. 

The most accurate determinations of r have been derived from absorption 
measurements. Let I be the intensity of a parallel beam of light transmitted 

1 Rev. Mod . Phya 5, 243 (1933). S corresponds to Hkj in equation (6), p. 246 of this 
paper. 

* Z. Physik, 77, 459 (1932). 

3 Proc. Amsterdam. Acad., 34 , 33 (1931). 

4 Physica , 5, 145 (1938), 
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through a cell containing a monatomic gas or vapor. In the neighborhood of 
the resonance line for the particular gas, absorption will occur in accordance 
with the relation, 

h = I 0 e~ k » fX J (16.32) 

where x = thickness of absorption layer, 7 0 = incident intensity, and I v = in¬ 
tensity of transmitted light of frequency v. A plot of k v (which has the 
dimensions cm. -1 ) versus v will appear as in Fig. 16.1, 1 in which the maximum 



Frequency 

Fig. 16.1. Absorption Versus Frequency Near a Resonance Line 


value of k v (= & inax .) occurs for v = v 0 - 

It can be shown that for relatively low concentrations of excited atoms 
(N 2 < 10“hYi where N i — concentration of atoms in normal state, and N 2 
= concentration in excited state), 2 



kydv = area under curve 
= hvNiB 2 Jc 


hvN i g 2 c 3 


C Q\ SiKhvi} 

Xo 2 Q 2 

87T^1 


A 2 


NtAl, 


(16.33) 


where X 0 =* wave length of the pure resonance line. 

1 Ref. M. Z., p. 93. 

* Tolman, Statistical Mechanics, 1st edition, Chapter 16. See also M. Z., op. cit., p. 95. 
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On the other hand, the classical theory yields the relation 

7T6 2 

kydv = — Nif, (16.34) 

Jo me 

where/is known as the equivalent “oscillator strength” of the line. If the N i 
atoms per cc. behaved like a similar number of “quasi-elastically bound” 
electrons, the value off would be unity. The ratio/ thus represents the number 
of classical oscillators per atom. This ratio is found to be constant for any given 
spectral line. As Mitchell and Zemansky point out: 1 “The/-value associated 
with a spectral line emitted by an atom can be regarded as a measure of the 
degree to which the ability of the atom to absorb and emit this line resembles 
such an ability on the part of a classical oscillating electron. In all classical 
formulas of normal and anomalous dispersion, magnetorotation and absorption, 
the quantity/ appears.” 

From equations (16.33) and (16.34) it follows that: 

me a 2 o , 

f2! =-TYi'-XiiAl (16.35) 

87 r 2 e 2 g 1 

or 

flirt - 1.50 X 10~ lfi ( 0 2 / 0 i)Xi 1 , (16.36) 

where X 2 i is expressed in A units. 

Equation (16.36) is strictly valid for the case in which there is only one 
transition from level 2 to level 1. 

It also follows from equation (16.35) and equation (16.296) that 



02 

0i 9 


(16.37) 


which indicates another interpretation of the ratio /. 

The first experiments on the determination of r were carried out by W. 
Wien. 2 By measuring the rate of decay of luminosity in the canal rays (posi¬ 
tive ions) passing out behind the cathode of a discharge tube, he deduced 
the value r = 2.3 X 10~ 8 sec. in the case of the and H 7 lines of hydro¬ 

gen. Using a direct electrical method, F. G. Slack 3 has obtained the result 
r = 1.2 X 10“ 8 . 

While equation (16.33) may be used to yield a value for r from absorption 
measurements, a more direct method has been used extensively which depends 
upon the application of equation (16.27). Assuming that excited atoms in the 
resonance state are produced only as a result of collisions between electrons and 
atoms and that the radiation comes from a very thin layer of the absorbing 
atoms, the intensity of radiation at any instant is a measure of the number of 

1 Ref. M. Z., p. 96. For a discussion of the significance of / from the point of view of the 
older quantum theory see R. Laden burg and F. Reiche, Naturwus., 11, 584 (1923). 

2 Ann. Physik . 60, 597 (1919); 66, 229 (1921). 

> Phy s. Rev., 28, 1 (1926). 
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excited atoms. Consequently the value of r may be derived from observations 
on the intensity as a function of time after the production of excited atoms 
has ceased. 

Since, according to equation (16.36) a determination of either r or / yields 
a value for the other constant, we must also consider a method which has been 
used extensively for the determination of /-values. According to classical 
theory, the refractive index (r) for a gas in a region of frequencies which does 
not lie too near to any of the resonance frequencies, is given by the relation 


where 

and 


/ Ne 2 

r 2 = 1 4 - .- 

7 rrn ( v 0 2 — v 2 ) 1 

N — number of atoms per cc., 

v 0 = resonance frequency. 


(16.38) 


In this equation Nf corresponds to the number of so-called “dispersion 
electrons,” and / represents again, the number of classical oscillators per atom. 
Since r is not very different from unity, equation (16.38) may also be written 
in the form, 


/ Ne 2 
2irm ’ (i/ 0 2 - v 2 ) * 


(16.39) 


The quantum theory modification of this relation is given by 


where 


Fki 

27 rm ( Vkj 2 — v 2 ) ' 

(16.40) 


(16.41) 


In these equations, j is the lower and k the upper level of the spectral line 
of frequency vkj and Nj and Nk are the concentrations of atoms for these levels. 
The expression Nkgi/Njgk (designated by Qkj) is a correction term which takes 
into account the “induced emission” postulated in Einstein’s theory. 1 The 
correction is obviously appreciable only in those cases for which Nk is com¬ 
parable with Nj. Neglecting this term, equation (16.41) assumes, for values 
of X very close to that of X 0 — \kj — c/vkj , the form, 


e 2 Nf \p » 

47rmc 2 X — X 0 * 


(16.42) 


where / = fkj and N — Nj. 

In the neighborhood of Xo, the refractive index decreases with decrease in 
X and this phenomenon is designated anomalous dispersion 2 

The results of the measurements obtained by numerous investigators have 


1 See equation (16.17). 

* For a discussion of optical dispersion and of equations (16.38) to (16.42) see the review 
by A. Korff and G. Breit, Rev. Mod. Phys., 4 f 471 (1932). 
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TABLE 16.3 


Element 

Resonance Line 

f/a/tfi 

Xo 

St X 10* 

r in secs. ! 

/-value 

Na. 

3VS,/j - .Wi / 2 

1 

589G 

5.21 

1.48 X 10 “ 8 

0.35 


3 2 *S’i/2 - 3 2 Ps / 2 

0 

5890 

10.42 

1.48 X 10 “ 8 

0.70 

K. 

42*91/2 — 4 2 Pl/2 

1 

7G99 

8.90 

2.7 X 10 “ 8 

0.33 


42 * 91/2 — 42jP 3/2 

2 

7665 

17.8 

2.7 X 10 8 

0.67 

Os. 

6 2 *9l/2 — 0 2 Pl /2 

1 

8944 

12.1 

3.8 X 10 - 8 

0.32 


0 2 »9i/2 — 0 2 P.V2 

2 

8521 

21.9 

3.3 X 10 - 8 

0.06 

Cd. 

5LSo - 5 3 Pi 

3 

3261 

4.77 

2.5 X 10"* 

0.0019 


5K% - 5*Pi 

3 

2288 

2.35 

1.98 X 10 - 9 

1.20 

Hg. 

6 l *9o - 0 3 P 3 

3 

2537 

2.90 

1.08 X 10- ; 

0.0277 


G^So — G l Pi 

3 

1849 

1.54 

1 1.30 X 10 “ 9 | 

1.19 


been summarized by Mitchell and Zemansky 1 and some of the values which the 
latter consider the most reliable are given in Table 1G.3. 

More recently R. B. King and D. C. Stockbarger 2 have determined absolute 
values of / by the method of total absorption. The values obtained were 
/ — 0.0023 for the Od line X3261, and / = 0.62 and 0.32 for the Cu lines X3427 
and X3274 respectively. 

It is of interest to note that the values of r for different lines vary from 
approximately 10~ 9 sec. to 10" 6 sec. For transitions of the intercombination 
type 1 So — 3 -Pi the values of r are considerably higher than those for transitions 
of type l S 0 — This is in accord with the theoretical deductions (mentioned 

previously) that in absence of spin-orbit interaction intercombination lines 
should not occur. 

By applying a formula developed first by Pauli, on the basis of the Corre¬ 
spondence Principle, and confirmed by Houston on the basis of wave mechanics, 
it is possible to calculate the ratio ti/t 3 where ti = life of the lowest l P i state 
of a two-electron atom, and r 3 = life of the lowest 3 Pi state. Some of the 
values thus deduced, as tabulated by Mitchell and Zemansky, are given in 
Table 16.4 in the third column. 


TABLE 16.4 


Atom 

Vi/vi 

Tl/r 3 

(/1//3) calc. 

(/1//3) obs. 

Ca. 

0.643 

1.25 X 10~ 6 

30,180 

33,000 

Zn. 

.695 

6.71 X 10- 6 

6,757 

7,200 

Sr. 

.668 

2.69 X 10“ 4 

1,582 

1,660 

Cd. 

.702 

8.0 X 10~ 4 

637 

680 

Ba. 

.700 

3.35 X 10- 3 

169 

146 

Hg. 

.728 

1.2 X 10-* 

53.4 

46.8 

' 


1 Ref. M. Z., pp. 145-7. A similar table is given on p. 62 of Gasentladungstabellen, by 
M. Knoll, F. Ollendorf and R. Rompe, Julius Springer, Berlin(1935). This will be referred 
to as “ Gas-Tabellen.” 

* Astrophya. 91, 488 (1940). 
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G. W. King and J. H. Van Vleck 1 have used a modified form of Houston's 
formula to calculate the relative /-values for these transitions. The values 
thus deduced as compared with observed values (according to King and Van 
Vleck) are given in the last two columns of the above table. The very high 
value of the ratio for Ca as compared with the considerably lower value for Hg 
is in agreement with the statement made above regarding the role of spin-orbit 
interaction. 

It should be noted that in the case of Zn, W. Billiter 2 has reported for Ti 
and r 3 the values 1.78 X 10~ 9 sec., and 2.64 X 10“ 5 sec., respectively, or a 
ratio 7 * 1/73 of 6.74 X 10“ 5 , which is in good agreement with the value given 
above by Mitchell and Zemansky. 

From equation (16.37) it follows that for values of g-ijgi — 3, / = 7 0 /r. It 
will be observed that for many of the transitions listed in Table 16.3, / is of 
the order of unity. That is, the radiation emitted is of the classical type. 

So far the discussion has dealt mainly with the determination of r for 
resonance states, for which Nj in equation (16.41) is identical with that of the 
atoms in the gas or vapor. If the system is in thermal equilibrium, then the 
concentrations of atoms excited to different states (N k ) may be calculated in 
terms of the concentration of atoms in a lower state (V ; ) by the Boltzmann- 
Einstein relation, 

In Q kj = In N k - In Nj - In (g k /gj) 

= - (E k - Ej)lkT, (16.43) 

of which equation (16.20) is a special case. In this equation, E k and Ej refer 
to the energy values for the two states k and j. 

However, in the positive column of an electric discharge in a gas or vapor 
at low pressure, the relative concentrations for different states of excitation are 
determined by such factors as the current, pressure, and dimensions of the 
discharge tube, and not by the temperature of the gas in the tube. Conse¬ 
quently the actual values of Nj for an excited state and the values of / and A 
for lines terminating on this level, have to be determined by other methods. 
Since these methods are specially applicable to so-called metastable atoms, 
they will be discussed in the following section. 

In conclusion it should be observed that from the value of f or t for a 
resonance line it is possible to deduce values of this constant for higher members 
of the same series by comparing the relative intensities of the lines. In this 
manner it has been found, and the observation is supported by quantum 
mechanics considerations, that the value of / is highest for the resonance line 
and decreases with increase in the values of the energy for the levels from which 
the lines emanate. Thus for the principal series in the spectrum of sodium, 
the values of / for the first ten lines (designated by the value of n) are shown 
in Table 1G.5. 3 

iPhya. Rev., 56 , 464 (1939). 

* Helv, Phys. Acta , 7, 605 (1934). 

* A. Filipov and W. K. Prokofjew, Z. Physik , 56 , 458 (1929). Thia and similar tables for 
other elements are given in the review by Korff and Breit, loc. cit . 
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TABLE 16.5 


n 

X 

/ 

. 

n 

X 

/ 

1 

5893 

97.55 

6 

2544 

0.0134 

2 

3303 

1.40 

7 

2512 

.0081 

3 

2853 

0.205 

8 

2491 

.0054 

4 

2680 

.063 

9 

2476 

.0038 

5 

2594 

.026 

10 

2464 

.0028 


Similar observations have been made by D. Sinclair and H. W. Webb 1 on 
the values of r for the doublet levels of K. For X4044-7 and X3447-6, the values 
of t obtained were 3.79 X 10“ 7 sec., and 8.5 X 10~ 4 sec. respectively, which are 
greater than the values for the resonance doublet as given in Table 16.3. 


TABLE 16.6 

Critical Potentials, Metahtable Levels and Resonance Lines 


Element 

| Excitation Energy in Volts 

X 

X 

y 

3 /V 

3 Pi 

3 Po* 

'Pi 

VJo ~ *Pi 

'So ~ 'Pi 


Ne 

16.61 

16.67 

16.72 

16.84 

744 

736 

21.56 

A 

11.55 

11.62 

11.72 

11.82 

1067 

1048 

15.76 

Kr 

9.90 

10.03 

10.56 

10.64 

1236 

1165 

14.00 

Xe 

8.01 

8.43 

9.45 

9.57 

1469 

1295 

12.13 


w 

»Pi 

?/V 

l Py 

i 



Zn 

4.01 

4.03 

4.0.8 

5.79 

3076 

2139 

9.39 

Cd 

3.73 

3.80 

3.88 

542 

3261 

2288 

8.99 

Hr 

4.67 

4.89 

5.46 

6.70 

2537 

1849 

10.43 



>5o* 

3 Po. 1 . a 

l Pi 


'So - 


He 

19.81 

20.61 

20.95 

21.20 


584 

24.58 


* Indicates metastable level. 


(5) Metastable States: In the energy level diagram for mercury (Fig. 1.6) 
it is observed that no transition occurs between the 3 Po or the 8 P 2 level and the 
normal, *$ 0 , level, as these transitions are forbidden by the selection principle 
for the inner quantum number /. 

* Phya. Rev., 50, 397, 440 (1936). 
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Thus a mercury atom in the excited state 3 P 0 or 3 P 2 cannot give up its 
energy in the form of radiation but must ultimately return to the normal state 
by some other process. However, it has been deduced on the basis of wave 
mechanics that the value of the Einstein coefficient A n m for the transition from 
such a state as 3 P 0 or 3 P 2 is not zero, but merely extremely low. 

Similar states are observed in the spectra of other atoms with two or more 
electrons in the outer shell, as for instance, those of Ca, Zn, He, Ne, A and also 
in the spectra of more complex atoms. They are known as metastable states 
and the investigations on the behavior of atomic systems in this state have 
yielded very interesting results. 

For the purpose of ready reference in the subsequent discussion, Table 16.6 
gives values of critical potentials, metastable levels and resonance lines for 
the rare gases and the vapors of Zn, Cd and Hg. The metastable levels are 
indicated in this table by an asterisk. Fig. 16.2 shows these lower levels for 



Fig. 16.2. Lower Levels in the Spectra of Hg, Ne and He 

Hg, Ne and He respectively, with absorption lines which end on metastable 
levels. 1 

There are four ways in which an excited atom, in the metastable state, may 
change from this state. 

(1) It may receive a further increment of energy by collision with an 
electron, and thus be raised to a still higher energy state, as, for example, in 
the case of mercury, to the next higher z Si or 3 Z>i level, from which transitions 
are possible by emission of radiation. This process by which an atom is 
raised by collision with electrons from one excited state to higher states is 
known as cumulative excitation . In fact, it is possible for an atom in the meta- 

1 The values of the energy levels have been re-calculated from the corresponding wave 
numbers as given in ref. B. G., by means of the conversion factor 1 volt * 8067.7 <?m.“b 
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stable state to receive sufficient energy by this process to be ionized, and this 
is designated as cumulative ionization. 

(2) An atom in the metastable state may receive radiation of just the right 
frequency to be absorbed and thus be raised to one of the next higher levels. 
For instance, in the case of the metastable state 3 P 0 in mercury, energy of wave 
length X4047 incident upon an electric discharge in mercury vapor (in which 
there will be a considerable concentration of metastable atoms) will be absorbed 
and destroy some of the metastable atoms by exciting them to the *S i level. 
Indeed, observations on the absorption of light by metastable atoms in an 
electric discharge in neon or helium have been used for the determination of the 
mean life of metastable states in these gases. 1 These observations are discussed 
more fully in a subsequent section. 

A similar phenomenon is also observed in the absorption of light by atoms 
excited to states which are not metastable. For instance, R. W. Wood and 
others 2 have carried out some very striking experiments with mercury vapor 
which illustrate the occurrence of this phenomenon. By exposing mercury 
vapor in a resonance tube to the light from two separate mercury arcs operated 
under different conditions, the mercury atoms were excited in succession by 
X2537 and then by X3125-3131 (see Fig. 1.6), thus causing the emission of the 
lines 2967, 3655 and 3663. These lines could not be produced if either source 
of light was used by itself. 

On the basis of the quantum theory these observations are interpreted by 
the relations 

Ei -f hvio = E 2 , 

E 2 + hv 23 = E h 
E z — hvz\ = E i, 

where v\ 2 and v 2 % are frequencies of absorbed radiation and Vzi the frequency of 
emitted radiation. 

Similarly, if mercury vapor is irradiated with light of wave lengths 2537 and 
4358, emission is observed of the triplet lines 4047, 4358 and 5461, which as 
shown in Fig. 1.6 correspond to transitions from the 2 8 $i state. 

This process in which two radiation quanta are absorbed in succession is 
analogous to the process of cumulative excitation (mentioned above) by electron 
collisions. It also may be regarded as a qualitative indication that ordinary 
excited states have a finite life, even though the actual magnitude of this period 
is less than that of metastable atoms. 

(3) The metastable state may be destroyed by collisions with other atoms 
in the normal state. (These are known as collisions of the second kind for reasons 
which will be given in a subsequent section.) According to the kinetic 
theory the average kinetic energy of a molecule is %kT — 6.21 X 10~ 14 erg at 

1 H, B. Dorgelo and T. P. K. Washington, Roy. Acad. Sci . Amsterdam , 35, 1009 (1926); 
also K. W. Meissner and W. Graffunder, Ann. Physik , 84, 1009 (1927). 

2 Proc. Roy. Soc ., [A], 106, 679 (1924). See also E. Gaviola and R. W. Wood, Phil. Mag., 
6, 1154, 1167, 1191 (1928). 
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T = 300° K. This corresponds to 6.21 X 10“ l4 /1.602 x lO"" 16 — 3.88 X 10~ 2 
electron volt. Hence there will be a considerable fraction of the molecules 
with energies between about 0.02 and 0.08 electron volts. If the difference 
between the energy value for a metastable state and that for the nearest 
excited state is of the order of 0.05 volts, there may be an interchange of energy 
between the normal and inetastable atoms in such a direction as to convert the 
latter into an excited state from which transitions are not forbidden. 

(4) If there is present an admixed gas, B, whose atoms have an ionization 
energy lower than the excitation voltage of the metastable state for the atoms 
of the gas A, then a collision between a metastable atom A and an atom of B 
may result in ionization of the latter, and a return of the metastable atom to 
its normal state. This phenomenon is of special importance in electrical dis¬ 
charges in mixed gases. 

For instance in argon at a pressure of a few mm. in which is present mercury 
vapor at a pressure of about 10~ 3 mm., inetastable argon atoms produced in 
the discharge (energy 11.55 and 11.72 volts) readily transfer this energy to 
mercury atoms with resultant production of ions (for which F» = 10.43 volts). 

The problem of the mean life of metastable atoms, which we shall designate 
by Tffi f has been the subject of a number of investigations. The principal gases 
in which such metastable states have been studied are the members of the rare 
gas group and mercury. 1 

Meissner and Graff under 2 *have reviewed the different experimental methods 
for the determination of r m and have devised a method of their own which they 
consider as most reliable. This method may be described by referring to the 
energy diagram for mercury, Fig. 1.6. A discharge is passed through the vapor 
for a while, and then cut off. After a definite interval of time, the absorption 
of the mercury is measured for the line X4047 ending on the 2 3 P 0 level or the 
line X5461 ending on 2 3 P 2 . The absorption decreases exponentially with time 
and it is assumed that the intensity of absorption is proportional to the number 
of atoms in the metastable state. From the observed rate of decay it is thus 
possible to calculate r m which is the time required for the number of metastable 
atoms to decrease to 1/eth of their original value. As shown by Meissner and 
Graffunder and by M. Zemansky, 3 who has also carefully considered the theory 
of this method, the actual observations must be corrected for diffusion of 
metastable atoms to the walls and for collisions of the second kind. 

According to Asada, Ladenburg and Tietze, 4 the life of the 3 P 0 state for 
mercury under most favorable conditions is r m = 15 X 10~ 4 sec. The per¬ 
sistence of radiation X2537 observed by Webb and Messenger 5 is explained by 
Zemansky 6 on the basis of this result as due to collisions between metastable 

1 For detailed discussion see ref. M. Z., pp. 236-257 and list of references to 1933. 

2 hoc. cit. 

* Phys. Rev., 34, 213 (1929). 

< Physik. Z ., 29, 549 (1928). 

» Phya. Rev., 33, 319 (1929). 

* Loc. cit. 
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sp 0 atoms with excited mercury atoms, by which the former are raised to the 
3 Pi state, from which the line X2537 is produced. 

The lower energy states for neon are shown in the diagram Fig. 16.3. The 
two resonance lines X744 and X736 correspond to transitions from the 3 Pi and 



Fig. 16.3. Energy Level Diagram for Neon 


l Pi states respectively. The 3 P2 and 3 Po levels represent metastable states, 
and it will be observed that the lines X6402 and X6143 correspond to resonance 
lines for one of these states. As shown by a careful examination of the spectrum 
of neon in the far ultra-violet 1 no transitions are observed from the 3 P 2 or 3 P 0 
states to the normal (*$ 0 ) level. On the other hand, as shown by Meissner and 
W. Graff under 2 the lines X6402 and X6143 are absorbed by neon when excited 

1 H. B. Dorgelo and Abbink, Z. Phyaik , 37, 667 (1926). 

2 Ann. Phyaik , 76, 124 (1925); 84, 1009 (1927). 
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by an electric discharge. By measuring the absorption of the excited neon for 
these two lines as a function of the time after excitation they deduced for the 
3 P 2 state a value of r m which varied for different pressures of neon from about 
1.64 X 10“ 4 to 3.57 X 10~ 4 sec. According to their results, the variation with 
pressure can be represented by a relation of the form 

1 B 

-- = - + Op, (16.44) 

• rn P 

where p = pressure, and*# and C are empirical constants. 

In the case of helium, as shown in Fig. 16.2 the lowest metastable state 
requires 19.81 volts for excitation. Using the method devised by Meissner 
and Graffunder, “E. Ebbinghaus 1 measured the absorption of the helium line 
X10830 by excited helium as a function of time after the cut-off of the excita¬ 
tion.” From Fig. 16.2 it is evident that the magnitude of the absorption is a 
measure of the concentration of 2 3 #i atoms. The observed value of r m for a 
pressure of helium of 3.0 mm. Hg was 1.67 X 10~ 3 sec. 

The energy levels for argon are similar to those for neon, and there exist 
two corresponding metastable states. (See Table 16.6.) For the lowest 
metastable state, J. M. Anderson, 2 using the absorption method, obtained for 
p = 0.22 mm., the values r m = 1.23 X 10~ 3 at 300° K, and r TO = 10 X 10“ 3 
at 80° K. 

In both helium and argon, the variation of r m with pressure is in agreement 
with equation (16.44) and M. Zemansky has shown that this relation as well 
as the observed increase in r m with decrease in temperature are most satis¬ 
factorily interpreted on the assumption that metastable atoms lose energy by 
diffusion to the walls and by collision with gas molecules. 

The rate of diffusion to the wails varies inversely as the pressure and this 
accounts for the first term in equation (16.44), ( B/p ), while the rate at which 
metastable atoms collied with normal atoms varies directly as the pressure, 
and this gives rise to the term Cp . 

Measurements by E. W. Pike 3 on the life of metastable neon atoms gave 
the following numerical results rat 36 mm. pressure, r for *IP 2 state = 2 X 10“ 3 /p, 
sec. and for the Z P i resonance state, r = 4 X 10 ~ b /p f sec. where p — pressure 
in mm. of mercury. From these observations Pike deduces a value for the 
coefficient of diffusion of excited neon atoms which is of the same order of 
magnitude as the kinetic theory value for neon atoms. 

Metastable states are of special significance in the interpretation of observa¬ 
tions on the light emission from the positive column of an electric discharge in 
mercury vapor or in any of the rare gases, or in mixtures of these gases and the 
vapor of a metal such as mercury or sodium. Indeed, most of our knowledge 
of metastable states and of excited states in general has been obtained from 

1 Ann, Physik , 7 , 267 (1930); ref. M. Z., p. 245. 

* Canad. J. Res., 4. 312 (1931). 

» Phys. Rev., 49, 513 (1936). 
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investigations carried out by means of arcs or other forms of electrical discharges 
in gases or vapors. The only other process (outside of chemical reactions) 
by which light is emitted is that of thermal excitation and ionization, of which 
cosmic light sources provide the most important examples. In these cases, 
however, the temperatures attained vary from 5000° K for relatively cold stars 
to values which are many times greater for the hotter stars. 1 

By means of equation (16.43) it is possible to calculate the relative con¬ 
centrations of atoms for different states of excitation as a function of T. Ex¬ 
pressing the energy in electron volts and using ordinary logarithms, this 
equation assumes the form 2 


log Qkj = log (.v,/.v ; ) - log (gtlg,) 

= - 5040( Yk - IT. (10.45) 

Table 16.7 gives values of njN, for a series of temperatures for the lowest 
resonance states in Cs and Iig. For Cs, the lowest state is 2 Pin(V — 1.386, 
Qk/Oi = 1), and for Hg, the corresponding state is 3 Pi(F = 4.89, Qklgj = 3). 

TABLE 16.7 

Corresponding Value of T 


nJN 

For 2/7/2 state in Cs 

For S Pi state in Hg 

10~ 4 

1750 

6,930 

10 a 

2330 

8,920 

10-2 

3490 

12,500 

10-1 

6980 

21,000 


It will be observed that except in the case of cesium, the degree of excita¬ 
tion is extremely low at any value of T attainable in the laboratory." 

It is largely for this reason that positive column discharges have been used 
to provide most of our information regarding the life and concentrations of 
excited states. Because of the impossibility of applying equation (16.43) to 
such discharges, for which the temperature of the gas is usually 300° K to 
500° K, it is necessary to supplement the observations on anomalous dispersion 
(which as is evident from equation (16.41) yield only values of Fkj) by other 
observations in order to obtain Nj, f and A for individual excited states. 

The procedure devised by R. Ladenburg and his collaborators during the 
course of a series of investigations on metastable and higher excited states in 
the rare gases and mercury, has been described by Ladenburg 4 as follows: 6 

1 These values refer, of course, to surface temperatures. The internal temperatures are 
most probably of tho order of millions of degrees Kelvin. 

2 V « T{k{e) = 7711,604 volts and 11,604/2.3026 * 5040. 

3 This remark applies to temperatures attainable by means of furnaces, and not to ex¬ 
ceptionally high temperatures such as have been obtained by exploding wires. 

4 Rev. Mod. Phye. t 5, 243 (1933). This gives an excellent review of the work of the author 
and of others, over a number of years, on “Dispersion in Electrically Excited Gases." 

6 This method is applicable only when the quantity Qkj as defined in equation (16.43) is 
small compared to unity. 
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“ Light from a source giving a continuous spectrum—a black body or a 
carbon arc or an incandescent lamp—is passed through the luminous gas and 
analyzed by a spectrograph of high dispersion. The resulting spectrum will 
show the spectral lines of the gas either as dark or as bright lines depending on 
whether the black-body temperature of the source is above or below a critical 
temperature T r , called the reversal temperature, at which the lines just disappear 
against the continuous background. If there is statistical equilibrium for the 
different excited states in the gas corresponding to a common temperature, all 
lines reverse at the same temperature, but in general they do not. Each line 
has its own characteristic reversal temperature. The length of path, the 
strength of absorption and the resolution of the spectrograph influence the 
accuracy of the setting, but not the value of T r . The only assumption is, that 
the luminous gas layer passed by the rays of the light source is uniform and 
that the ratio N k /Nj of the population of the two states belonging to the line 
investigated has a definite value along the light path. This ratio or rather the 
ratio Q of Eq. (16.41) is given, as Hedwig Kohn has shown, 1 by an equation 
identical in form with Boltzmann’s equation 

Qkf = c -c**-AV/*r r> (16.46) 

because the disappearance of the line against the continuous background means 
that every volume of the gas absorbs as much radiation energy as it emits.” 
That is, equation (16.43) or (16.45) is applicable, with T r replacing T. 

The measurements on anomalous dispersion give, as equation (16.41) 
shows, the values of F k] - — NJ k j. On the other hand, the so-called “true 
intensity” for a spectral line is given, in accordance with equation (16.30) by 
the relation 

Jhj - N k A kj hv k i • (1^.47) 

“If we compare,” Ladenburg continues, “two lines with the same upper 
level (let us say a) and with different lower levels (say b and c) we get from the 
intensity ratio of these lines the ratio of their ^1 values and from measurements 
of their anomalous dispersion the ratio of their F values, and thus we get the 
ratio Nb : N C )N 

The absolute values of / may be estimated by applying the “/-sum rule” 
of Thomas-Reiche-Kuhn: 

E (16.48a) 

a e 

where Z designates in this case the number of “ effective ” electrons per atom. 
The first sum refers to all possible absorption transitions of the atom in the state 
considered and the second sum to all emission transitions of this state. For 
a metastable state YLfe = 0. Hence, 

£ N;f ik - L F jk « AN y . (16.485) 

Jfc k 

i H. Kohn, Physih. Z. t 29, 49 ( 1928 ); 33, 957 ( 1932 ). 
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For neon Z is between 1 and 2 (since only one, or at the most, two electrons 
take part in absorption), and consequently the values of f for the different 
lines may be determined within certain limits. In this manner values of / 
and A have been obtained for different lines ending on the lowest metastable 
level CP* state) for neon, and values of t for the upper levels (pip* to p i 0 in 
the older notation) from which they emanate. The values obtained range from 
0.8 X 10“ 8 to 2 X 10~ 8 sec. for the different levels. 

From the same measurements of Fkj and Hkj it is possible to calculate the 
relative concentrations in the different excited levels. In this manner it was 
found that for a discharge in neon the concentrations in the different levels 
increase with the current /, in accordance with a relation of the form 


al 

N . . —— 


(16.49) 


where a and are constants. This equation indicates that at larger currents, 
the excited atoms are destroyed by collisions with electrons, so that ultimately 
“a kind of statistical equilibrium is attained between colliding electrons and 
excited atoms.” 

Figure 16.4 1 shows the variation in concentration of metastable neon atoms 
as a function of current. 


10 11 cm." 3 



Fig. 16.4. Variation with Current of Concentration of Metastable Atoms 
in Electrical Discharge in Neon 

1 A. v. Engel and M. Steenbeck, Elektrische Gasentladungen, p. 140, Julius Springer, 
Berlin (1932). 
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Under these conditions it was found that the relative concentrations of 
atoms in the different levels could be represented by the modified Boltzmann 
relation, equation (16.45), in which T corresponds to the “electron temperature”. 
In the positive column of a discharge, which constitutes the so-called “plasma,” 1 
the electrons attain a Maxwellian distribution of velocities which corresponds 
to that for a gas at a temperature T e . 

Ladenburg found for discharges in neon at a pressure of 1 mm. of Hg, and 
with currents ranging up to 300 m.a. a value of T r from the measurements on 
temperature of reversal, of about 22,000° K, which agreed well with the value 
for T ( . of about 20,200° K obtained by means of the probe method. 2 

Letting N m designate the concentration of atoms in the metastable 3 P 2 state 
(V — 16.61, g — 5) and N that in the normal state (g — 1) the value of N„JN 
as deduced by means of equation (16.45) for T = 20,000° K is 3.24 X 10~ 4 . 
Since the approximate value of N at 1 mm. and T = 300° is 3.2 X 10 lft , 
N m ~ 1 X 10 11 , which is in good agreement with results obtained by other 
investigators. For the five p levels from winch transitions are observed to the 
3 P<j, level, the values of N p /N m obtained at the highest currents ranged around 
0.38 (where N P is the concentration in the p-level). 

It should be mentioned that in this investigation it was observed that with 
large increase in current, beyond 300 m.a., a decrease in the value of Fkj was 
observed, and this was interpreted as due to the effect of “induced emission”, 
that is, the term Qkj in equation (16.41) could no longer be neglected. 

Similar results have been obtained by other investigators. Thus W. 
Fabrikant, F. Butaewa and I. Zirg 3 have determined for a discharge in mercury 
vapor, at pressures ranging from 10" 4 to 10” 2 mm., the concentrations of excited 
atoms in the levels WPo, 6*Pi and 6 3 P 2 . Of these three levels 6 3 Pi is the reso¬ 
nance state for X2537 A, while the other two represent metastable states. 
Table 16.8 gives the concentrations in the three states for a constant current 
of 3 amperes in a 3.2 cm. diameter tube, and for different pressures of mercury. 

The theoretical values are those calculated in accordance with equation 
(16.45) assuming T = T e . Evidently the experimental values of n could be 
accounted for by assuming a somewhat higher value for T . It is of interest 
to note that for the two extreme cases the values of N> the concentration of 
mercury atoms per cc., and the values of the ratio n/N are as follows: 


V 

Corresp. 7 T 

N 

n 

nfN 

7.5 X 10~« 

316° K 

2.3 X 10“ 

13.8 X 10“ 

0.006 

2.5 X 1CM 

276° K 

8.8 X 10 12 

1.2 X 10 u 

0.014 


1 For a discussion of the meaning of the terms, “plasma” and “electron temperature” 
and the phenomena in the positive column, see K. T. Compton and I. Langmuir, Rev. Mod . 
Phys., 2, 123 (1930); also K. K. Harrow, Electrical Phenomena in Gases, The Williams and 
Wilkins Company, Baltimore (1932). A brief survey of this field is given by S. Dushman, 
J . Opt. Soc. Am., 27, 1 (1937), which contains a copious list of references. 

3 See previous references for a description of this method. 

8 Physik. Z. Sowjetunion , 11, 576 (1937). 
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TABLE 16.8 


n X lO" 11 


p in mm. of Hg 

6 8 /*o 


6 8 P 2 

exper. 

theor. 

exper. 

theor. 

exper. 

theor. 

2.5 X 10~< 

1.2 

12 

0.3 

33 

2.1 

45 

9.0 X 10~< 

2.5 

29 

0.96 

76 

7.2 

103 

2.9 X 10- 3 

4.3 

45 

1.6 

113 

10.8 

143 

7.5 X 10*3 

4.9 

54 

4.5 

123 

13.8 

143 


The values of T are those corresponding to the vapor pressures given in 
the first column. 

Thus the concentration of atoms in metastable states in these experiments 
was found to be about 1 per cent of that of atoms in the normal state. 

From these measurements it was deduced that,Einstein’s coefficient A for 
the line X2537 (^Pi—* 3 $ 0 ) is 1.1 X 10 G sec." 1 which is in good agreement with 
observed value of t — 0.9 X 10“ 6 for the 3 /h state. For the two metastable 
states the value r m — 0.7 X 10“ 5 sec. was derived. 

F. L. Mohler 1 has used the determination of the reversal temperature (T r ) 
to derive values for the concentration of atoms in different states of excitation 
in a positive column discharge in cesium vapor. Simultaneous measurements 
were made, by means of probes, on the electron temperature. The concentra¬ 
tion in the resonance states (2 2 i\ 2 ) was found to increase with both current 
and pressure, attaining a maximum value, in terms of atoms/cc., of about 10 11 . 
The approximate agreement between the values of T e and T r showed that the 
values of the concentrations in the different levels are in substantial accord 
with those deduced from equation (1G.45). For the series of levels in 
mercury, it was observed that the concentration decreased with increase in n 
from 6 X 10 12 for n = G (the lowest 3 P level) to 2.5 X 10 7 for n — 11. 2 

These observations thus lead to the conclusion that the relative concentra¬ 
tions of atoms in excited and normal levels for a positive column discharge in 
a gas at low pressures are those deduced from the Boltzmann equation with 
T = T e . At higher pressures and larger current densities the whole character 
of a discharge changes radically. 

Thus in a capillary mercury vapor lamp, the pressure varies from a few 
atmospheres at moderate current density to over 100 atmospheres in the water- 
cooled type. Accompanying this increase in both current density and pressure 
it is observed that the value of T e approaches more and more closely that of the 
vapor in the center of the discharge, so that it is possible to apply to this case 
the Einstein-Boltzmann relation for thermal equilibrium. 

1 J . Rea. Nat. Bur. Stand., 9, 493 (1932). 

'Ibid., 16, 227 (1936). 
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(6) Forbidden Lines: In accordance with the selection principles certain 
transitions are forbidden. However, under special conditions some of these 
so-called forbidden lines become quite prominent and it is, therefore, of interest 
to enquire into some of the reasons for the occurrence of such lines. 

A very important exception of this nature is the occurrence of intercombina- 
tion lines such as X2537 (2 3 Pi — VSo) in the spectrum of mercury, while the 
corresponding intercombination line is not observed in the spectrum of helium, 
and is very faint in the spectrum of beryllium. As mentioned previously the 
presence of such lines violates the selection rule AS = 0. However, this is 
valid only for pure Russell-Saunders coupling, and with increase in atomic 
number, spin-orbit interaction becomes more effective, so that the coupling is 
no longer that assumed by Russell-Saunders. 

As pointed out in Section 16(1), the selection principles have been deduced 
by recognizing an analogy between the behavior of a classical electric dipole 
and the emission of radiation as the result of quantum transitions. Classically, 
however, radiation may also be emitted by a quadrupole. If two dipoles are 
arranged linearly so that the two unit positive charges coincide and are located 
at the center of two unit negative charges separated by a distance 2x , then 
= 0, where x is the distance from the center. But such an arrangement 
of charges has a quadrupole moment of magnitude J2 e i x i 2 > which is not equal to 
zero, since xf does not change sign in passing through the origin. While the 
potential energy due to a single charge at the origin varies as 1/r where r is the 
distance from the origin, that due to a dipole varies as 1/r 2 , while the potential 
energy due to a quadrupole varies as 1/r 3 , where r is large compared to the 
distance 2x. 

A variable quadrupole moment acts as a source of radiation, like a variable 
dipole moment, and in quantum mechanics the quadrupole radiation depends 
upon the magnitude of the matrix element e \ SYN'rNmdr | 2 . Because of the 
difference between this expression and the matrix clement, e | S^n^mdr | 2 
involved in dipole radiation, the same selection rules are no longer applicable. 
Consequently transitions which are forbidden in the case of the latter, are no 
longer forbidden for quadrupole radiation. However, the transition prob¬ 
abilities (corresponding to A m n ) are extremely small compared to those for 
dipole radiation, the ratio being about 10~ 8 : l. 1 

Forbidden transitions may also occur as a result of a variable magnetic 
dipole moment , for which the analogue is the electromagnetic radiation obtained 
from a coil carrying high frequency alternating current. If the two magnetic 
moments due to the vectors L and S do not compensate each other, a variable 
magnetic dipole moment results which may act as a source of radiation. 

Finally forbidden lines may occur because of strong electric fields either 
applied externally or produced by neighboring atoms or ions ( enforced dipole 
radiation). 

In the case of metastable states the intrinsic probability of transition on the 
basis of quantum mechanics is not zero but extremely low, that is T m is of the 

»Ref. G. H., p. 54, also pp. 154-6. 
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order of seconds. Therefore in an ordinary light source, the metastable atom 
loses energy in a much shorter period either by collisions with other atoms 
(collisions of the second kind) or with electrons, or with the walls of the en¬ 
closure. By decreasing the pressure the value of r m may be increased, as 
shown in the previous section, but it is not possible in practice to decrease the 
pressure to such a low value and increase the dimensions to such an extent 
that r m can be reduced to the theoretical value. However, in stellar atmospheres 
the conditions are ideal in this respect, and it would therefore be expected that 
in these light sources forbidden transitions might be observed. 

For a long time certain lines had been observed in cosmic nebulae, which 
could not be identified with any terrestrial light source. Consequently these 
were ascribed to a non-existent element, nebulium . However, I. S. Bowen 
first showed 1 that these lines are due to forbidden transitions between terms 
in the spectra of On, Om and Nii. For instance the two most prominent 
nebulium lines, N i and N 2 are due to the transitions 3 P 2 — > and 3 F 1 — l D<> 
respectively in the spectrum of Om (O++), while another line corresponds to 
the transition 4 * & 3 /2 — 2 £ 3/2 in the spectrum of On (O' 1 "). 

The green and red auroral lines have been obtained in the laboratory by J. 
C. McLennan and G. M. Shrum 2 and have been shown to correspond to the 
transitions 1 D — 1 S and 3 P l>2 — respectively, of the neutral 0 atom. Ac¬ 
cording to R. Frerichs and J. S. Campbell 3 these transitions are of the quadrupole 
type, while according to E. U. Condon 4 the nebulium lines N 1 and N* are due 
to magnetic dipole radiation. 

As shown by the latter it is possible, on the assumption that forbidden lines 
are due to either magnetic dipole radiation or quadrupole radiation or to both 
causes, to calculate transition probabilities for these lines from the evaluation 
of the corresponding matrix elements. More recently a series of calculations 
of this nature have been carried out by S. Pasternak 6 for a number of cases 
which are of importance in the spectra of nebullae and novae. 

That forbidden transitions are prevalent in the spectra of a large number of 
atoms in the normal and stripped states is evident from the review of this 
topic by I. S. Bowen , 6 to which the reader is referred for a more comprehensive 
discussion. 

(7) Collisions of the Second Kind : 7 Franck and Hertz demonstrated in 
1913 that electrons, to which has been imparted a kinetic energy, Ve, by ac¬ 
celeration through a potential field, are able to transfer this energy, if it is of 

1 Rev. Mod. Phys., 8, 55 (1936). 

* Proc. Roy. Soc., [A], 108, 501 (1925). 

3 Phys. Rev., 36, 151, 1460 (1930). 

4 Astrophys. J ., 79, 217 (1934). 

e Astrophys. J., 92, 129 (1940). 

6 Loc. cii. 

7 In connection with this topic the following treatises are of importance: (1) J. Franck and 
P. Jordan, Anregung von Quantensprtingen durch Sthsse, Julius Springer, Berlin (1926); (2) 
Ref. M. Z.; (3) E. J. B. Willey, Collisions of the Second Kind, Edward Arnold & Co., London 
(1937). (Bel. E. J. B. W.). 
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just the right amount, to an atom or molecule and thus excite or even ionize it. 
If excited, the atom will then give up its energy, after an interval t, in the form 
of monochromatic radiation of frequency 

hv ^ Ve. 

Such a process which can be written symbolically in the form 

atom + fast electron —> excited atom + slow electron, 

is known as a collision of the first kind. The effectiveness of such a collision in 
producing excited state or ionization depends on the magnitudes of certain 
probability factors which will be discussed in the following section. 

0. Klein and S. Rosseland first pointed out 1 that on the basis of thermo¬ 
dynamical considerations other processes must be expected by which the 
concentration of excited atoms is prevented from increasing indefinitely. These 
considerations have been stated by Mitchell and Zemansky as follows: 2 

“In order to preserve thermodynamic equilibrium in a mixture of atoms 
and electrons, it is necessary to assume that some kind of reverse process to the 
one explained above must occur in which fast electrons and unexcited atoms 
result. Not only must we assume that at equilibrium the overall rate of forma¬ 
tion of fast electrons and unexcited atoms must be the same as the overall rate 
of formation of excited atoms and slow electrons, but we are forced to make the 
postulate that : ‘ The total number of molecules leaving a given quantum state 
in unit time shall equal the number arriving in that state in unit time, and also 
the number leaving by any one particular path shall be equal to the number 
arriving by the reverse path.’ 3 The postulate which entails that each micro¬ 
scopic process occurring must be accompanied by an inverse process is called 
the Principle of Microscopic Reversibility.” 

Klein and Rosseland, therefore concluded that if fast electrons can collide 
with unexcited atoms and produce excited atoms and slow electrons, then the 
reverse process must occur, that is, excited atoms should collide with slow 
electrons and produce unexcited atones and fast electrons. Such a radiationless 
process has been designated a collision of the second kind , and evidently this 
process is exactly the reverse of that which occurs in a collision of the first kind. 

The reasoning used by Klein and Rosseland may be described as follows: 4 
Let us consider an enclosure at temperature T in which atoms in two states, 
represented by k (the upper level) and j (the lower level) are in equilibrium with 
electrons. Let E k and E } - denote the energy values, and let E 0 = Ek — E Jf 
where Eq is a positive quantity. According to Maxwell’s law of distribution of 

1 Z. Physik, 4, 46 (1921). 

2 Ref. M. Z., p. 57. 

3 See R. C. Tolman, Proc. Nat. Acad. Sci., 11, 436 (1925), where the above statement and 
a discussion of the Principle of Microscopic Reversibility are to be found. 

4 These remarks are based on the presentation by R. Ladenburg, Rev, Mod . Phys., 5, 
251 (1933). 
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velocities, the number of electrons which have an energy between E and 
E + dE is given by the relation 

F(E)dE = Ce~ BlkT \ r E dE, (16.50) 

where C is a constant. In order to excite atoms from the lower to the upper 
state, the electrons must have an energy E» > E 0 . Let Sjk(E 2 ) designate the 
probability that such a collision of the first kind will result in excitation. Then 
the number of collisions per unit time per unit volume which will result in 
excitation from the j to the k level is given by 


N i = njF(E 2 )Sj k (E 2 ) f 

where itj — concentration of atoms in state j. 

The energy of the electrons after the exciting collision is E i = E 2 — E 0 . 
In a collision of the second kind these electrons may acquire the energy E 0 from 
excited atoms in state k, and if we let Skj(Ei) denote the probability of such a 
transfer of energy at a collision, then the frequency of such collisions per unit 
volume is given by 

iV 2 = UkF(Ei)Skj(Ei). 


For equilibrium N i — N 2 , and introducing Boltzmann's relation for the 
ratio njjrij , equation (16.20), it follows that 

gj E^S jk {E 2 ) = gkEi ll2 Skj(Ei). (16.51) 

Since E i = E 2 — E 0) and it is known that the probability of excitation 
increases very rapidly with increase in E 2 — Eo (see following section), it follows 
that for values of E i > 0, Skj(Ei ), which is the probability of occurrence of a 
collision of the second kind, must be appreciable. 

The validity of this theory has been amply confirmed by subsequent in¬ 
vestigations, such as those of H. Koppermann and It. Ladenburg 1 and of F. L. 
Mohler . 2 J. Franck 3 extended the ideas of Klein and Rosseland to include 
collisions between excited and normal atoms or molecules. “ Thus he supposed 
that an excited atom might collide with a'normal atom or molecule and give 
up a quantum of energy to the unexcited atom; the latter might then take up 
the energy either as translational energy, excitational energy, or both, there 
being no loss of energy by radiation during the process. Such radiationless 
transfers of energy Franck also called collisions of the second kind.” 4 

The destruction of metastable states by collisions of this type has been 
mentioned previously. Such collisions also play an important role in modifying 
the light output from electrical discharges in such mixtures as Hg + A, or 
Na + Ne, both of which are of practical importance as light sources. The 

1 Z. Physik , 48, 15, 26, 51, 192 (1928); 65, 167 (1930). 

* J. Rea. Nat. Bur. Stand., 9, 493 (1932). 

» Z. Physik , 9, 259 (1922). 

* Ref. M, Z., p. 59, 
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►so-called “quenching” of resonance radiation of mercury or sodium is another 
illustration of the effect of collisions of the second kind. If the light from a 
quartz mercury arc is arranged to strike an evacuated quartz bulb containing 
a drop of mercury the resonance line (X2537) is absorbed by the mercury vapor 
so that little or no radiation passes through the vapor directly. However, the 
bulb now acts as a source of radiation of the pure resonance line owing to exci¬ 
tation of normal atoms by the absorbed radiation, and subsequent spontaneous 
emission of this radiation occurs in all directions (scattered radiation). 1 Such a 
source has been designated a resonance lamp . If the radiation from this source 
is now allowed to fall on another bulb containing mercury in a vacuum the same 
processes of absorption and re-emission of X2637 are observed again. But if a 
gas such as nitrogen, water vapor, or hydrogen is introduced at low pressure 
into the second bulb, the intensity of the emitted radiation is decreased. It is 
said to have been “ quenched.” 

Such experiments first performed with mercury resonance radiation by R. 
W. Wood in 1912, later by G. Cario, 2 and H. Stuart 3 and duplicated with 
resonance radiation from sodium and cadmium by Stuart and other investiga¬ 
tors, are interpreted as due to destruction of excited atoms, before they are able 
to emit radiation, by collisions with molecules of the foreign gas. 4 

A much more important illustration of collisions of the second kind is 
furnished by the experiments on sensitized fluorescence and sensitized chemical 
reactions. 

The former can occur under the following conditions. Consider a mixture 
of two gases A and B in which the resonance energy E a is higher than the 
corresponding energy for the other gas, E b. If now radiation of frequency 
va = E\/h is allowed to fall on the mixed gases, the atoms of A will become 
excited to the resonance state. If the number of atoms of B is so large that 
the time between collisions of atoms, A, with atoms, B, is comparable with or 
less than the mean life, r, of the excited state of A, then, by collisions of the 
second kind, the energy E a will be transferred to some of the atoms of B, 
since E b is less than E\. That is, atoms of B will be excited to the resonance 
state, and as a result radiation of frequency vb — E^/h will be emitted. The 
excess energy, E\ — Eb, will appear as increased kinetic energy of the atoms B. 
We may describe the effect as a fluorescence of atoms B sensitized by the ad¬ 
mixed atoms A. As in all fluorescence effects the frequency of the emitted 
radiation (vb) should be less than that of the incident radiation (Stokes’s law). 

The occurrence of this effect was first demonstrated by some experiments 
carried out by G. Cario 6 and also by Cario and Franck 6 on mixtures of mercury 
and thallium vapors. The resonance state for mercury (corresponding to 

1 This arrangement thus resembles that shown in Fig. 5.1 for the Raman effect. 

2 Z. Physik , 10, 185 (1922). 

*Ibid. y 32. 262 (1925). 

4 The theory of this effect is discussed by M. Z., op. cit ., p. 191, et saq. 

6 Z. Physik, 10, 185 (1922). 

11, 161 (1922). 
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emission of \2537) requires 4.89 volts for excitation, whereas there are a number 
of states for thallium which are lower than this with respect to the ground 
state. As a consequence, a mixture of the two vapors emits, under excitation 
by \2537, a number of lines in the spectrum of thallium for which the upper 
levels are below 4.89 volts. 

In these and other experiments carried out with mixtures of cadmium and 
mercury vapors, lines were observed for which the upper levels are above 
4.89 volts (anti-Stokes lines), and this has been interpreted as the result of a 
co-operation between the excitation energy and translational energy of the 
mercury atoms due to thermal motion. 

II. Kallmann and F. London 1 have discussed this phenomenon from 
the point of view of quantum mechanics. For relatively low values of 
A E = E\ — E b the values of the frequencies v\ and are not very different. 
Consequently we should obtain, under these conditions, a resonance effect , 
similar to that which has been observed for two identical pendulums and which 
has also been found to occur between the two electrons in a helium atom. There 
results in such cases an interaction energy owing to the periodic transfer of 
energy from one system to the other with a frequency v\ — vjj. On the basis 
of considerations, similar in many respects to those involved in the calculation 
of the exchange or resonance energy for an excited helium atom (see Section 
15(2)), Kallmann and London have shown that the interaction energy, E\b(R) 
(to indicate that it is a function of the interatomic- distance, It), should be given 
(for small values of R) by the approximate relation 


Eab(R) ^ ma/W# 8 , 


(16.52) 


where pa and ps are the dipole moments of two virtual oscillators correspond¬ 
ing to the frequencies va and vb respectively. The magnitudes of these mo¬ 
ments may be deduced, on the basis of wave mechanics, from the wave func¬ 
tions for the two states associated with the energy values E a and Eb- 

During a collision the two atoms will approach within a minimum distance 
Ro and the probability for the transfer of energy from atom A to B or vice 
versa will depend upon the relative values of the quantities Eab(Ro) and A E. 
If the ratio 


a 2 Eab(Rq) 

P = Te 


(16.53) 


is very small, then the probability of energy transfer is practically zero. But 
as A E is decreased to values comparable with Eab(Rq)> the magnitude of this 
probability increases. This effect may be described as an increase in the 
effective cross section , q , for collision, in excess of that deduced from simple 
kinetic theory considerations. As shown by Kallmann and London, 

q = 0.96<Mmamb/AF) 2/3 . (16.54) 

1 Z, phyaik. Chetn. [B], 2, 207 (1929). 
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Since the order of magnitude of ma or hb is approximately that of ea 0 / 2, 
where ao = radius of normal Bohr orbit, equation (16.54) may be expressed in 
the form 



where tt a 0 is evidently equal to the kinetic theory cross-section for collisions 
between hydrogen atoms. For A E ~ c 2 /(2a 0 ) = 13.6 volts, q evidently has 
approximately the same value as that deduced from kinetic theory considera¬ 
tions. That is, the probability of energy interchange between the atoms is 
zero. However, as the value of A E decreases and approaches that of 2 ?ab(#o), 
the consequent increase in the probability of interchange of energy is indicated 
by a corresponding increase in the value of q. Thus for A E = 200 cm.“ l 
( = 25 X 10~ 3 electron-volt), q is 40 times that of the kinetic theory cross- 
section and increases with decrease in A E as shown in Fig. 16.5, which is taken 



Fia. 16.5. “Effective Cross-Section’' for Two States for Which the Energy Difference has 
the Value of AE. The plot shows q as a function of A E 

from the original paper. It follows that the nearer the two energy states 
A and B, the sharper the resonance. 

As an illustration of the application of these conclusions the observations 
by H. Beutler and B. Josephy 1 may be cited, on the fluorescence of sodium 
vapor by excited mercury atoms. The relative energies of the two excited 
states for mercury and the sensitized states for sodiufn are shown in Table 16.9, 
arranged vfath the normal levels on the last line, and Ea (or E b) gives the energy 


1 Z. Physik , 53, 747 (1929). 
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TABLE 16.9 

Illustrating Energy Transfer from Excited Hg Atoms to Na Atoms 


Mercury 

Sodium 


Term 

V 

*’a 

Volts 

Timid 

V 

E b 

- Mi 

6 3 Pi 

44,769 

39409 

4.89 

9 2 *Si/2 

1874 

39575 

20 X 10 3 

O'lPo 

46,530 

37642 

4.67 

7**Si, s 

3437 

38012 

50 X 10 3 

ChSo 

84,178 

0 

0 

3 2 »S'l;, 

| 1 

| 41449 j 

0 

1 


(expressed in wave numbers) above that of the normal level. The last column 
gives the energy difference between the excited and sensitized states, which are 
located on the same horizontal line. Thus the 6 3 Pi level lies about 20 X 10 3 
volt below the 9 2 X level, and the (PP 0 level, about 50 X 10" 3 volt below the 
7 2 S level. 1 The intensities of lines emanating from these sodium levels were 
found to be considerably increased with respect to those of other lines when 
mercury was present with the sodium and the mixed vapors were irradiated by 
the mercury resonance line X2537. 

The fact that nitrogen is more effective than many other gases in quenching 
resonance radiation has been interpreted by London and Kallmann thus: The 
energy difference 3 Pi — 3 P 0 for Hg (2.18 X 10“ 3 volt) is in resonance with the 
combined vibration and rotational energies (258 X 10 -3 volt) of a nitrogen 
molecule. 

The resonance effect has also been used to explain the observed enhancement 
in a discharge, of spectral lines or bands of a vapor or gas, by the addition of 
another gas, such as mercury or one of the rare gases. For instance, certain 
bands in the diatomic gases CO, N 2 and 0 2 may be increased in intensity by 
diluting them with helium or neon. 2 

Similar observations have been made by O. S. Duffendack and his asso¬ 
ciates on the enhancement of certain spark lines of metallic vapors in neon and 
helium arcs. Thus Duffendack and K. Thomson 3 examined the intensities of 
certain groups of lines, all derived from a common upper level, in Ag, Au, A1 
and Cu(a) in the normal arc with addition of Ne or He and ( b) in the condensed 
spark in the absence of any rare gas. If we designate by A E the difference 
between the energy level of ionized neon and the nearest upper level of the 
excited metal atom, the enhancement is greater, in general, for the lowest 
values of A E. 

1 Kallmann and London designate these levels in terms of the older notation as 7~S and 
5 2 <S respectively. 

2 Ref. E. J. B. W., pp. 9-11. 

8 Phys . Rev., 43, 106 (1933). 
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J. H. Manley and Duffendack 1 have obtained similar results for the ex¬ 
citation of a number of lines in the spectrum of Mgn in presence of neon. 
Because of collisions of the second kind between excited neon atoms and 
magnesium ions the concentration of higher terms in the spectrum of ionized 
magnesium is increased considerably. 

Another prediction from quantum theory, made by E. Wigner, 2 states that 
in a collision of the second kind angular momentum of electron spin is con¬ 
served. That is, “of all possible transfers of energy that one will be most likely 
to occur 1 in which the total resultant spin , considered for the two atoms together, 
remains unchanged.’’ 3 

For instance, in the case of a collision of a krypton atom in the metastable 
( 3 P 2 ) state, for which H — 1, with a mercury atom in the normal (6hS 0 ) state, 
for which S = 0, and therefore = 1 + 0 = 1, the result of a collision might 
be either, 


KrfhS",,) -J- Jig (S l I)) for which 22— 0, AE — — 0.033 volt 
or 

Kr(hs' ( ,) 4- Hg(8 *D) for which = 1, AE = — 0.038 volt. 

Wigner \s theorem states that the last named type of energy transfer would 
be more probable, since the value of 22*8 remains constant. By examining the 
relative intensities of lines starting from the ’2) and 3 7) states of mercury in 
presence of pure helium and helium containing an admixture of krypton, 
H. Beutlcr and W. Eisenschimmel 4 have verified this theorem. 

Excited atoms may also sensitize certain chemical reactions, as was first 
shown by Cario and Franck. 6 For instance, hydrogen, activated by excited 
mercury atoms, reacts with certain oxides (such as CuO or W0 3 ) at room tem¬ 
perature, whereas in pure hydrogen alone, no reactions occur. Since the dis¬ 
sociation energy of TT 2 is 4.455 volts (102,700 cal./mole), it was assumed at 
first that the activation process consists essentially in a dissociation of H 2 into 
atoms. However, there seem to be valid objections against this interpretation 
and other mechanisms have been suggested. 6 

The reaction between hydrogen and oxygen in presence of excited mercury 
atoms has been studied by many investigators and similary the reaction be¬ 
tween hydrogen and carbon monoxide. Since such investigations have served 
to throw considerable light upon the mechanism of a number of chemical 
reactions, this topic pertains more logically to the field of photochemistry 
than to that of atomic structure. 7 

1 Phys. Rev., 47, 56 (1935). 

2 Gm. Nachr ., 375 (1927). 

3 Hef. M. Z., pp. 69-70. 

*Z. physik . Chem ., [B], 10, 89 (1930). 

6 Z. Physik, 11, 161 (1922) and subsequent papers. 

6 For review of these explanations see ref. M. Z., pp. 71-85. 

7 A comprehensive review is given by ref. E. J. B. W, 
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(8) Collisions of Electrons with Atoms: 1 According to equation (16.47) the 
intensity of a spectral line is given by a relation of the form 

I = A m n N m hVmnj (16.56) 

where N m is the concentration of atoms in state m, and the frequency v mn is due 
to a transition from the upper state, m, to lower state, n. The excited atoms are 
generated, in general, by collision of electrons having adequate kinetic energy, 
with atoms in the normal or in an excited state lower than m. It is therefore of 
interest to inquire into the efficiency of the processes by which excited atoms 
and ions are produced by collisions of the first kind. 

Such collisions are divided into two classes, elastic and inelastic. If the 
electron has an energy, E , less than that corresponding to the lowest excited 
state of the atom, the collision is of the elastic type, and the electron loses only 
the very small amount of energy, 2mE/M, where m and M denote the masses 
of electron and atom respectively. In an inelastic collision the electron loses 
that amount of its energy which corresponds to a transition between two quan¬ 
tum states of the atomic system. 

However, even if the electron has sufficient energy to produce an excited 
state or ion, there is no certainty that every such collision will be inelastic. 
There exists a definite probability, which is a function of the velocity, that the 
collision will be of the inelastic type, and it is therefore necessary to introduce 
specific definitions for the probabilities of different processes which occur when 
an electron collides with an atom. These are as follows: 

The probability of collision , P c , is the number of collisions per unit electron 
current, per unit path length, per unit pressure at 0° C. Similarly, the prob¬ 
ability of excitation , P ey is the number of excited atoms, and the probability of 
ionization , P,*, the number of ions,—in each case, per unit electron current, per 
unit path length, per unit pressure at 0° C. 

That Pp. y where p = pressure in mm., corresponds to an “absorption 
coefficient,” and the reciprocal to a “free path,” L, is evident from the following 
remarks by R. B. Brode: 2 

“The probability of a collision in a distance dx in a gas at a pressure p is 
Pcpdx. A current of electrons of strength / passing through the layer dx is 
decreased by 

dl = — IP c pdx. 

Hence 

/ = Itfr PcX1 \ (16.57) 

where 7o is the initial electron current in the beam and I is the electron current 
after passing a distance x through the gas at a pressure p. 

“The mean free path, L, is the average distance travelled before colliding 
and is given by pL = l/P c = L 0 the free path at unit pressure. The dimensions 

1 For detailed discussion of this topic see R. B. Brode, Reo. Mod. Phys., 5, 257 (1933). 

2 Loc . cit ., p. 258. 
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of P c are U'p*' or Pl^pr 1 or area, per unit volume, per unit pressure. P c can 
therefore be considered as the effective area for collision of all the atom,s in a unit 
volume at unit pressure. This is a very convenient description of the prob¬ 
ability of collision, but one is not justified in ascribing this area to any particular 
part of the atom. In the equation for the decrease in current in the beam of 
electrons, the probability of collision enters in exactly the same way that an 
absorption coefficient enters in the decrease in intensity of X-rays or of light in 
passing through matter. Lenard called the coefficient P c the absorbing 
power, and a large number of the workers in this field have used the designa¬ 
tion absorption coefficient for this quantity. We know, however, -that the elec¬ 
trons are for the most part scattered and that true absorption by attachment 
is a rare process.” 

Thus LoP is to be regarded as a measure of the probability that excitation 
(or ionization) will occur at a single collision between the electron and atom. 
For instance, for a 22.0 volt in neon, the probability of ionization at a collision 
is 0.00134, or one collision out of 750 is effective in producing ionization. 

In the previous remarks, the term effective cross-section was introduced, as a 
measure of efficiency of energy transfer at a collision, and in the present case, 
P n Pr and Pi can be replaced by q , the effective cross-section, by means of the 
relation, 

q = 0.281 X 10~ 16 P cm. 2 , (16.58a) 

where the unit of pressure is one mm. of Hg at 0° C, and the unit of volume is 
1 cc. The corresponding value of r in the relation, q = 7rr 2 , is given by the 
relation, 

r = 0.3 X 10“ S VP cm. (16.586) 

The last two equations yield results which may be compared with the 
kinetic, theory values. 

It should be noted that for electrons the mean free path in a gas is 4 V 2 Lk , 
where 

Lk — 1— 

47r \2 nr 2 

is the kinetic mean free path, n is the number of molecules per unit volume and 
r is the radius of a molecule. 

In the following remarks there will be reviewed briefly the results obtained 
by a number of investigators on the variation of the probability coefficient 
with voltage (or velocity) of bombarding electrons. 

C. Ramsauer 1 observed that for slow electrons in A, Kr and Xe, the value 
of P c passes through a minimum at about 1 volt. This so-called Ramsauer 
effect is illustrated in Fig. 16.6. 2 

1 Ann. Physik , 64 , 513 (1921). 

2 R. B. Brode, loc. cit., Fig. 8. 
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Figures 16.7 and 16.8 1 show values of P c as a function of velocity 
(v — V 2 (e/m) V) for elements of Groups II and I respectively. At low velocities 



Fid. 16.6, Probability of Collision in Ne, Fig. 16.7. Probability of Collision in Zn, 
Ar, Kr and Xe. The minimum at 1 volt Cd and Hr (Hr ode) 

illustrates the Ramsauer effect. (Brode) 
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Fig. 16.8. Probability of Collision in Na, K, Rb 
and Cs (Brode) 

Jones 3 in determining values of P c , Pi for 
250 volts) in a number of gases and vapors 


an those calculated on the kinetic 
the latter at higher velocities. 

The value of P, for any given 
atomic species starts from zero 
at the excitation potential, passes 
through a maximum as the electron 
velocity is increased, and decreases 
more or less uniformly with further 
increase in electron velocity. Fig. 
16.9 2 shows the variation with F, 
of P e for the two resonance states 
of Na. In this and similar investi¬ 
gations on other vapors, the value 
of P c was obtained from observa¬ 
tions on the loss in energy of the 
bombarding electrons as a func¬ 
tion of V, in accordance with equa¬ 
tion (16.53). 

This method was used, for in¬ 
stance, by I. Langmuir and H. A. 
electrons at higher voltages (30 to 
. A very full review of this work 


1 R. B. Brode, loc. cit ., Figs. 12 and 13. 

2 R. B. Brode, loci cit., Fig. 18. 

3 Phys. Rev., 31, 357 (1928). 
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and of other investigations on the subject has been published by K. T 
Compton and I. Langmuir. 1 

W. B. Nottingham, 2 however, has used a 
photoelectric method to determine P c . The 
radiation spontaneously emitted by the excited 
atoms causes the ejection of photoelectrons 
from a negatively charged electrode, and hence 
the photoelectric yield per primary electrons is 
a measure of P e . Fig. 16.10 shows the effect 
of increased energy of bombarding electrons 
on the efficiency of excitation in mercury vapor. 

The excitation energies for the different terms 
of the mercury spectrum are indicated by the 
vertical lines. At 4.9 volts, the excitation to 
3 F 2 state sets in and reaches a maximum at 
about 5.6 volts. The decrease in P ( . with fur¬ 
ther increases in voltage is masked by the exci¬ 
tation to the l P i state which begins at 6.7 volts. 

By measuring the total number of positive ions per primary electron, col¬ 
lected by a negative electrode, the value of Pi for mercury was determined as 
a function of accelerating potential as shown in Fig. 16.11 3 in curve £\. In- 
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Fig. 16.10. Probability of Excitation of Mercury as a Function of 
Electron Velocity (Nottingham) 


1 Rev. Mod. Phys., 2, 123 (1930). 

2 Phys. Rev., 55, 203 (1939). This gives references to many of the previous investigations 
on this subject. 

3 W. B. Nottingham, lor. vit.. Fig. 15. 
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Fio. 16.11. Probability of Ionization of Mercury as a Function of Electron Velocity 
(Nottingham). (Curve Ei is the uncorrected curve which includes multiple ionization; curve 
Pi gives the probability of ionization with loss of only one electron) 

troducing a correction based on measurements by W. Bleakney 1 for the number 
of multiply-ionized atoms, the curve Pi is obtained, which gives the probability 
of ionization with loss of only one electron. 

With regard to the efficiency of excitation it may be stated that in general 
it rises to a maximum within a volt or less of the critical voltage and then 
decreases with increasing energy. Thus for sodium the probability that a 2.5 
volt electron will cause excitation to the l P levels ( V r = 2.12 volt) at a collision, 
is 0.05 according to L. S. Ornstein and B. Baars 2 and 0.52 according to W. 
Christoph 3 . 

According to measurements by L. C. van Atta 4 the efficiencies of inelastic 
collisions in the rare gases are those given in Table 16.10. 

TABLE 16.10 



Energy Loss 

Transition 

Yield 

He 

22.11 

VSo - 2 l P\ 

0.5 to 1.0 X lO" 2 

No 

16.68 

VSo - 2 

~ 0.6 X 10“ 2 

A 

11.57 

VSo - 2 8 />i 

2 - 1 X 10-2 


The effective cross-sections for ionization at electron velocities which 
correspond to maximum efficiency, according to H. Kallmann and B. Rosen 6 are 
given in Table 16.11. 

i Phya. Rev., 35, 139 (1930). 

* Proc. Amsterdam Acad., 34, 1259 (1931). 

8 Ann. Physik, 23, 51 (1935). 

4 Phya. Rev., 38, 876 (1931). 
s Physik. Z., 32, 540 (1931). 
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TABLE 16.11 



Kinetic Theory 
value of q 

q for 

Ionization 


Kinetic Theory 
value of q 

q for 

Ionization 

A+ 

27.2 X 10" 16 

3.2 X lO" 10 

h 2 

18.1 X 10" lfi 

1.1 X 10~i« 

A 2+ 

27.2 

0.32 

Hg f 

10 

6.2 

A 8+ 

27.2 

0.01 

Hg 2 * 

10 

0.9 

Ne+ 

17.5 

0.98 

Hg 3 * 

10 

0.2 

Ne 2+ 

17.5 

0.06 

Hg^ 

10 

0.04 

He + 

11.1 

0.51 





W. Penney 1 has calculated, by the methods of wave mechanics, the ex¬ 
citation probabilities by electron impact for the four P levels of Hg. The 
results obtained are shown in Fig. 16.12. At 10 volts, the relative values of P e 



Fia. 16.12. Probability of excitation for the 3 P and J Pi States of Mercury as Calculated on 
Basis of Wave Mechanics (Penney) 

are in the ratio 7.0 : 3.5 : 1.9 : 0.4 for the l P h 3 P 2 , 3 Pi and 3 P 0 levels respectively, 
but at higher voltages the values of P e for the two metastable levels decrease 
rapidly to zero, as shown in the diagram. Penney 1 s deductions are apparently 
in good agreement with experimental results observed by C. W. Ford. 2 The 
latter succeeded in separating the 4.9 volt excitation from the 5.5 volt excitation, 
but only for primary voltages of about 6 volts. 

These results are interesting in view of the fact that we would expect the 
efficiencies for excitation of metastable states to be considerably smaller than 
those for excitation of ordinary excited states (from which spontaneous transi¬ 
tions can occur). 3 This is demonstrated by the fact that in the Franck-Hertz 
method for determining critical potentials, no discontinuities are observed at 
those voltages which correspond to excitation of the metastable states. Fur- 

1 Phys. Rev., 39, 467 (1932). 

* Pad., 35, 1187 (1930). 

* W. Hanle and K. Larch6, in E. Marx, Handbuch der Radiologie, vol. VI, part 1, p. 162; 
Akademische Verlagsgesell., Leipzig, 1933. 
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thermore, it follows from the considerations advanced by Klein and Rosseland 
that the probability for such excitation must be extremely low. 

Actually it has been deduced by W. Elsasser 1 and H. Bethe 2 by wave 
mechanics methods that the probability of excitation on impact by very fast 
electrons is proportional to the Einstein probability coefficient for the spectral 
transition and inversely proportional to the kinetic energy of the electrons. 

From measurements of the relative intensities of a spectral line as a function 
of electron voltage, R. Seeliger and a number of collaborators have determined 
the so-called ‘‘ optical excitation functionF C A Figs. 16.13, 16.14 and 16.15 



Fig. 16.13. Optical Excitation Function for *P— 3 Si Linos in the Spectrum of Mercury 

show plots of the excitation functions for triplet and singlet lines in the spec¬ 
trum of mercury. The excitation function for the resonance line 3 Pi — l S 0 as 
determined by L. S. Ornstein, H. Lindemann and J. Oldemann 4 shows a 
maximum at 6.5 volts and resembles in that respect the function for the triplet 
series plotted in Fig. 16.12. 

Assuming that the spectral line represents the only transition from the 
level k to j, 

F e ~ /VI A, = PelT, (16.59) 

so that F e is intimately related to P r . However, usually there are two or more 

1 Z. Physik , 45, 522 (1927). 

2 Ann. Physik , 5, 325 (1930). 

3 The earlier work on this topic has been reviewed by J. Franck and P. Jordan, p. 181, 
op. cit. For a discussion of more recent work see R. Seeliger, Einfiihrung in die Physik 
der Gasentladungen, J. A. Barth, Leipzig (1934), the review by W. Hanle and K. Larch6, 
Ergebn. exakt. Naturwiss ., 10, (1931), and a review by the same authors in Handbuch der 
Radiologie. 

«Z. Physik, 83, 171 (1933). 
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Flu. 1(>.14. Optical Excitation Function for 1 / J i~'»So and 3 P~ 1 So Lines 
in the Spectrum of Mercury 

transitions from the same level. Furthermore, excited atoms in level k can 
be replenished by transitions from above as well as by collisions of the second 
kind. Consequently, F e cannot be given the same definite interpretation as 
the excitation function, P c . 

When electrons (or atoms) collide with atoms the two particles suffer a 
change in direction of relative motion. This scattering occurs for both elastic 
and inelastic collision. The scattered current per unit current, per unit path 
length, per unit pressure at 0° C., per unit solid angle in the direction 0, is 



Fig. 10.15. Optical Excitation Function for l Di^~ l Pi Lines in the Spectrum of Mercury 
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defined as the probability of scattering S. The probability of excitation, P e , is 
related to the function S e by the relation, 


and similarly 


Pe = 

Pi = 



S c 2w sin 9d6 , 


Si27r sin 9d,6. 


(16.60 a) 

(16.606) 


The investigations on the measurement of S for both elastic and inelastic 
collisions have been reviewed by K. T. Compton and I. Langmuir 1 and also by 
R. B. Brode. 2 From a theoretical point of view such observations are of 
importance because of the information which they yield regarding the nature 
of the atomic field of force. A classic example of the importance of such an 
investigation is that carried out by Rutherford on the scattering of alpha 
particles, which led to the nuclear theory of atomic structure. 

Because of these considerations the subject has received considerable at¬ 
tention from many theoretical physicists, such as M. Born, N. F. Mott, P. M. 
Morse and others, 3 who have applied the methods of quantum mechanics to 
the problem. In this manner the Ramsauer effect has been explained as a 
natural consequence of the wave properties of the electron. Some of the con¬ 
clusions deduced in the case of these investigations have been mentioned 
previously. While it has been possible to calculate probability of excitation 
for some of the more simple atomic systems, the calculation is much more 
difficult in most cases. 

Incidentally, the investigations on these probability coefficients as well as 
those on the life and concentration of excited (including metastable) atoms have 
proved of great significance in interpreting many of the observations on the 
characteristics of electric discharges in gases. This has been specially ap¬ 
plicable to those discharges which are of practical importance as light sources. 4 

(9) Thermal Excitation and Ionization : The spectra observed for the radia¬ 
tion from stellar atmospheres and in experiments at such high temperatures 
as can be obtained in the laboratory are due to thermal excitation and ioniza¬ 
tion. Under conditions of temperature equilibrium for atoms, excited atoms, 
ions and electrons, the degree of excitation at any temperature is given in 
accordance with Boltzmann’s law, as modified by Einstein, by equation (16.43). 
If in this equation we replace E k — Ej by the equivalent value of the energy 
difference in electron-volts, V, then the equation can be expressed in the form 

1 Rev. Mod. Phys ., 2 , 123 (1930). 

2 Loc. cit. 

* A brief summary of the methods used and conclusions is given by R. B. Brode, loc . cit ., 
while a very comprehensive discussion has been given by P. M. Morse, Rev. Mod. Phys., 4 , 
677 (1932). Brode’s review gives a list of other references to discussions of this topic. 

4 For discussion of this topic and bibliography see S. Dushman, J. Opt. 8oc. Am., 27 , 1 
(1937), also C. G. Found, Gen. Elec. Review , 37, 269 (1934). 
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of equation (16.45), that is, 

. . . (Nm\ 50407 

log<3 = log ViW = -~1T’ (16 - 61) 

where No — concentration of atoms in normal state, 

Nj — concentration of atoms in excited state j , 
go and gj are the corresponding statistical weights, 

V = energy in volts for excitation to state j. 

If Jo and J designate the values of this quantum number for the lower and 
upper states respectively, go/gj ~ (2 J 0 + l)/(2«7 + 1). Hence this ratio has 
a value of between 1 and about 0.1 for excited states which are of more usual 
interest. 

From equation (16.61) it is possible to calculate values of Q , and hence 
values of Nj/N o, as a function of T for any given value of V . Table 16.5 in 
Section 16(5) gives the results of such a calculation for excited states of Cs 
and Ilg, and as pointed out in connection with this table, the degree of excita¬ 
tion is extremely low even at temperatures as high as 5000° K. for all but the 
very few atomic species, which like that of caesium, require relatively low 
values of V for excitation. 



Fig. 16.16 Plots for Calculating Degree of Thermal Excitation of Atoms at Different 
Temperatures. Log Q- log ( NjQofNoOi ). Two horizontal lines give values of T for <2=10~ 2 
and 10“* respectively. The vertical lines correspond to selected excitation potentials. 


Figure 16.16 which gives plots of log Q versus V for a series of values of T 
shows that for most gases and vapors, the temperatures required to attain 
values of Q of the order of 10” 3 are considerably higher than those attainable in 
the laboratory. The values of Q corresponding to 10“ 3 and 10“ 2 are indicated 
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by the two horizontal lines, and vertical lines have been drawn for values of V 
which correspond to some of the excited states mentioned in previous sections. 

While equation (16.61) is applicable to the calculation of degree of excitation, 
it is also of interest to determine the degree of ionization at a given temperature. 
As the temperature increases to values comparable with 5040 Ft (say one-tenth 
or more of this value), the atoms dissociate into singly charged ions and electrons 
(that is into M + + e, where M designates the chemical symbol for the element). 
As the temperature is increased still higher, the dissociation takes the form 
M 2+ -f 2c, and finally, at extremely high temperatures, such as exist inside the 
stars, even the most tightly-bound electrons, such as those in the A-shell, are 
removed, and only nuclei and electrons are present In fact, such stars are 
known and they are of interest because of their extremely high densities. 

The degree of dissociation may be calculated by exactly the same type of 
relation as that developed on the basis of thermodynamical considerations 
for calculating equilibrium concentrations in chemical reactions. In this 
manner, M. Saha 1 derived an equation for the case of dissociation into a singly 
charged ion and electron which has the form, 


p+p 23054 V i 

In K p = In-= - —~- -F % hi T + B, (16.02) 

p n i 

where p 4 ", p~ and p represent the pressures of positive ions, electrons, and 
undissociated atoms, respectively; R is the molar gas constant and B is a 
“chemical” constant. According to R. H. Fowler, 2 3 


| (2x m) m k* 12 I 

I 


"t~ In 6 V , 


(16.63) 


where G — gcQilgo and g e , gi and g () arc the “ weights" for the electron, positive 
ion and neutral atom respectively. Replacing R in equation (16.62) by the 
value 1.9869 cal. deg. -1 mole" 1 , k, m and h by their corresponding values, and 
converting to ordinary logarithms, this equation assumes the form, 

( a 2 p \ _ 5040 F,- 

log K p = log ( —'— ) - log G + 1.5231 + H log T - — - , (16.64) » 


where a — degree of dissociation at pressure p, in dynes cmr 2 

In terms of concentration (n) expressed in atoms (ions, or electrons) per cc., 
the equilibrium constant is given by the relation 

log Kn = log = lo K K P ~ Io S (kT > 

5040 Ff 

= log G + 15.3831 + : H log T - y— • (16.65) 

1 Proc. Roy. Soc., [A], 99, 135 (1921). This equation has also been discussed very fully 
by F. M. op. cit., Chapter X, and in ref. R. C., p. 147. 

2 Statistical Mechanics, 2d ed., p. 372, Univ. Press, Cambridge, England (1936). 

3 Since 1 atm. * 1.01325 X 10* dynes cm. -2 , the second term on the right-hand side of 

this equation is equal to 7.5174 for p in atmospheres, and to 4.3982 for p in mm. of Hg at 0° C. 
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This relation has been verified by I. Langmuir and K. H. Kingdon 1 from meas¬ 
urements on the ionization of cesium atoms which strike the surface of tungsten 
or thoriated tungsten filaments at high temperatures. In this case Vi = 3.88 
volts, g e = go = 2 and gi = 1 and hence (7 = 1. Consequently equation 
(16.65) reduces to 


log K n = 15.3831 -f 2 log T - 19530/7 7 . 

Thus for T — 1200° lv., K n — 5.34 X 1() 3 , and for n 0 corresponding to 10~ 2 
dyne cm. -2 , the degree of dissociation is 0.00095, that is, about 0.1 per cent. 

Further work on the thermal ionization of vapors has been carried out by 
T. J. Killian 2 with rubidium and potassium, by E. Meyer 3 with potassium, by 
N. Morgulis 4 with sodium, and by B. N. Srivastava with barium 5 and stron¬ 
tium. 6 In all cases the results agree, within the limits of experimental errors, 
with the theoretical relations. 

Equation (16.64) shows that a increases with increase in temperature and 
with decrease in pressure. For low values of a , this equation may be expressed 
in the form, 

2 log a = log G — 6.4826 — log p + log T — 5040 Vi/T t (16.66) 
where p is expressed in atmospheres. 

For double ionization P. D. Foote and F. L. Mohler have derived a similar 
relation, 7 while R. II. Fowler has given more general expressions for still higher 
stages of ionization/ 

Tables 16.12 and 16.13 give the percentage dissociation of calcium and 
atomic hydrogen at a series of temperatures and pressures, as deduced by means 
of equation (16.64). The values of T,, g l} g 0 and G for these two elements are 
as follow's: 


! 

(Ji 

(Jo 

G 

H. 

13.59 

2 

2 

2 

Ca. 

6.11 

1 i 

2 

1 

4 


The values of 5040 F, for calcium and hydrogen are 30,790° and 68,480° K. 
respectively, the ratio being 2.22, and it will be observed that to obtain the same 

1 Proc. Roy. Hoe., [A], 107, 61 (1925). 

2 Phys. Rev., 27, 578 (1926). 

3 Ann. Physik, 4, 357 (1936). 

4 Phys. Z. Sowjetunion , 5, 221 (1934). 

6 Proc. Roy. Son., [A], 175, 26 (1940). 

4 Ibid., 176, 343 (1940). 

7 Eef. F. M., Chap. VII. They used the value 6.69 instead of that given in equation 
(16.66). 

8 Op. cit., Section 15.31. 
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TABLE 16.12 

Thermal Ionization of Calcium Expressed in Percentage 


T 

P = 1 

10“2 

io-“ 

10 -6 atm. 

2,000 

3.1 X 10~ h 

3.1 X 10~< 

3.1 X 10~ 3 

3.1 X 10-2 

3,000 

1.87 X 10- 2 

1.87 X 10-i 

1.87 

18.3 

4,000 

5.18 X 10" 1 

5.18 

46.0 

76.7 

5,000 

4.02 

37.3 

97.0 


7,500 

57.9 

91.4 

Ionization > 99 

10,000 

95.8 





TABLE 16.13 

Thermal Ionization of Hydrogen Expressed in Percentage 


T 

P = 1 

10-2 

10" 4 

10"° atm. 

5,000 

5.41 X 10~ 4 

5.41 X 10* 

5.41 X ID" 2 

5.41 X 10-i 

7,500 

1.54 X 10-* 

1.54 

15.2 

83.9 

10,000 

3.06 

29.3 

95.0 


12,500 

19.2 

i 

88.9 

Ionization > 99 

15,000 

57.5 





degree of dissociation the temperature required in the case of atomic hydrogen 
is approximately t\yice that required for calcium. 

Such calculations of thermal ionization as a function of temperature have 
been used by R. H. Fowler and E. A. Milne 1 to deduce temperatures and pres¬ 
sures in the reversing layers of stellar atmospheres from observations on the 
intensities of absorption lines in the spectra emitted . 2 

(10) Other Methods of Excitation and Ionization: While excitation and 
ionization are most efficiently produced by electron impact, these effects may 
also be brought about by collisions between ions and neutral atoms and even 
by collisions between neutral atoms, if their relative energy exceeds a critical 
value. 

Ionization of neutral atoms by high speed ions sets in at a definite potential 
(which is considerably higher than the value for ionization by electrons), in¬ 
creases linearly with voltage for a certain range, passes through a maximum, 
and then decreases very slowly with further increase in voltage. 

1 Fowler, op. cit ., Chap. XV. 

2 See also remarks by F. M., op. cit., p. 170 et. aeg. 
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The ionization of rare gas atoms by alkali ions with velocities in the range 
100 to 600 volts has been determined by a number of investigators. 1 In general 
the threshold value for ionization varies, according to Varney, from 77 volts 
for Cs + in xenon to about 400 volts for Li 4 and Na + in krypton. The threshold 
values observed by previous investigators are apparently somewhat higher. 
For Cs + ions with an energy of 500 volts, the number of ions per unit path 
length at 1 mm. pressure, in xenon, may be as high as 3.11. 

Of the experimentally observed ionizing energy, the fraction nii/(m a -f m t ) 
is necessary for conservation of momentum and energy, and the fraction 
m a /(m a + mi) is available for ionization. In these expressions m a = mass of 
atom, mi — mass of ion. According to Varney, 2 “the reduced energy thus 
obtained for an ionizing collision between an ion having A electrons and an 
atom with B electrons was almost identical with that obtained when the ion 
had the B electrons and the atom had A electrons.” Furthermore, it was ob¬ 
served that “the reduced energy was less when an ion and an atom had the 
same number of electrons than when they had different numbers.” Another 
interesting result observed is that the ionization of other than the rare gases 
by positive alkali ions is not more than about 1 per cent of that obtained with 
K * in A. 

In the second paper referred to above, Varney has also investigated the 
ionization of rare gases by their own ions. The high efficiency of ionization of 
rare gases by their ions was first observed by Kallmann and Rosen 3 and 
Varney’s results are in agreement with these observations. The threshold 
values for ionization in the four gases investigated were as follows: 

Observed V alues Reduced Values 


Ne in No 7i volts 37 volts 

A in A.48 24 

Kr in Kr, 40 20 

XeinXe .35 17.5 


As Varney remarks, “These values are surprisingly low, being in each case 
only a few volts above the actual ionization potentials of the gases. . . . The 
results are almost half those for the alkali ions in the noble gases.” No ioniza¬ 
tion was observed of one gas by neutral atoms of another gas, where the neutral 
atoms were obtained by first neutralizing the ions in one chamber and then 
letting them enter a second chamber containing the different gas. 

Closely allied to the phenomena of ionization of neutral atoms by high 
speed ions is that of electron transfer between slow speed ions and atoms. 
Following up earlier observations by Harnwell 4 on discharges in mixtures of He 
and Ne, which could be interpreted by assuming that He + and Ne may inter- 

1 R. N. Varney, Phys. Rev., 47, 483 (1935). This gives references to the work of previous 
investigators on this topic. 

* Phys. Rev., 50, 159 (1936). 

* Z. Physik, 61, 61 (1930). 

* Phys . Rev., 29, 683 (1927). 
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change electrons, thus producing Ne + and He, other investigators made similar 
observations in other cases. F. London 1 has discussed this effect, which has its 
analogy in the reaction, 

Hg (excited) -f Na—» Xa (excited) -f Hg, 

as a bimolecular reaction, for which the probability of occurrence may be 
deduced from the wave functions for the two particles. Also Ii. Kallmann and 
B. Rosen 2 have shown by application of the mass spectrograph that such energy 
transfers may occur not only between, say, A and A + , but also between A ++ 
and A + . In the case of collisions between A + ' + and A, F. Wolf 3 has concluded 
from observations made by the same method that transfer of two electrons is 
highly probable . 4 

As is well known, canal rays and high speed protons and deuterons produce 
both excitation and ionization, and similar results are observed w r ith alpha 
particles. 6 

The production of light as a result of recombination of ions and electrons and 
the reverse process, that is, the ionization of atoms or molecules by light 
(photo-ionization) has been discussed by F. L. Mohler. 6 

We shall consider first the phenomena associated witli recombination. 
The rate of recombination follows a law of the form 


— dni/dt — vq(v)mn e = an{n e , (16.67) 

where n t - and n e denote concentration of ions and electrons respectively, v is the 
relative speed of the electron, q(v) — t a 2 is the “target area,” and a is the 
coefficient of recombination. 

The frequency, v, of radiation emitted as a result of the collision is given 
by the relation 

hv — hvi -f Vi mv 2 , (16.68) 

where Vi — ( ejh)Vi , and the term M mv 2 is the kinetic energy of the colliding 
electron. Since, in general, the electrons have a Maxwellian distribution, 
corresponding to a continuous range of values of v, the radiation emitted ex¬ 
hibits a continuous spectrum extending towards higher frequencies beyond vu 
that is, towards the violet and ultraviolet. Such spectra have been observed 
quite frequently in electric discharges in hydrogen and other gases and vapors. 

*Z. Physik, 74, 143 (1932). 

*Ibid., 64, 806 (1930); 61, 61 (1930). 

* Ann. Physik, 34, 341 (1939) and preceding papers. 

4 See also further remarks by E. J. B. W., op. cit.. Chap. 3. 

6 See review by W. Hanle and K. Larch6, pp. 198-203, Handbuch der Radiologie, vol. 6, 
part 1 (1933). More recent work in this field has also been reviewed by Hanle in Die Physik, 
6 , 33 (1938). 

*Phys. Rev. (Supplement), 1, 216 (1929). See also A. v. Engel and M. Steenbeck, 
Elektrische Gasentladungen, pp. 211-223, Julius Springer, Berlin (1932). 
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Instead of recombining to form an atom in the normal or ground state, the 
ion and electron may give rise to an excited atom. If v c denote the frequency 
corresponding to a transition from this level to the normal, a continuous spec¬ 
trum is observed extending over a range of frequencies beyond this value. 

As Mohler states, “ Various lines of evidence indicate that under most low- 
pressure discharge conditions recombination in free space is negligible compared 
to loss of ions by diffusion to walls and electrons.” But under certain special 
conditions recombination spectra are obtained. “The intensity I(v)dv , in 
a continuous band at a given frequency interval beyond the limits depends on 
the concentration of electrons of the corresponding speed, on the concentra¬ 
tion of ions, and on the recombination coefficient for capture into the level 
concerned. Since the number of quanta emitted in unit volume equals the 
number of recombinations, we have corresponding to equation (16.G7), 

I(v)dvjhv = vq(vvi)niji e F(v)dv, (16.69) 


where q(vvi) represents the ‘ cross-section ’ for recombination, which is a function 
of v and v } and F(v)dv gives the fraction of the electrons in a range corresponding 
to dv.” 

Measurements by Mohler on the intensity of the radiation beyond the 2 P 
limit of cesium show that 


vq(v, 2 P) 


C i__ 

— Vi v 2 v 2 


(16.70) 


where C\ and C 2 are constants. 

This relation gives the variation with frequency and kinetic energy of 
electrons, in the value of the coefficient of recombination, and shows that the 
value of this coefficient decreases with both increase in frequency and increase 
in electron temperature (since this is a measure of v 2 ). The effective collision 
area for capture of 0.2 volt electrons into a 2 P level is 6 X 10~ 21 cm. 2 , which 
is considerably less than the kinetic theory cross-section (about 10~ 16 cm. 2 ). 
This indicates that the efficiency of light emission as a result of recombination 
is extremely low. 

The reverse reaction, which may be written in the form 


hv -f atom —* ion + electron, 


has also been investigated. On the basis of the principle of microscopic re¬ 
versibility, there should be a relation between the absorption coefficient for 
radiation ( k ) of frequency v > Vi and the cross-section for capture of electrons 
by ions. In the X-ray region, k varies as Z 4 X 3 where Z is the effective nuclear 
charge. The absorption coefficient for continuous radiation beyond the 
2 $i/ 2 limit for alkali metals, as measured by Mohler and others, is about 10” 19 . 

A direct determination of k has been made by Foote and Mohler from 
measurements of the current produced in an ionization chamber by a beam of 
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radiation of known energy flux (photo-ionization). Fig. 16.17 1 shows the 
relative sensitivity ( kjhv ) as a function of X for caesium vapor. The maximum 

occurs at the limit 3184 A, which cor¬ 
responds to 3.89 volts, the ionization 
potential of Cs. 

(11) Excitation of Inner Electrons: 

Closely allied to these phenomena of photo¬ 
ionization are some extremely interesting 
observations by H. Beutler 2 on the absorp¬ 
tion spectra obtained with metallic vapors 
and the rare gases in the extreme ultra¬ 
violet region extending from 1200 to 600 A. 
A continuous spectrum in this range is 
emitted, as J. J. Hopfield 3 has shown, by 
passing a condenser discharge in helium 
at a pressure of a few millimeters. 

In an ordinary arc discharge such as 
that in mercury vapor, the line spec¬ 
trum is due (as shown in Fig. 1.6) to excitation of one of the outer s-electrons 
in the configuration (5d) 10 (6$) 2 , and the terms obtained are represented by the 
configurations (5d) 10 6$-mZ, where l — s } p, d, - and m is the total quantum 
number associated with the electronic orbital. Such a spectrum Beutler 
designates by Hgj. As mentioned in a previous section, the transitions from 
the resonance states of mercury, that is X2537 and X1849, may also be observed 
as absorption lines when the vapor is exposed to radiation of these wave lengths. 
However, it is possible to excite one of the 5 d electrons and thus obtain transi¬ 
tions from terms corresponding to the configuration (5d) y (6s) 2 - ml, where l 
and m indicate the type of orbital. The spectrum obtained in this manner is 
designated by the symbol HgJ. 

That the series of terms in this spectrum are due to excitation of an electron 
in the d-shell is evidenced by the fact that the limits of the series are identical 
with terms in the spark spectrum of the atom. Thus in the case of Hg, this 
spectrum would be that of Hg n . 

Figure 16.18 4 illustrates the relation between the three sets of spectral 
terms for an alkali metal (configuration p 6 s). The system l a represents, in a 
condensed form, the four series of doublet levels observed in the arc spectrum 
of the atom, for which the limit corresponds to the configuration p 6 . 

On the other hand, if one of the p-electrons is excited to different s-states, 
the result is the system of terms, shown as I b , for which the limit corresponds to 
the removal of the p-electron, that is, to the configuration ph. 

1 Mohler, Phys. Rev. (Supplement), 1, 220 (1929). 

* Z . Physik, 86,496 (1933); 93,177 (1935) and in a number of other papers published during 
this period. A review of this work is given by A. G. Shenstone, Reports on Progress in Physics , 
5, 210 (1938). 

a Phys. Rev., 35, 1133 (1930); 36, 784 (1930). 

* Z. Physik , 86, 603 (1933). 
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Fig. 16.17. Relative Ionization of Cs 
as a Function of Wave Length of Incident 
Radiation. (The limit occurs at X corre¬ 
sponding to Vi = 3.89 for Cs) 
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The ground state for the spark system is the ionized alkali atom, which has 
the neon-like configuration p 6 . By excitation of one of these p-electrons, we 
obtain as the resonance state, the configuration p b s , and, by further excitation, 


the doubly ionized atom which is repre¬ 
sented by the configuration p 5 , as shown 
in the system of levels designated II. 

Thus we may obtain the limit p 5 s 
of the system I b in two ways: (1) By 
ionization we pass from p 6 s to p fi , and 
then excite one of the p-electrons of the 
ion to state p 6 s. (2) As a result of ab¬ 
sorption of a quantum of sufficient mag¬ 
nitude we get from p 6 s to p 6 s directly. 

Let us now consider a configuration 
of the type d l0 s 2 (such as that of Zn, Cd, 
or Hg). In this case we can again ob¬ 
tain the configuration dV in two ways: 
(1) By absorption of a quantum we can 
pass directly from one state to the other. 
This is analogous to process I b in the 
previous case. (2) By ionization of d l0 s 2 
we obtain d l0 s, and then by excitation 
of a d-eleetron we obtain the state dV. 
This may be designated process IP, since 
it is essentially an application of process 
I b to the ion, instead of to the neutral 
atom. Hence, in presence of two s-elec- 
trons, the limit of the I b spectrum is iden¬ 
tical with a term in the IP spectrum. 

In the case of Zn (3d 10 4s 2 ) we would 
expect, therefore, a series of absorption 
lines converging to a limit corresponding 
to the energy of removal of a 3d electron. 
These series would be associated with 
terms of the spectral type 3d 9 4^ 2 -mp. 
Using Hopfield's continuum in helium, 
Beutler has actually observed the series 
of lines corresponding to the transitions 
(3d lf) 4s 2 )^ 0 - (SdHs-'mp) 3 Pi 3 ZV, 
where m varies from 4 to 12. “But,” as 
Shenstone remarks, 1 “there is no reason 
why we should confine ourselves to a con- 



P B s - - p e s 

Fig. 16.18. Illustrating Spectra Ob¬ 
tained by Excitation of Outer s-Electron 
(/°), of one of the Next Inner p-Electrons 
(I b ) f and of the 7 >-Eleetron in Ionized 
State (II) of Alkali Atom (Beutler) 


sideration of the 3d and 4 s electrons. The excitation of any other electron will 


lead to similar results. This means that the X-ray absorption spectrum of an 


1 fjttr. rii 
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element in the gaseous state should consist of a set of absorption edges, each 
one of which has on its long wave length side a series of absorption lines. An 
indication of such lines has been found by D. Coster in argon.” 

These observations show that X-ray and optical spectra are of in¬ 
trinsically the same nature. To illustrate this let us again consider 
the case of Zn, for which the complete configuration (as shown in Table 13.2) 
is 1 s 2 2s 2 2p G 3s 2 ‘Sp* ] 3d w 4s' 2 . Ordinary optical states are due to excitation of one or 
both of the 4s electrons. The terms in the arc spectrum converge to the limit 
which corresponds to the removal of one 4s electron. The first enhanced spec¬ 
trum is obtained by excitation of the second 4s electron. But, as described 
above, it is also possible to obtain absorption lines due to removal of one of the 
3 d electrons, and theoretically, at least, it should be possible to obtain other ab¬ 
sorption spectra which are associated with the removal of one of the 3 p or one 
of the 3s electrons, and so forth. This brings us into the X-ray region of ab¬ 
sorption spectra and it follows that the absorption edges which correspond to 
the removal of Li, Ln, Lm or Mi electrons and so forth, should exhibit a fine 
structure due to terms in the series for which these levels are the convergence 
limits. As Beutler points out, it is difficult to observe these lines because of 
the narrow region (only a few volts in extent) in which they occur. Never¬ 
theless, Coster and other investigators have actually obtained evidence for the 
occurrence of this fine structure near the absorption limits. 

It will be observed that the terms observed by Beutler (see Fig. 16.18) are 
above the normal ionization potential of the atom. We have thus a continuous 
spectrum upon which are imposed the discrete levels due to excitation of the 
inner electron. “Now,” as Shenstone points out, ‘‘if an atom finds itself in a 
discrete state above the ionization point, it can ionize itself automatically with 
no change in its angular momentum vectors if there is a continuum with ex¬ 
actly the same characteristics.” The probability of auto-ionization , as this 
effect is designated, will therefore govern the “life” (r) of these discrete states. 
However, this problem has not yet been considered to any extent, from the 
theoretical aspect. 

Beutler has observed series, similar to that described above for Zn, in the 
case of a number of other atoms, e.g. Ilg, Cd, Cs, Rb, Ti, A, Kr and Xe. 1 

Figure 16.19 2 shows the series of terms obtained in absorption for A, Kr 
and Xe, and the corresponding wave numbers represent the energy with respect 
to the ground states which correspond to the *$0 electron configurations 3p 6 for 
A, 4 p* for Kr, and 5p 6 for Xe. The ionization energies correspond to the 
2 / >0 3/2 terms, and the new terms between the latter and the 2 P° 1/2 terms corre¬ 
spond to a series of continua with sharp absorption edges. As will be observed 
these terms exhibit a diffuse structure and the lines associated with transitions 
from these terms to the lower levels show sharp absorption edges with pro¬ 
nounced shading towards the shorter wave lengths. The term 2 P° 1/2 represents 
a metastable state of the rare gas ion which results from the jj-eoupling of 

1 Details are given by A. S. Shenstone, loc. cit , 

*H. Beutler, Z . Physik, 93, 177 (1935). 
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V b m + S 1/2 and 7 A /2 4* (hi 2 , 5 / 2 . Of these terms only the two series for which 
J — 1 , can (combine with the normal ( p fi ) hS 0 term. 

Evidently these terms beyond the ionization limit are fairly stable with 
respect to the dissociation into an ion and electron. 



Fia. 16.19. Negative Terms Obtained for A, Kr and Xe by Absorption of Radiation 

in the Far Ultraviolet 


If one considers, as Shenstone points out, the possibilities of observing 
spectral series due to transitions of other electrons in the shells located between 
the outer or valence shells and the innermost (K t L, etc.) shells, it is evident 







400 


A TREATISE ON PHYSICAL CHEMISTRY 


that this line of investigation should yield an extremely interesting extension 
of our present knowledge in the field of spectroscopy. 

Incidentally, it will also be recognized that there is an intimate connection 
between the observations described above and those described previously in 
Section 15(3) which arise from transitions of two electrons. Thus, it should be 
possible, in the case of Zn to observe lines due to transitions from a state 
3(Ms 2 -mp to a state 3d 10 4s*n$. 

By analogy with the observations on absorption of resonance lines it would 
be expected that excitation of inner electrons to higher levels might be obtained 
as a result of electron impact just as well as by absorption. Some recent 
observations by A. H. Lee 1 on the energy losses of high speed electrons (ac¬ 
celerated by about 200 volts) in the vapors of zinc, cadmium and mercury, 
have been interpreted by him as due to the excitation of inner electrons by 
electron impact. The energy losses exceed the ionization potentials and the 
only simple explanation is, apparently, that the incident electrons excite some 
of the inner electrons to levels of the same type as those postulated by Beutler 
to explain his observations on ultraviolet absorption lines. This is illustrated 
by the data in Table 16.12. The nature of the transition is given in the second 
column, and the corresponding difference in energy in the third column. The 
last column gives the observed ultraviolet ionization potentials as deduced from 
the energy loss suffered by the impacting electrons. 

TABLE 16.12 


Element 

Ultraviolet Absorption Line 

Values in 

Observed 

Volts 

U.I.P. 

Zn 

3d 1() 4« 2 bSo - 3<P4.s 2 4p 3 Pi 

11.68 

11.50 

Cd 

4rfi°5tf2 bS 0 - 4d*5g*5p*Pi 

12.76 

12.80 

Hg 

5d'«6s 2 ><So ~ 5d 9 6s 2 6/) 3 Pi 

10.95 

10.98 


5d 10 6s 2 l $o - 5cPGs 2 7piPi 

13.06 

13.06 


Thus, in the first case, the incident electron excites one of the inner d-elec- 
trons and gives rise to a 3 Pi state. The energy required for this excitation from 
the ground ( l S 0 ) state as calculated spectroscopically is 11.68 volts, and actually 
there is an observed energy loss for the high speed electrons of 11.50 volts. 
It will be observed that the corresponding values of the normal ionizing poten¬ 
tials (that required to remove one of the 5-electrons from the ground state) for 
Zn, Cd and Hg are respectively, 9.39, 8.99 and 10.43. 

17. Magnetic Properties of Atoms and Ions in Relation to 
Spectral Type 

In section 4(3) the Stern-Gerlach experiments were described, which yield 
direct information on the magnetic properties of atoms in the normal state. 

1 Proc. Roy. Soc. [A], 173, 569 (1939). 
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For a state of quantum numbers, S, L and J t the component of the magnetic 
moment in the direction of the field is given by 


where 


fx = Mqub, 

eh 

Hb = Bohr magneton = -- = 9.2720 X 10 -21 erg gauss -1 , 

4?rmc ' ^ 


(3-29) 


M = J, J - 1, - * - 

and 

/(/ + 1) + 8{S + 1) - L(L + 1) 

, = i +- 27 ( 7 + 7 )-• (12 - n > 

Table 17.1 gives a list of values of \x as deduced by Stern and Gerlach for a 
number of elements investigated by them. It will be observed that these 
values are in agreement with the values of L, S and J assigned to the atoms on 
a spectroscopic basis. 

TABLE 17.1 


Atoms 

(nlfifi) Observed 

Spectral Terms 

Mg 

Zn, Cd, Hg) 

o 

LSo, *Po 

0 

Pd. Sn, Pb / 




H, Li, Na, Kl 

i 

2 *Sl/2 

± i 

Cu, Ag, An / 




T1 

H 

2 Pl/2 

±H 


It follows that in a magnetic field, atoms for which n is zero should be dia¬ 
magnetic, while those for which n is not equal to zero should exhibit paramag¬ 
netism. We shall therefore consider more fully the manner in which the 
paramagnetic susceptibility per atom, x, may be calculated for a vapor or gas 
constituted of paramagnetic atoms. At any given temperature T of the 
gas, the atoms will be distributed in the different states of quantum numbers M 
in accordance with the Boltzmann distribution law. That is, the fraction of 
the atoms in state M will be given by the relation 


where 


f M * C&u*' kT , 


C = 


1 

M 


(17.1) 

(17.2) 


and the summation is extended over all the possible values of M for each value 
of /, corresponding to the different multiplet levels. 
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By definition, 


X - H - 


and in the present case, this assumes the form, 

x = H Z'ewH.itr 

Me***& lkT 

“ if 


(17.3) 


Let us consider the case for wliicli hAv y the difference in energy between the 
lowest pair of multiplet levels (which are given by successive values of J) is 
large compared to kT. (Thus for T ~ 300, kT — 4.14 X 10~ 14 erg — 2.59 X 10 -2 
volt = 209 cm -1 .) Then the summation lias to be taken only over the M states 
for the lowest J level. Of these 2J -f 1 states, the lowest states, that is, 
those with negative values of M are more densely populated (because of the 
Boltzmann distribution law) than those with higher vaiues of M. 41 This 
means,” as Herzberg points out, 1 “that the atoms align preferentially with their 
magnetic moment in the field direction , as would be expected. The stronger the 
magnetic field, the greater will be the energy difference for the various orienta¬ 
tions in the field and, therefore, the greater the difference in the number of 
atoms occupying each state. For a given field, the difference in these numbers 
will be greater, the lower the temperature, since the arrangement of the atoms 
will be less hindered by unordered heat motion. The fact that in presence of a 
magnetic field, on the average, more atoms will align with their magnetic 
moments parallel to the field direction than antiparallel to it, results in a 
magnetic moment per unit volume (where n = number of atoms per unit 
volume) whose action is added to an external field and which can be determined 
experimentally. The gas is paramagnetic." 

We may now proceed with the derivation of what is known as Curie’s law. 
For values of ^/H <3C kT y that is, for those cases in which the energy associated 
with each of the 2J + 1 orientations in the field is small compared to the 
thermal energy kT (hence for values of T which are not very low), 2 equation 
(17.3) is reduced to the relation, 3 


(w**) J _ J J£ ± 

kT 2.7 + 1 " 3 kT 


(17.4) 


This may be written in the form, 


XT 


hbY-UJ + l) 
3 k 



(17.5) 


• Ref. G. H„ p. 205. 

* Thus for H = 10,000 gauss, pm must bo considerably less than 4.14 X 10~ 18 erg gauss" 1 , 
that is, less than 447 times mb- 

5 The remarks on the derivation of equations (17.4) and (17.5) are based on the compre¬ 
hensive discussion by E. C. S., op. cit., p. 285 et seq. 
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where y is the effective magnetic moment per atom, and C is a constant for 
any given gas or vapor. 

In terms of molar susceptibility , 


* = xN, 

where N is the Avogadro number; hence 

MW 2 

kT = * C "’ (17 * 6) 

where Cm = constant. 

Equation (17.0) which states that for any given paramagnetic gas, k varies 
inversely as T , is known as Curie’s law, and Cm is known as the Curie constant. 
It follows from equations (17.6) and (17.5) that, 

M = tISkCmIN = 10-“ X 2.593 Vc’v, (17.7) 

that is, 

Pii = m/mk = 2.799- ^V/(J + 1). (17.8) 

Therefore it is possible to deduce values of y from measurements of the 
Curie constant. 

While equation (17.4) has been verified within the limits of experimental 
error by measurements made on the vapors of alkali metals, the most important 
tests have been obtained from measurements on paramagnetic ions in solution 
and in crystals. For the lowest state of an ionized atom it is possible, as 
mentioned previously, to deduce the type of spectral term from a knowledge of 
the electron configuration, and consequently it is possible to calculate the value 
of the magnetic moment y, or the ratio y/yn. In the case of ions such as those 
of Na + , Ca ++ , 0 , Cl", and so on, the electron configuration is the same as that 

of a rare gas atom, and consequently y = 0. However, in the case of elements 
of the first long period, where the added electrons enter into 3 d or 4 p shells, 
and in the case of the rare earths, where the added electrons enter into 4/ 
shells, the value of J for the ions is not equal to zero. Consequently these ions 
should exhibit paramagnetic susceptibility,—a conclusion which was first pointed 
out by A. Sommerfeld 1 and verified on the basis of existing observations. F. 
Hund 2 also applied these considerations to the calculation of the magnetic 
moments of ions of the rare earths and showed that the experimentally observed 
values of x are in very good agreement with those derived by means of equa¬ 
tion (17.4). 

For instance, the configuration of Gd (see Table 13.2) is as follows: 46 
electrons in shells Is to 4 d, 7 electrons in shell 4/, 8 in 5s and 5 p, 1 in 5 d and 2 
in 6s. The configuration of the tervalent ion, Gd 3+ is obtained by removing 
the last three electrons. For the electron configuration thus obtained (in 

1 Z . Physik, 19, 221 (1921); see also Atombau, pp. 630-643. 

Physik , 33, 855 (1925); see also Linienspektren, p. 179. 
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which onty the 4/ shell is incomplete), the spectral term is 8 & 7 / 2 , and the corre¬ 
sponding value of pb as deduced by Hund from equation (17.8) is 7.94. The 
corresponding experimental value is 8.0. Table 17.1 1 gives a comparison 
between calculated and observed values of pn for ions of the rare earths. 

TABLE 17.1 

Susceptibility Values fok Tekvalent Ions of Rare Earths 


Trivalent 

Ion 

V/ 

Ground 

State 

Pu (theor.) 

PB (exper.) 

a 

II. 

V.V.-F. 


La . 

0 

LSo 

% 

0.00 

0.00 

diamag. 

(>. 

1 

2 F r,/2 

fi 7 

2.54 

2.56 

2.41 

2.5 

Pr. 

2 


4r' 

3.58 

3.62 

3.5 

3.6 

Nd. 

3 

*/•/ 2 

Hi 

3.62 

3.68 

3.5 

3.7 

11 . ... 

4 

b l A 

H 

2.68 

2.83 

— 

— 

Sm. 

5 

*#5/2 

M 

0.84 

1.55 

1.5 

— 

Eu. 

6 

7 Fo 

96 

0.00 

3.51 

3.6 

— 

Gd. 

7 


2 

7.94 

7.94 

8.0 

7.9 

Tb. 

S 


96 

9.72 

9.7 

9.5 

9.7 

Dy. 

9 

"Hh/2 

% 

10.65 

10.6 

10.7 

10.5 

Ho. 

10 


% 

10.61 

10.6 

10.3 

10.5 

Er. 

11 1 

*1 16/2 

H 

9.58 

9.6 

9.5 

9.6 

Tu. 

12 

3 //e 

Jo 

7.56 

7.6 

7.3 

7.3 

Yb. 

13 

2 F 7/2 

H 

4.54 

4.5 

4.5 

4.5 

Lu. 

14 

LSo 

% 

0.00 

0.00 

diamag. 


The second column gives the number of electrons in the 4/ shell, and the 
fourth column, values of g calculated by means of equation (12.11). Under ps 
theoretical, the values deduced by Hund are given under H., while those de¬ 
rived by Miss A. Frank 2 using a relation derived by J. H. Van Vleck 8 (which 
is given below) are given under V. V.-F. Two sets of experimental values as 
derived by different investigators are given in the last two columns. 4 It will 
be observed that except in the case of samarium and europium, Hund’s predic¬ 
tions are in agreement with the observed values. 

In order to account for the discrepancy between theoretical and observed 
values in the case of europium and samarium it is necessary to note that Hund’s 
equation (17.4) is based on the assumption that the energy difference between 
multiplets corresponding to different values of J is large compared to kT . 
Under these conditions it was necessary to consider only those orientations in 
a magnetic field which are due to that value of J corresponding to the lowest 
energy state of the multiplet levels. However, if the levels associated with 

1 F. Hund, op. dt., p. 179, also in revised form in ref. E. C. S., p. 299 and ref. G. H., p. 209. 

*Phy&. Rev., 39, 119 (1932); 34, 1494, 1625 (1929). 

*J. H. Van Vleck, The Theory of Electric and Magnetic Susceptibilities, Chap. IX, 
The Clarendon Press, Oxford (1932). 

* For references see ref. E. C. 8. 
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different values of J are close together, so that the values of the intervals , hAv, 
are comparable with that of kT , then there will be a considerable number of 
particles in each of the multiplet levels. As a consequence, the summation in 
equation (17.3) has to be extended over a larger number of states than those 
associated with the lowest value of J. The formula derived on this basis, by 
J. H. Van Vleck is quite complicated, but assumes relatively simple forms for 
two special cases. 1 

First, for values of hAv kT, the magnetic moment per atom in terms 
of i±b is given by the relation, 

Pb" = VL(L + 1) + 4*S r (*S t -f“ 1), (17.9) 

which applies only to free ions. 

Second, the interaction between spin and orbital momentum may be com¬ 
pletely removed by the interatomic field (which occurs in crystals). Then, 
the last equation reduces to the simple relation, 

/>*"'=. ViSfCS+T). (17.10«) 

For n impaired electrons, S = n/2. Hence the last equation may be written 
in the form 2 

Pb'" = Vn(« + 2). (17.106) 

By applying equation (17.9) it was possible, as shown in Table 17.1 to 
account for the discrepant results obtained for samarium and europium by 
means of Hund’s relation. 

In the case of divalent and tervalent ions of the second long series (from 
scandium to zinc) the relation deduced by Van Vleck leads to values of p which 
are in much better agreement with observed values than those deduced by 
Hund’s relation. As shown by Pauling, 3 equation (17.106) yields, in general, re¬ 
sults which are in good agreement with those observed for the case of ions.of this 
series in solution, while the agreement in the case of crystalline compounds is 
not so good. 

The existence of the crystalline field leads to a decrease with decrease in T 
of the “effective value” of the magnetic moment of the ion. Thus in the case 
of Sm 3+ ions in solids it has been observed that p eff. decreases from 1.55 pb 
at T = 293° K to 1.06/x/? at 74° K. As shown by A. Frank 4 the theory outlined 
above “can be applied only when the distortion by interatomic forces is neglig¬ 
ible, that is, the energy to ‘turn over’ an ion against interatomic forces must 
be small compared to kT.” The presence of this interatomic field causes a 
splitting up of the J levels in a manner which is analogous to that produced 
in “atomic energy” levels by magnetic fields (Zeeman effect). 

1 Ref. E. C. S. f p. 313. 

2 This is the form used by ref. L. P., p. 106. 

3 Op. dt„ p. 107, which gives values of p for the different ions. 

* Phys. Rev., 48, 766 (1936). 
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Incidentally it is of interest to note that Pauling has used the observed 
values of n for ions in solution and in solids as an aid in interpreting the nature 
of the bonds between atoms. 

While equation (17.5) indicates that x should increase as 1/T, this law ap¬ 
plies only at moderately high temperatures and for values of H that are not 
too high. For large values of H/T, that is, for strong fields and low tem¬ 
perature, x tends to reach a saturation value. An interpretation of this 
observation and an equation which accounts for it quantitatively was first 
developed by L. Langevin on the basis of classical theory and a modified form 
was derived subsequently on the basis of quantum theory. 1 

When a magnetic field is applied to a paramagnetic or magnetic substance 
there is a rise in temperature (magneto-caloric effect), and conversely there is 
a cooling on removal of the field, which varies as l/T and therefore becomes 
appreciable at temperatures near the absolute zero. This has been applied to 
produce temperatures below those obtainable by liquid helium. 2 

In conclusion it should be observed that on the basis of quantum mechanical 
considerations, W. Heisenberg, J. C. Slater and others have been able to deduce 
an interpretation of ferromagnetism. 3 While this theory is as yet able to 
account only approximately for some of the basic phenomena, it is a promising 
beginning towards a more intimate understanding of the extremely complex 
observations in this field. 

18. Hyperfine Structure of Spectral Lines 4 

In previous sections it has been shown that the ' k fine” structure of many 
lines can be adequately interpreted as due to multiplet levels, to which are 
assigned quantum numbers L, S and J. Under extremely high resolving 
power the individual multiplet components are observed to possess a still 
finer structure, in which the interval between lines may be of the order of 2 
cm.” 1 This splitting of a multiplet level into components which are extremely 
close to each other is known as hyperfine structure ( hfs ). 

Before proceeding to discuss the interpretation of these observations it is 
of interest to describe briefly certain refinements in spectroscopic technique 
which have made it possible to obtain the high resolution necessary for accurate 
determinations of wave lengths of hfs components. 5 

First of all, there is the improvement in gratings as a result of new tech¬ 
niques for ruling which R. W. Wood has introduced. Secondly, new sources 

1 J. H. Van Vleck, op. cit ., also ref. E. C. S. 

2 For discussion of the theory see ref. G. H., p. 210. 

3 For an elementary presentation the reader is referred to the paper by R. M. Bozorth, 
Tram. Am. hist. Elec. Engineers , 54, 1251 (1935); also ref. E. C. S., Chap. XI. 

* References: H. E. W., Chap. XVIII; G. H. ( Chap. V; P. G.. Chap. XI; A. C. C., Vol. 
2, Chap. XX; H. Kallmann and H. Schueler, Ergeb. exakt. Naturwiss., 11, 134 (1932); H. A. 
Bethe and R. F. Bacher, Rev. Mod. Phys., 8, 206-225 (1936). 

6 These remarks are based on the discussion by A. G. Shenstone, Reports on Progress in 
Physics , 5, 210 (1938). 
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have been developed for producing lines which are sufficiently fine for hfs 
analysis. The hollow-cathode tube originally used by Paschen for the excita¬ 
tion of spectra of gases and of low-melting-point metals was subsequently 
modified by H. Schueler and his collaborators into “the most powerful source 
of the excessively fine lines required in the examination of hfs.” 

The most important factor in causing broadening of spectral lines is the 
Doppler effect, which arises from the random thermal motion of the atoms. 
It can be shown, on the basis of the kinetic theory of gases, that owing to this 
effect the half-value width of a line is equal to approximately 10~ 6 \Vt/M, 
where M is the molecular or atomic weight of the radiating substance, and T, 
the absolute temperature. Hence, by cooling the discharge tube in liquid air, 
a considerable improvement is attained. However, still better results may be 
obtained, as shown by D. A. Jackson and II. Kuhn, 1 by application of the atomic 
beam method. The principle of this method, as described by these inves¬ 
tigators, is as follows: 

“If atoms evaporate' from the surface of a liquid and then pass through a long cool tube 
so that any atom striking the wall of the tube is removed by condensation, then there will 
emerge from the further end of the tube an atomic beam in which all the atoms are moving in 
directions which differ only by very small angles from that of the axis of the cool tube. If 
d and l be the diameter and the length of the tube through which the atoms flow, then the 
greatest angle' which the path of an atom can make with the axis of the tube is d/l, provided 
the number of atoms flowing through the tube is sufficiently small for there to be no collisions 
between atoms in the length of the tube. Now if these atoms are excited or allowed to absorb 
and the radiation or absorption is observed by means of a spectroscope the line of sight of which 
is at right angles to the direction of the atomic ray, then the Doppler width of the emitted or 
absorbed line will bo smaller in the ratio of d to / than that of a line emitted by the atoms with 
their normal random distribution of velocities at the temperature of the liquid from which the 
atoms are evaporating. For the component of the' mean velocity in the line of sight is only 
d/l of the total mean velocity. The width of the line is therefore equal to that given by a gas 
radiating or absorbing at a temperature of ( d/l)*T , T being the temperature of the liquid from 
which the atomic ray is evaporating. If, for example, the ratio of d to l is one to twenty the 
Doppler width of the emission or absorption line given by the atoms in the atomic beam is 
equal to that given by the atoms under normal gaseous conditions at a temperature four 
hundred times lower than that of the metal from which the atoms are evaporating. The 
atomic beam is therefore capable of giving lines which are very much narrower than could 
be obtained by working with a discharge lube cooled even to the temperature of liquid 
hydrogen.” 

R. Minkowski and II. Bruck 2 have shown by mathematical analysis that 
the shape of the line to be expected is not only quite different from that given 
by the usual Doppler formula, but also much narrower. 

In the case of the red Cd line, XG438.5, they obtained experimentally a 
width Av = 2.10~ 2 cm." 1 , corresponding to AX = 8.3 X 10~ 3 A. Jackson and 
Kuhn applied the method to the measurement of hfs in absorption for the reso¬ 
nance lines of K, and observed a separation of about 1.5 X 10" 2 cm. -1 for the 
pairs of lines. Using a beam of sodium atoms, K. W. Meiszner and K. F. 

* Proc. Roy. Soc ., [A], 148, 335 (1935). 

2 Z. Phyaik , 95, 274, 284 (1935). 
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Luffc 1 have observed the hfs of the lines in emission with an accuracy of 
± 5 X 10-* A. 

There are two causes which give rise to this type of structure: (a) the isotope 
effect , ( b) nuclear spin. 

(1) Isotope Effect: As mentioned previously, the Rydberg constant for any 
atomic species depends upon the nuclear mass in accordance with the relation 



where R * is the Rydberg constant for infinite mass (— 2T 2 me 4 /ch 3 ) and M and 
m denote the mass of nucleus and electron respectively. Hence the frequencies 
of corresponding spectral lines should be slightly higher for the heavier of two 
isotopes. 

The most important illustration of hfs of this type is that exhibited in the 
line spectrum of ordinary hydrogen, which is due to a mixture of the two iso¬ 
topes }H and H?. (It should be observed that the nuclear charge of an atomic 
species is indicated by a subscript at the lower left-hand corner, and the 
nuclear mass by the nearest integer, at cither the upper left-hand corner or 
upper right-hand corner of the chemical symbol.) In 1932 H. C. Urey, F. 
Brickwedde, and G. M. Murphy 2 showed that each of the Balmer lines has a 
very weak companion on the ultraviolet side which they interpreted as due to 
the presence of “heavy” hydrogen, ?H, which is customarily designated by 
the symbol, D (for deuterium). 

The atomic masses of H and D, on the basis 1C 0 = 16.00, according to R. 
T. Birge 3 are 1.00813 and 2.01473 respectively. Designating these atomic 
masses by mu and mo, the value of AX, according to equation (18.1), for corre¬ 
sponding lines (those having the same value of n in the Rydberg formula), 
should be given by 


A(l/\) = - AX/X 2 
= A R 


(?-?)• 


m H 


m mu 


m 


)■ 


mn mu 

Neglecting the difference between R& and Rn this reduces to the relation, 
\m(mu — mu) 

AX = — —--— = - 2.72 X 10~ 4 X. 

rnurnu 


Table 18.1 shows the wave lengths for the first four members of the Balmer 

i Ann. Physik , 28, 667 (1937); 29, 698 (1937). 

* Phya. Rev., 40, 1 (1932). 

* Communication to author, August 1939; see also Appendix. 
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TABLE 18.1 




H„ 

h 7 

H a 

X(H) 

0562.79 

4861.33 

4340.47 

4101.74 A 

— AX obs. 

1.79 

1.33 

1.19 

1.12 A 

— AX oalo. 

1.784 

1.320 

1.180 

1.115 A 


series for H, the values of — AX as calculated from the last equation, and for 
comparison the values of — AX observed for the same line in the spectrum of D. 

According to the best available data, the 11 abundance ratio” for H/D in 
water is normally about 6000, so that the lines due to D are extremely weak 
in the spectrum of ordinary hydrogen. 

A fine structure due to the isotope effect has also been observed in the 
following elements: 6 Li and 7 Li; 20 Ne and 22 Ne; 64 Zn, 66 Zn and f,8 Zn; Hg isotopes 
of mass 196, 198, 199, 200, 201, 202 and 204; **Pb, 206 Pb and 208 Pb; 203 T1 and 
206 T1. In all these cases, spectral terms due to heavier isotopes correspond to 
lower wave lengths than those due to lighter isotopes. For instance, for the 
ground term of Hg, the order of levels, starting with the lowest for 198 Iig, is 198, 
200, 202 and 204. The term value for the last named isotope is 494 X 10~ 3 
cm. -1 less than for 198 Hg; that is, the electron is more tightly bound by the 
nucleus of lower mass. 

According to G. Herzberg, 1 “A quantitative explanation of the isotope 
effect is not simple, since, with the exception of the H atom, it is not given 
merely by the altered Rydberg constant. A detailed, wave mechanical calcu¬ 
lation shows that, for the lighter atoms (Li, Ne and so forth), an explanation 
can be obtained on the basis of different masses alone and is at least of the right 
order of magnitude. However, for the heavier elements, the effect is traced 
back to the change of nuclear radius with mass.” 

(2) Effect Due to Nuclear Spin: Just as it has been found necessary to 
introduce the concept of electron spin to account for multiplet components 
observed under ordinary resolving powers, the suggestion 2 that the nucleus 
possesses an intrinsic angular momentum (with which is associated a magnetic 
moment) has led to an interpretation of a type of hyperfine structure which 
cannot be due to any isotope effect. For instance, elements which have only 
one isotope exhibit a hyperfine structure. Furthermore, the number and rela¬ 
tive differences in values of X for corresponding lines in different isotopes cannot 
be explained on the basis of a difference in mass alone. 

It is assumed, therefore, that the nucleus possesses an angular momentum 
of magnitude p — (h/2r) V/(/ + 1) where I is a nuclear spin quantum number 
which is a multiple of For the proton, / = and consequently this 
particle has the same angular momentum as the electron. In the case of the 

i Ref. G. H. t p. 185. 

8 W. Pauli, Naturwiss., 12, 741 (1924). H. N. Russell also made the same suggestion 
independently. 
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electron, the associated magnetic moment, as mentioned previously, is 


He = ~—V = 2/iflVs(s + 1) = 1.73 HB, 

2 me 

where p# = Bohr magneton. On the same basis, we would expect for the 
nucleus of mass M, a magnetic moment of magnitude 


Mr 


2e 

2 Me 


2i r 


V7(7 Vi). 


(18.2) 


For the proton, M = m p = 1830.6m, and I = 1*. Hence the corresponding 
nuclear moment should be 

" - ^ *<'+■> (is ' 3> 

= 2/i,\7(7 + lj, (18.4) 

where is designated the nuclear magneton. 

However, it has been found that the magnetic moments of the proton and 
of nuclei in general are greater than those indicated by equations (18.2) and 
(18.3). This is expressed formally by introducing the so-called nuclear factor 
gr, and defining the nuclear magnetic moment by the relation * 

Mv — 9ilv*> (18.5) 

where 

M« = ms/1837. (18.6) 

Since the values of gr are of the order of unity, it follows that the values of 

are about 1000 times smaller than that of the electron. 

In order to obtain the different hfs components of a spectral term, the 
procedure adopted is analogous to that used in deducing values of the vector ,/ 
from those of the vectors L and S for ordinary spectral terms. The vector I is 
combined with the vector J to give a resultant designated by the quantum 
number F , and the resultant total angular momentum of the atom a s a whole , i nclud - 
ing nuclear spin , is consequently given by the quantity (h/2v)^F(F + 1). As 
in the case of LS coupling, F can assume the values: 

F = / + ./ + /-1, •••, (18.7) 

For J < 7, there are 2J + 1 values of F running from I 4* J to I — .7, and 
for J > /, there are evidently 2/ -f 1 values of F. Just as the interaction of 
the L and S vectors leads to a precession about the axis of the vector J , so 

* The factor gj may be determined, as indicated below, from the magnitude of the spacing 
between hfs components and a knowledge of the wave functions for the atom in the given state. 
Furthermore, what is determined experimentally in the case of deflection measurements in 
magnetic fields (see below) is the magnitude of gi ** Hence p# gives the component 

of the magnetic moment in the direction of the field. 
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the interaction between the magnetic moments due to the nuclear vector J and 
that due to the electronic vector J leads to a precession about the axis of F as 
shown in Fig. 18.1. 1 This figure shows the preces¬ 
sion of the vectors I and J about F for the compo¬ 
nent F — 5 of a h F\ term with 7=2. In this case 
S = 2, L — 3 and J — 4. The relatively faster 
precession of L and S about J is shown by the 
dotted-line ellipse, and the very slow precession of 
J and / about F is shown by the solid-line ellipse. 

The interaction in each case is proportional to the 
cosine of the angle between the two vectors and thus 
leads to a difference in energy for two states associ¬ 
ated with different values of J or F. Only, since the 
nuclear magnetic moment is considerably less than 
that of the electron, the energy differences are also 
very much less in the case of hfs components. 

The same selection rule applies to F as to J. 

That is, 

AF = ± 1, or 0, 

F = 0 to F — 0 is forbidden. 

Also a similar rule applies for the relative magnitudes of the intervals 
between different hfs components of a spectral term. The interaction energy 
is evaluated in the same manner as that for LS coupling 2 by means of the 
relation 

IV = Vi'{F(F + 1) ~ /(/ + 1) - J(J + 1)1, (18.8) 3 

where A / is a constant of the same nature as a in equation (15.16) and A in 
equation (15.18). 

Figure 18.2 4 shows the application of this rule to a 2 7> 5 /2 level where / = ?*i. 
In this case, J = 5 V and the resultant values obtained by the interaction of 
the J and I vectors, as shown in the diagram at the extreme right, are F = 7, 6, 
5, 4, 3 and 2. The relative values of IV, as calculated by equation (18.8), 
are shown for each value of F, and the successive intervals, as will be noted, 
are in the ratio of the larger F values. For the two levels F and F — 1 the 
interval is 

AIV = “ {F(F +1) - (F - 1 )F\ - A'F. 

The application of the interval rule as well as that of the selection principle 
for F are illustrated in Fig. 18.3 6 which shows the hfs structure of the line 

1 ttef. G. H., p. 188. 

* See equation (15.16). 

3 For further details see Bethe and Bacher, loc. pit, 

* Kef. H. E. W., p. 355. 

3 Ref. P. G., p. 213; ref. H. E. W. f p. 357. 



Fig . 18.1. Precession of the 
Angular Momentum Vectors 
About the Total Angular Mo¬ 
mentum F for the Compo¬ 
nent F = 5 of a 6 Fj Term with 
7 » 2 
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Fia. 18.2. Vector Diagram Illustrating 
Graphically the Interval Rule for Hyperfme 
Structure. Specific example of a 2 Z)§ level 
where I = 9/2. 

if J, L and S in these equations are rep 


X4722 in bismuth, corresponding to 
the transition 6p 2 7s( 2 Si / 2 )-^ 6 p 3 (D 1 8 / 2 ). 
It should be observed that in this 
case the lower levels are “inverted.” 
Furthermore, the fine structure in Bi 
exhibits jj —rather than LS —coup¬ 
ling; hence it is possible to have the 
transition from a 2 S to a 2 D term. 
For the bismuth nucleus, I — %, and 
as seen in Fig. 18.3, while the in¬ 
terval rule is obeyed only approxi¬ 
mately, the number of components 
is in accordance with the selection 
rule stated above. 

Figure 18.4 1 shows a photometer 
curve for the hfs components of this 
line and of the spectral wave length 
region over which these extend. The 
relative intensities, which are indi¬ 
cated at the bottom, are in good agree¬ 
ment with those calculated from the 
equations for multiplet components 
zed by F , J and I respectively. 



-h\—► 


Fig. 18.3. Illustrating Selection and Interval Rule for hfs of X 4722 in Bismuth 


1 Ref. P. G., p. 213. 
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In a magnetic field, a space quantiz* 
of J for ordinary multiplet components 
ber Mr has to be introduced which is 
analogous to M. Thus 

M P = F % F-l, (18.9) 

and there are 2 F -f 1 states associated 
with the state F. The Landd ^-factor 
for the Zeeman effect is deduced for 
hfs components by a relation similar 
to that given in equation (12.11), ex¬ 
cept that ./, L and S in the latter are 
again replaced, as in the case of the 
equations for relative intensities, by 
F, J and 1 respectively. However, 
as Herzberg points out, 1 “In actual 
investigations, the Zeeman effect is 
scarcely ever observed, since the hy- 
perfine structure splitting itself is 
generally close to the limit of possible 
resolution.” 

In strong fields, the Paschen-Back 
effect is observed, as in the case of 
ordinary multiplet terms. Owing to 
the extremely weak coupling between 


ition of F occurs, exactly as in the case 
of a term. A magnetic quantum num- 



Fig. 18.4. Photometer Curve for hfs 
Components in Fig. 18.3 Showing Relative 
Intensities of the Six Components 


./ and I, this effect is obtained at much lower field strengths than for ordinary 
multiplet components. 2 The magnetic field destroys the interaction between 


7 and J and the resulting space quantization can be interpreted in terms of 
the two quantum numbers Mj and Mr, where 


Mj = M = J, / - 1, • • •, — J 

and 

Mj — ./, 7 — 1, • • *, —I. 


Thus, in a strong field, each term in a multiplet is split up into 27 + 1 
components, whereas in absence of nuclear spin the number of components 
would be 2J + 1. Table 18.2 shows the changes in splitting up produced in 
a term with J - y 2 , I « % as the magnetic field is increased. It will be ob¬ 
served that the total number of components remains the same for both weak 
and strong fields, as in the case of ordinary inultiplets, but in strong fields they 
are located symmetrically in two groups, each associated with a value of M and 
containing 27 + 1 = 4 components. Thus by counting the total number of 
components in a magnetic field, the value of I can be derived. 

1 Ref. G. H., p. 192. 

2 Usually designated as the Back-Goudsmit effect in hfs. See ref. H. E. W., p. 376. 
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TABLE 18.2 


Weak Fields 

Strong Fields 

F = I + J 

M f 

Mi 

£ 

1 

* 

11 

•~a 

2 

+ 2 

+ n 

+ Yi 


+ 1 

+ V2 



0 

- H 



- 1 

-?2 



- 2 

-H 

- h 

1 

- 1 

-H 



0 

+ V 2 



+ 1 

+ % 

: 


It follows that the total statistical weight of a term with a given value of J is 

(2 J+ 1)(2 / + 1), 

if nuclear spin is included. However, since the factor 27 -b 1 is the same for 
all states of an atom, this result does not affect the calculation of relative 
intensities as described in a previous section. 

(3) Determinations of 7, g and p for Nuclei: 1 One method for the determnia- 
tion of 7 has been indicated above; another method is as follows. Usually 
the J values are known. If now the terms of a hypermultiplet can be arranged 
in a square array in such a manner that corresponding values of F are deter¬ 
mined, then, in accordance with equation (18.7), the value of 7 is also deter¬ 
mined. From the observed values of the wave number intervals between hfs 
components it is then possible by means of equation (18.8) to calculate gi in 
a number of cases for which the exact form of the function A' is known. Ex¬ 
pressions for this function, which are similar to those for the separation of 
ordinary multiplet components, have been derived on the basis of wave me¬ 
chanics, by g. A. Goudsmit 2 and E. Fermi and E. Segre. 3 Since hn = n»gil, 
it is thus possible to derive a value of /xy. 4 

The nuclear spin may be determined from the number of components 
observed in the Zeeman effect, as described above. 

Observations on the relative intensities of lines in band spectra have also 
been used. The theory of this method is described by Bethe and Bacher 3 as 

1 Besides the references given above, the discussion on “Nuclear Moments'' by H. A. 
Bethe and R. F. Bacher, Rev. Mod. Phys., 8, 206 (1936) should be consulted. 

* Phys. Rev v 44, 636 (1933). 

3 Z. Physik, 82, 729 (1933). See also discussion of these formulae by H. A. Bethe and 
R. F. Bacher, loc. cit. 

4 For an illustration of the application of this method see the publication by R. A. Fisher 
and E. R. Peck, Phys . Rev 55, 270 (1939) on the determination of g and /x for Mn, also 
T. Schmidt, Z. Physik , 108, 408 (1938). 

3 Loc. cit „ p. 207. The quantitative formulae are given on p. 214. 
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follows: “For diatomic molecules composed of like atoms it is found that the 
presence of nuclear angular momentum changes the statistical weight of the rota¬ 
tional states. For zero nuclear angular momentum we find that alternate lines 
of the bands are missing. With a nuclear angular momentum it is found that 
successive lines of the bands have an intensity ratio which depends on the 
magnitude of the nuclear spin. It is thus possible by studying the intensities 
in such molecular spectra to determine the nuclear angular momentum.” 

However, the most direct methods for the determination of nuclear mag¬ 
netic moments are those involving the deflection of atomic beams in magnetic 
fields. As mentioned in Section 12(3) such a method was originally devised by 
Stern and Gerlach for the determination of magnetic moments of atoms, and the 
principle has been applied directly by R. Frisch, I. Esterinann and O. Stern 1 
to determine the magnetic moment of the proton, for which the spin quantum 
number is A beam of hydrogen molecules is passed through a strong mag¬ 
netic field which has a steep gradient at right angles to the direction of the beam. 
The magnetic moment of the atom is determined from the amount of splitting 
of the beam by the field. Now ordinary hydrogen consists of 3 parts ortho- 
and 1 part para-hydrogen. In the former, the nuclear spins are in the same 
direction, and in the latter, in opposite directions. Hence for pure parahydro- 
gen (which is the stable form of H 2 at liquid air temperatures) any observed 
magnetic field splitting is due to the rotational momentum of the molecule. 
On the other hand, orthohydrogen splits into three components (correspond to 
the total spin 1), and from the observations on parahydrogen it is possible to 
introduce a correction for the rotational spin of the molecule. In this manner 
Stern and his associates were able to derive a preliminary value of fip = 2.5p«. 

Subsequently I. Estermann and 0. Stern 2 obtained by application of the 
same method, for the magnetic moment of the deuteron (the nucleus of ill), 
a value hd ~ 0.5 to 1.0/z s . From measurements of relative intensities of lines 
in the molecular spectrum of deuterium G. M. Murphy and II. Johnston 3 
deduced for the nuclear spin of the atom the value 1 = 1. 

More accurate values of up and iin were obtained by I. I. Rabi, J. B. 
Kellogg and J. R. Zacharias 4 in 1934 by deflecting a beam of neutral hydrogen 
or deuterium atoms by a weak magnetic field of extremely high gradient. In 
this weak field “the nuclear spin is only partially decoupled from the electron 
spin, and the nuclear moment can be evaluated by measuring the atomic 
magnetic moments of the magnetic levels.” Since the hydrogen atoms are in 
state 2 S U2 (J = Yi) and the nuclear spin is H, the number of magnetic levels is 
(2 J + 1)(2 1 4* 1) = 4. The relative spacing of the levels depends, as in the 
Zeeman effect, upon the magnitude of the nuclear moment. 

A radically new method of measuring magnetic moments of nuclei was 

i Z . Phyaik, 85, 4, 17 (1933). 

Rev., 45, 761 (1934). 

* Ibid., 46, 95 (1934). 

* Ibid., 46, 157, 163 (1934); see also, ibid., 50, 472 (1936). 
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described by I. Rabi and his associates 1 in 1939. In this “ molecular beam 
resonance method,” as it has been designated, the arrangement used may be 
described briefly as follows: 2 The beam of atoms is sent first through one 
inhomogeneous field at right angles to the direction of the beam and then 
through another field of oppositely directed gradient. Both fields arc of equal 
magnitude. “A molecular beam of the substance to be studied possesses a 
sigmoid path in these magnets and is focused on a suitable detector. A third 
magnet which produces a homogeneous field is placed in the region between the 
two deflecting magnets. In this strong homogeneous field the nuclear moments 
are decoupled from other nuclear moments and from rotational moments of a 
molecule in a state, and precess with their Larmor frequency, 


v — 


mHb 

hi 


(18.10) 


“An oscillating field perpendicular to the homogeneous field produces 
transitions to other states of space quantization when the frequency of this 
field is close to v. If such transitions take place the molecule is no longer focussed 
on to the detector by the subsequent inhomogeneous field and the observed 
intensity diminishes.” Thus the value of v given by equation (18.10) is de¬ 
termined by varying the frequency of the oscillating circuit until minimum 
intensity is observed on the detector—hence the designation of resonance 
method. 3 

Utilizing this method as well as the earlier magnetic beam method, Rabi and 
his associates have obtained significant results on the hfs of a number of nuclei 
and the values of the nuclear magnetic moments. 4 

Table 18.3 5 gives values of / and juv, expressed in terms of /u 8 , the nuclear 
magneton, as obtained by application of the resonance method, also a few other 
values taken from the tables published by H. A. Bethe and R. F. Bacher. 0 

While the discussion of nuclear structures is beyond the scope of this 
chapter, it is obvious that determinations of hn must be of great significance 
in connection with any theory of nuclear structure. On the basis of the theory 

1 1. I. Rabi, S. Millman, P. Kusch and J. R. Zacharias, Phys. Rev., 55, 526 (1939). 

2 This method is in a sense an elaboration of the procedure used by I. I. Rabi and W. W. 
Cohen (Phys. Rev., 43, 582 (1937)) for measuring the nuclear spin of sodium. The (2 J *f 1) 
levels were obtained in this case by passing the beam of atoms first through a field which 
decoupled nuclear and electronic spins, screening off all but one of these beams, and then 
splitting up the residual beam by a second relatively weak field into (2/ -f 1) components. 

a See S. Millman, Phys. Rev., 55, 628 (1939) for discussion of the method used for determi¬ 
ning the sign of jan. 

4 See references to Table 18.3, also the following more recent papers: 

N. A. Renzetti, Phys. Rev., 57, 753 (1940); 69 Ga and 71 Ga. 

P. Kusch, S. Millman and I. I. Rabi, ibid., 57, 765 (1940); ®Li, 7 Li, 89 K and 41 K. 

S. Millman and P. Kusch, ibid., 58, 438 (1940); «Na, »®Rb, 87 Rb and 138 Cs. 

* A table of values of y.v and I with references to original papers has also been published 
by T. Schmidt, Z. Physik , 108, 408 (1938). 

* Loc. cit., p. 216. 
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TABLE 18.3’ 


Atom 

Z 

J 

yy 

Reference 

’H. 

1 

x 

2.785 ± 0.02 

1 

2 H(D). 

1 

1 

0.855 ± 0.006 

1 

«Li. 

3 

1 

0.820 

2 

7 Li. 

3 

X 

3.250 

2 

Be. 

4 

V 

Negative 

8 

10 B. 

5 

1 

0.597 

3 

n B. 

5 

% 

2.682 

3 

»C. 

6 

Yl 

- 1.65 

9 

’ 3 C. 

6 

X 

1.13 

9, 10 

l3 N. 

7 

H 

- 0.75 

9 

“N. 

7 

1 

0.402 

4 

i»p. 

9 

X 

2.622 

2 

23 Na. 

11 

X 

2.216 

4 

47 A1. 

13 

X 

3.628 

5 

36 C1. 

17 

i>2 

1.365 

6 

3 «K. 

19 

?2 

0.391 

4 

83 Kr. 

36 

»2 

- 1 

B. B. 

86 Rb. 

37 

X 

1.345 

6 

87 Rb. 

37 

H 

2.741 

6 

113 Cd. 

48 

X 

- 0.65 

B. B. 

n8 In. 

49 

X 

6.40 

7 

isacs. 

55 

7 ' 

2.572 

4 

199 Hg. 

80 

X 

0.5 

B. B. 

201 Hg. 

80 

X 

- 0.6 

B. B. 

20S r pi. 

81 

Vi 

1.4 

B. B. 

205 r pj. 

81 


1.4 

B. B. 

2 ° 7 Pb. 

82 

X 

0.6 

B. B. 

209 Bi. 

83 

»2 

4.0 

B. B. 


1 References to Table 18.3: 

1. J. M. B. Kellogg, I. I. Rabi, N. F. Ramsey, Jr., and J. R. Zacharias, Phys. Rev., 56, 
728 (1939). 

2. I. I. Rabi, S. Millman, P. Kusch and J. R. Zacharias, ibid., 55, 526 (1939). 

3. S. Millman, P. Kusch and I. I. Rabi, ibid., 56, 165 (1939). 

4. P. Kusch, 8. Millman and I. I. Rabi, ibid., 55, 1176 (1939). 

5. S. Millman and P. Kusch, ibid., 56, 303 (1939). 

6. P. Kusch and S. Millman, ibid., 56, 527 (1939). 

7. S. Millman, I. I. Rabi and J. R. Zacharias, ibid., 53, 384 (1938). 

8. P. Kusch, 8. Millman, I. I. Rabi, ibid., 55, 666 (1939). Assuming I =* yN =* 
— 0.392; for 1 w - — 1175. 

9. M. E. Rose and H. A. Bethe, ibid., 51, 205 (1937). 

10. D. R. Inglis, ibid., 58, 577 (1940). 

In a paper by S. Millman and P. Kusch, Phys. Rev., 60, 91 (1941), more recent pre¬ 
cision measurements are given for many of the nuclei mentioned in the table. 


that nuclei are composed of neutrons and protons, table 18,4 gives the struc¬ 
tures and values of mv for a few of the lighter nuclei, where p denotes the 
proton, n, the neutron, and a, the alpha particle. 
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TABLE 18.4 


Nucleus 

Structure 

PN 

/ 

A/uy 

m . 

P 

2.785 

hi 


2 H(D). 

np 

0.855 

1 

- 1.93 

6 Li. 

anp 

0.820 

1 


"Li. 

anpn 

3.250 

H 

4- 2.43 

i°B. 

2 anp 

0.597 

i 


11 B . 

2 an pn 

2.682 

H 

+ 2.085 


The neutron, like the proton, possesses a half-integer spin, which accounts 
for the increase of in the value of I on addition of a neutron. However, in 
the case of Li and B, the addition of a neutron increases juy, while in case of 
D with respect to H, = — 2 approximately. The ratio pdIpp is equal to 
3.28 from the data given above, whereas from measurements of the velocity of 
conversion of ortho- into para-hydrogen, Farkas and Farkas 1 derived a value 
of 4. 

The following remarks upon the relation between magnetic moments of 
nuclei and structures are taken from the review on hyperfine structure by 
M. F. Crawford. 2 

“Recently,” he writes, “a rational theory of nuclear moments has been developed for 
light nuclei 3 (mass number between 6 and 16), using the individual particle model (Hartree 
model). By assigning quantum states and individual wave functions to each nuclear particle, 
one can calculate, in the same manner as for atomic spectra, the energy of the various terms 
which arise from any given configuration of neutrons and protons. The important feature 
for nuclear moments is to predict which of the spectroscopic states of the nucleus will be most 
stable. The nuclear magnetic moment can then be calculated from considerations as to the 
coupling of the spin and orbital momenta of the nucleus in the ground state. The calculations 
involve the same specific nuclear forces as are used in other phases of nuclear physics, and 
assume that the magnetic moments of the proton and neutron are not modified by the nuclear 
binding process. Thus the moments are predicted without any empirical adjustment of 
parameters.” 

On the basis of these quantum mechanical considerations it has thus been 
found possible to account for the observed difference in the values of /jln for 
6 Li and 7 Li, and for 10 B and n B respectively 4 and for other relations between 
values of pn for different nuclei. 

The presence of negative magnetic moments is another fact of interest in 
any such theory of binding between neutrons and protons. Bethe and Bacher 
have pointed out certain relations between values of p and the structure, but 
a more explicit theory of the nature of the forces between the two elementary 
particles is required before it will be possible to account ‘quantitatively for 

1 Proc. Roy, Soc ., [A], 152, 152 (1935). 

* Reports on Progress in Physics , 5, 227 (1938). 

* E. Feenberg and E. Wigner, Phys. Rev,, 51, 95 (1937); M. E. Rose,and H. A. Bethe, ibid., 
51, 205 (1937); D. R. Inglis, ibid,, 53, 470, 880 (1938). 

4 M. E. Rose and H. A. Bethe, loc. cit. 
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the observed values of nuclear moments. Furthermore, more accurate experi¬ 
mental values are necessary in many cases, since those available at present 
are based on more indirect methods, such as the investigations of intensities of 
lines in band spectra. 

19 . Quantum Theory of Valence 1 

(1) Types of Bonds: The chemist distinguishes different types of bonds. 
There is, first, the covalent bond, such as exists between the two atoms in H 2 , 
or between C and H in CII 4 , etc. The Lewis-Langmuir theory interprets this 
bond as involving the sharing of a pair of electrons by the two bonded atoms, 
which is designated by writing the molecular formulae in the forms, 

II 

11:11; H:C:H, and so forth. 

H 

Similarly double and triple bonds are represented by four and six shared 
electrons respectively, as in the formulae 

II . . IT 

; 0 : : C ; , and II : C : : : C : II. 

II II 

Secondly, we have the ionic bond, which results from the electrostatic 
attraction between two atoms or groups of atoms of opposite charges. A 
typical illustration is furnished by NaCl, which is ionized in solution and whose 
crystal lattice is constituted of Na + and Cl~ ions at opposite corners of a cube. 
Each sodium ion is held by the attraction of the six oppositely charged chlorine 
ions which are its nearest neighbors, and similarly each chlorine ion is held by 
six neighboring sodium ions. NaCl is often designated a polar compound, 
while IT 2 , CH 4 , etc., are known as homopolar compounds. As will be pointed 
out below, most compounds are neither purely polar nor purely homopolar, 
but represent transitions between these two types of bonding. In virtue of 
this, the binding energy is greater than it would be for a single type of bonding. 

In covalent compounds such as benzene, for which the organic chemist has 
postulated two or more different possible types of linkage of atoms, quantum 
mechanics has shown that there is an additional energy of binding, due to this 
possibility of interchange of electrons. This is known as resonance energy . 

The energy of binding of two hydrogen atoms cannot be accounted for 
quantitatively on the basis of any simple classical model for which the total 
energy is deduced from the sum of the energy of attraction between nuclei and 

1 References: W. G. Penney, The Quantum Theory of Valency, Methuen and Co., London, 
England (1935) (Ref. W. G. P.); J. H. Van Vleck and A. Sherman, The Quantum Theory of 
Valence, Rev. Mod. Phys. } 7, 167 (1935) (Ref. V. V. S.); L. P., op. cit.\ G. H., op. cit.; S. D., 
op. cit. 
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electrons and that of repulsion between particles of similar charge. As will 
be shown in the following section, such a calculation yields a value for the 
binding energy which is less than ten percent of that actually observed. A 
successful solution of this problem was first derived, on the basis of wave 
mechanics, by W. Heitler and F. London. 1 We shall therefore review this theory 
in the following section. 

(2) The Heitler-London Theory of the Hydrogen Molecule: Let us consider 
the system consisting of two protons A and B and two electrons (see Fig. 19.1). 
If the two atoms are completely separated, the energy of the system (zeroth 
order energy) is 2E 0t where E 0 is the energy of the hydrogen atom in the normal 

state. If electron (1) is attached to 
uuclens A and electron (2) to nucleus 
B, the so-called zeroth order eigen¬ 
function for the two atoms (com¬ 
pare the treatment of the helium 
atom problem) is 0(1)<£(2), where 


0(1) - V —, e-'Ai'- 0 , (19.1) 

0(2) - J— (19.2) 
* Trao 

where a 0 = radius of Bohr orbit, 
and r A1 and r B 2 are the distances 
shown in Fig. 19.1. 

But we may interchange the electrons and obtain for the same zeroth order 
energy an eigenfunction of the form 0(2)</>(l), where r A 2 replaces r A i in (19.1) 
and fBi replaces r B 2 in (19.2). The system is therefore degenerate , in the same 
manner as the excited state of the helium atom, and as in the latter problem it 
is found that the correct zeroth order eigenfunctions for the system must be 
the two functions, 



2 


Fig. 19.1. Illustrating Notation Used in 
Discussing Theory of Formation of Hydrogen 
Molecule. The nuclei of the atoms are desig¬ 
nated by A and B, the two electrons by 1 and 2 


and 


= 77=™, {*(1)0(2) + *(2)*(l)j 
■V 2 + 2,S' 2 

(19.3) 

- 2S i {*(D0( 2 ) -*(2)0(1)}. 

(19.4) 


Evidently 0«° is a symmetric function, since interchange of coordinates does 
not fchange the sign of the expression, while <t>s° is antisymmetric . In these 
equations S is a function of p = R/a 0 , of the form 


S = e“ p (l + p + Hp 2 ). 


1 Z. Physik, 44, 455 (1927). 


( 19 . 5 ) 
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When the atoms are at a distance from each other, p is very large, and 
consequently S is negligible. There is no interchange of electrons. But as p 
decreases, the frequency of interchange of electrons increases and its magnitude 
is given by ri/h, where rj is the interaction energy resulting from the coupling of 
atoms A and B. Fig. 19.2 shows a plot of S 2 as a function of p. 1 



Calculation, on the basis of wave mechanics, shows that the interaction 
energy is given for the symmetrical case by an expression of the form, 


Ejl+J 2 12 

1 + 9 


(19.6) 


and for the antisymmetrical case, by 

E u — El* 

V& — J _ £2 y 


(19.7) 


where E u represents the coulomb interaction of the electric charge distribu¬ 
tions, and E \2 corresponds to the exchange or resonance energy which arises 
from the possibility of interchange of electrons. 

Thus the quantum mechanics treatment of the problem leads to the con¬ 
clusion that two hydrogen atoms can interact in two different modes , and the 
fundamental reason for this is the fact that the two electrons are absolutely 
equivalent, so that it is impossible to distinguish between them. On the basis 
of classical considerations the total interaction energy would be E u . Quan¬ 
tum mechanical considerations lead to the introduction of the term ± E j 2 . 
Evidently both Eu and E i2 are functions of p, and Fig. 19.3 2 shows the results 

1 Ref. S. D., p. 322. 

* Ref. S. D., p. 315. 
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deduced by J. Sugiura , 1 which are more accurate than those derived previously 
by Ileitler and London. The values of v\ a (curve S) and rjp (curve A) are given 

in electron-volts,* as functions of the inter- 
nuclear distance. It will be observed that 
for values of R/a 0 > 1, 77 ^ is negative (in¬ 
dicating binding energy) and reaches a 
minimum value of — 3.2 electron volts for 
Ii = 1.52a 0 , that is, r — 0.80 X 10 ~ 8 cm. 
On the other hand, rjp is positive. Thus, r? a 
represents the lower energy state and must 
correspond to molecule formation , while rip 
must represent a repulsive, energy between 
the two atoms. Consequently, the sym¬ 
metric function <f> a ° represents a stable state y 
while the antisymmetric function, 4>p° rep¬ 
resents an unstable state. 

Figure 19.4 2 shows plots of the functions 
E i], E 12 , E 11 -f Ev 2 and E n — En in terms 
of kilocalories per mole. For comparison 
there is also plotted the potential energy 
curve deduced by P. M. Morse 3 from ob¬ 
servations on the band spectrum of II 2 . 
According to II. Beutlcr 4 the energy of disso¬ 
ciation as deduced from the band spectrum (that is, the minimum value of E) 
is 108,900 cal./mole, that is, 4.72 volts, and the corresponding value of R, the 
internuclear distance, is 0.749 X 10 ~ 8 cm. 

As shown in Fig. 19.4, E 12 is negative (over a large range of values of Rla 0 ) 
and represents a considerably greater binding energy than Eu. Furthermore, 
for all values of R/a Q > 1 , S 2 f as shown in Fig. 19.2 is less than 1 . Hence for 
R/a > 1 , Eu + E 12 is negative and En — En is positive. Actual evaluation 
of the expression for Eu shows that this has a minimum value of — 0.488 volt 
for R — 1.90ao* Since the corresponding value of S 2 is 0.347, it follows that 
— Enl(l -f- S 2 ) — 0.362 volts = 8350 cal./mole, which is about 11.3 per cent 
of the theoretical value calculated on the basis of the Heitler-London theory, 
and about 7.7 per cent of the total observed binding energy. 

l Z. Physik , 45, 484 (1927). 

* 1 e.v. = 23.055 kcal./mole. 

2 S. D., op. cit.y p. 316. 

3 Phys. Rev., 34, 57 (1929); E. U. Condon and P. M. Morse, Quantum Mechanics, McGraw- 
Hill Book Co. (1929). This curve is also discussed by S. D., op. cit ., Chap. XIII. As shown 
by Morse, the potential energy E, as a function of p = H/ao ,maybe represented very satisfac¬ 
torily by an expression of the form, 

E(p) = - 2Eoe- pp + Eoe-itP, 

where E 0 is the value at the minimum on the curve shown in the figure, and /3 is a constant 
the value of which depends upon the mass of the molecule and vibration frequency of the bond. 

*Z. physik. Chem . [B], 27, 287 (1934); 29, 315 (1935). 



Fig. 19.3. Energy as Function of 
Internuclear Distance for the Two 
Modes of Interaction of Two Hydro¬ 
gen Atoms; Curve S Corresponds to 
the Symmetric, and Curve A to the 
Anti-Symmetric Mode 
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“If there were no possibility of interchange of electrons between the two atoms, the total 
binding energy would be given by the minimum value of Eu alone, . . . which corresponds to, 
the interaction energy of the nuclei and electron charge distributions for each electron about 
their respective nuclei. However, as the atoms are made to approach there is an increase in 
the frequency of interchange of electrons, and this is taken into account by the exchange 
integral (E 12 ). 



Fia. 19.4. Plots of the Total Energy, Coulomb Energy and Exchange Energy as Functions 
of Internuclear Distance, for the Two Modes of Interaction of Two Hydrogen Atoms 


“A groat deal has been written about the non-classical nature of the term E 12 , and since 
this term accounts, as showm above, for a large part of the energy of formation of II 2 , a dis¬ 
tinction has been drawn between the types of forces involved in the two energy terms. Evi¬ 
dently such a distinction is only the result of the mathematical computation, for, as a matter 
of fact, the quantum-mechanical treatment recognizes that the only forces involved in the 
binding of two hydrogen atoms are those which arise from electrostatic attraction and repulsion 
between the four particles which constitute the system. The exchange integral is merely an 
expression of the physical requirement that the electrons in Ha cannot be regarded as localized 
about the nuclei with which they were associated in the separated atoms.” 1 

1 S. Dushman and F. Seitz, J . Phys. Chem ., 41, 233 (1937). 
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In the following section the reason will be discussed for the discrepancy be¬ 
tween the value of the binding energy deduced by the Heitler-London method 
and that observed experimentally. While this indicates that this treatment is 
incomplete, the very fact that the term E J2 accounts for a large fraction of the 
observed binding energy leads to the identification of the energy E 12 with that 
of the valence bond. We thus obtain a quantitative interpretation of the 
shared-electron bond postulated by Lewis and Langmuir. 



Fig. 19.5. Electron Distribution for Elastic Reflection of Two Hydrogen Atoms 

This is made even more evident from the plots of (4 > a 0 ) 2 and ( 0 /) 2 , which 
correspond to the densities of charge distribution for the two curves S and A, 
respectively, shown in Figs. 19.5 and 19.6. 1 These represent plots of the two 
functions in two dimensions. The density is constant for each curve and the 
numbers attached give the relative densities or probabilities of occurrence of the 

electrons. Fig. 19.5, corresponding to 
curve A, illustrates the elastic reflection 
which occurs when the two hydrogen 
atoms collide without molecule forma¬ 
tion. It will be observed that in this 
case the charge density is greatest for 
regions removed from the center of the 
line joining the two nuclei. On the other 
hand, Fig. 19.6, which corresponds to 
curve S, and represents the distribution 
for molecule formation ( homopolar com¬ 
bination), shows that in this case the 
electrons tend to occur for a large part 
of the time, in the region between the 
nuclei. 

“As in the case of the helium atom we must take into account electron spin. 
Let us designate the two spin functions and — by a and /3 respec¬ 
tively. Then the only completely antisymmetrical f unctions which can be ob¬ 
tained from the space functions <f> a ° and <j> 0 ° are the following: 

*.•{<*(1)0(2) - <*(2)0(1)}; (2m. = 0), 

V j <*(1)0(2) + <*(2)0(1)}; (2m. = 0), 

V<*(1)<*(2) and *,«0(1)0(2); (2m. - ± 1). 

1 F. London, Leipziger Vortrdge , 1928, pp. 59-84. 



Fig. 19.6. Electron Distribution for 
Hydrogen Molecule Formation 
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“ Since only the first of these involves <£ a ° and the other three involve <t>^ t 
it is concluded that molecule formation occurs only when the spins are anti- 
parallel. On the other hand, elastic reflection occurs when the spins are 
parallel, and the resulting total spin can then have the values +1, 0 and —1. 

“Thus we find that thefre exist three possible states in which the atoms 
repel each other and one state in which they attract each other and form a 
molecule. That is, when two hydrogen atoms collide there is a 25 per cent 
probability that this collision will result in the formation of a molecule. Fur¬ 
thermore, in the molecule, the spin of the two electrons must be antiparallel. 
For this reason the normal state of the molecule is designated spectroscopically 
as a singlet state O^), whereas the repulsive state is of the triplet type ( 3 2 w ).” 1 

(3) Method of Molecular Orbitals: As pointed out above, the simple 
Heitler-London theory leads to a value for the energy of formation of H 2 from 
its atoms, which is about 68 per cent of that observed experimentally. In 
seeking for an explanation of this discrepancy it is essential to note that, after 
all, the Heitler-London function may not be the best one by which to represent 
the charge density distribution which exists in the molecule. As discussed in 
Section 15(7) the most satisfactory form of <f>° is that which results in a minimum 
value of E, that is, the highest value of the binding energy for the two atoms. 
Since 

E = T + F, (19.8) 

where T and V represent the average kinetic and average potential energy 
respectively, the function </>°, or rather |</>°| 2 , corresponds in all cases to such a 
compromise between the values of T and V as will yieb /i minimum value for E . 

Now, from the fact that the Heitler-London treat* ..mt fails to give the 
correct value of E it must be concluded that the assumed form for <f> Q is not the 
most satisfactory one. And when the problem of the interact*,m of two hydro¬ 
gen atoms is considered in further detail it becomes evident that there are 
certain aspects which have not been taken into account by Iieitler and London. 

For one thing, as pointed out by N. Rosen, 2 the two atoms, when sufficiently 
close, must exert a polarizing effect on each other. That is, the charge-density 
distribution for each of them is distorted by the field due to the other. < v By 
choosing a form of eigenfunction which would take this into account, Rosen was 
able to deduce an increase in the energy of binding to 4.02 volts. ' 

Furthermore, in the Heitler-London treatment two other important effectsx 
have been neglected. 3 In the first place, no allowance has been made for the 
probability of the simultaneous occurrence of both electrons on the same 
nucleus. This would correspond to the two equally possible alternatives, 
A :B, that is, A+B"", and A: B, that is, A~B+. In other words, while the 
Heitler-London theory assumes a purely homopolar type of bond, it is con¬ 
ceivable that polar bonds are also present, or rather that the energy of binding 

1 Ref. S. D. t p. 319. 

*Phys. Rev., 38, 2099 (1931). 

? Ref. W. G. P., p. 18. 
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is due to a combination of both types of bonds. The manner in which the 
wave functions should be modified to take this effect into account is discussed 
below. 

In the second place, the Heitler-London method neglects consideration of 
the fact that the two electrons in H 2 possess anti parallel spins. Now two such 
unpaired electrons behave differently with regard to localization in the region 
between the nuclei from two electrons of similar spin. This effect has been 
described by J. C. Slater in the following remarks: 1 

“ An electron ,” he writes, "can keep other electrons away from it in two ways: 
by the exclusion principle, and by the repulsive forces coming from electro¬ 
statics. The first acts only between electrons of the same spin, and approxi¬ 
mately the same momentum, the second between any pair of electrons. The 
electrostatic effect is the one responsible for polarization, since this can take 
place before there is any real penetration of the charge distribution. The ex¬ 
clusion effect is primarily responsible for the formation of a hole around the 
penetrating electron. . . . The accurate calculations on the structure of the 
helium, almost the only case where the correlation between electrons of opposite 
spin has been very carefully studied, have shown that the probability of finding an 
electron of one spin near one of opposite spin decreases , though not to zero y as the 
two come together. The fact that there is a finite probability of finding them in 
contact, with an infinitely high potential energy, is compensated by the fact 
that they have an infinitely great negative kinetic, energy at this point, a 
possible thing in wave mechanics, though not in classical mechanics.” 

Thus, if we have an electron at a distance r from a second electron, then for 
small values of r the probability that the latter has opposite spin is greater than 
the probability for one of similar spin. As a result, there must be included in 
the expression for total energy, a so-called correlation energy which takes into 
account the effect due to the Pauli exclusion principle. 

Actually, it has proved difficult to use one-electron wave functions or 
atomic orbitals which satisfy all these requirements and F. Hund, S. R. Mul- 
liken 2 and others have developed an alternative method which is known as 
that of molecular orbitals . 

In this method the wave function expresses the motion of each electron in 
thtf field resulting from all the nuclei and the other electrons present in the 
molecule. The point of view is therefore analogous to that of Hartree in 
case of atomic systems. 3 

Instead of regarding the molecule H 2 as formed from two hydrogen atoms, 
we start with two protons at a given distance and consider the behavior of the 
system resulting from addition of one electron to form H 2 + and of a second 
electron to form H 2 . We therefore represent the eigenfunction for the mole¬ 
cule by 

^ = ^i(xiyiZi)\l/ 2 (x 2 y2Z2) f ( 19 . 9 ) 

1 Rev. Mod . Phy8. t 6, 209 (1934). See especially pp. 227-8; italics are due to the writer. 

* Rev. Mod. Phys 4, 1 (1932). See also ref. V. V. S. and ref. W. G. P., Chap. III. 

8 Discussion taken from ref. S. D., p. 330 et seq. 
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where a capital 'k is used, as Van Vleck and Sherman have suggested, to denote 
the molecular orbital, and small i/' corresponds to the wave function for each 
electron moving in the field due to the two nuclei and the other electron. 

Let <f )a denote the atomic orbital for the motion of one electron in the field 
of nucleus A, and </>b the atomic orbital with respect to nucleus B. Then 
equation (19.9) becomes 

= [o:</>a(1) + ^0b(1)][«</>a(2) + 0<£b(2)] 

- a 2 <* a (1)<M2) + /3 2 0b(1)^b(2) 

+ « 0 [> a ( 1 ) 0 b ( 2 ) + 0 a ( 2 ) 0 b ( 1 )]. ( 19 . 10 ) 

In this equation a and 0 are arbitrary parameters, and it will be observed that 
0a(1)0a(2) implies that both electrons are associated with nucleus A. Hence 
the first two terms on the right-hand side of equation (19.10) represent ionic 
states. On the other hand, the expression to the extreme right, in square 
brackets, represents a homopolar state, that is, the Ileitler-London or shared- 
electron bond. Equation (19.10) may be expressed more concisely in the form 

'k = a\pi + bypHU (19.11) 

where \pi designates the sum of the wave functions for the ionic state, and 
\Phl that for the homopolar state. Furthermore the relative probabilities for 
the occurrence of these two states are a 2 /(a 2 4- b 2 ) for the ionic and b 2 /(a 2 4~ b 2 ) 
for the homopolar state. 

The type of function represented by equation (19.11) is evidently more 
general since it signifies that the behavior of the system corresponds to a 
composite, as it were, of two different types of binding between the atoms. 
As a 2 l(a 2J rb 2 ) varies from 1 to 0, we pass from a completely ionic to a com¬ 
pletely homopolar type of molecule. Thus the old question as to whether 
HC1 should be represented by H : Cl or H + Cl“ is answered, from the point of 
view of quantum mechanics, by the statement that the best representation 
probably involves both types of bond. As Van Vleck and Sherman remark, 
“One great service of quantum mechanics is to show very explicitly % that 
all gradations of polarity are possible , so that in a certain sense it is meanin^ess 
to talk of such idealizations as homopolar bond, heteropolar bond, covalent 
bond, dative bond, etc.” 1 \ 

The introduction of ionic along with Heitler-London terms in the function >k 
represents an attempt to take care of electronic repulsion without having to 
introduce the so-called r ]2 term. This, however, leads in many cases to an 
overemphasis of ionic terms and a consequent lower energy of binding than that 
observed. 

A comparison of the results obtained by the method of atomic orbitals and 
by that of molecular orbitals has been made by the same authors and their 
conclusion is as follows: 2 

1 Ref. V. V. S., p. 171. The author is responsible for the italicized parts. 

* Ref. V. V. S., p. 171. 
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“It is hard to say categorically whether the method of molecular orbitals or the Heitler- 
London method is the better. The latter undoubtedly is much preferable at very large dis¬ 
tances of separation of the atoms, at least in symmetrical molecules, for then the continual 
transfer of electronic charge from one atom to another demanded by the ionic terms surely 
scarcely occurs at all. On the other hand, at small distances, the Heitler-London method 
probably represents excessive fear of the m effect, and the factorization into n one-electron 
problems presupposed by the method of molecular orbitals may sometimes be quite a good 
approximation. The molecular orbitals are often the more convenient for purposes of qualita¬ 
tive discussion, whereas the H-L method has been used the more frequently for purposes of 
quantitative calculation, partly, but by no means entirely, because of habit.” 

In any case an expression is sought for the function 'k which, when sub¬ 
stituted in the Schroedinger equation for the system, will minimize the value 
of E, As Penney points out, 

“It is not necessary to use in the molecular wave function simply atomic wave functions of 
the ground states of the isolated atoms; instead, for any particular atom one can use a linear 
combination of all the possible wave functions with arbitrary coefficients. This implies that 
the atomic electrons are existing partly in excited states, and such promotion , as it is called, 
requires energy. However, the molecular bonds often gain considerable additional strength 
by suitable promotion, and when this is so, there is a net gain in stability to the molecule by 
allowing just the right amount of promotion to occur.” 


J. C. Slater 1 has derived expressions for the energy of a system consisting 
of two, three, or four univalent atoms in each of which the valence electron is 
in the s-state. The resulting expression for the binding energy involves both 
Coulomb and exchange integrals which are similar in nature to those occurring 
in the Heitler-London treatment of hydrogen. Such computations must how¬ 
ever be regarded as only a first approximation to the true values, since they 
omit any consideration of correlation energy terms. That the inclusion in the 
calculation of these latter terms offers grave mathematical difficulties is, of 
course, the main reason for the failure on the part of “theoreticians” to at¬ 
tempt this task. However, it should be realized that all calculations of binding 
energies, and energies of activation which are based on this artificial device of 
dividing the energy into Coulomb and exchange energy are liable to be only 
the/toughest kind of approximations to the true values. 2 

^ The present status of this whole problem has been very well described by 
Van Vleck and Sherman at the beginning of their comprehensive review. 
We cannot do better than quote their remarks. 

“ The subject of valence is really concerned with energy relations. If we knew the energies 
of all the possible different kinds of electron orbits in molecules, and also in the atoms out of 
which the molecule is formed, the rules of valence would automatically follow. 

“ Now the principles of quantum mechanics enable one to write down an equation for 
any system of nuclei and electrons, the solution of which would provide us with complete 
information concerning the stability of the system, spatial arrangements of the nuclei, etc. . . . 

'Phys. Rev 38, 1109 (1931). 

* See the criticism of such calculations by A. S. Coolidge and H. M. James (/. Chem. Phys ,, 
2, 811 (1934)). 
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“The complexities of the n-body problem are, alas, so great that only for the very simplest 
molecule, namely H 2 , has it proved possible to integrate the Schroedinger wave equation with 
any real quantitative accuracy. Hence to date, anyone is doomed to disappointment who 
is looking in Diogenes-like fashion for honest, straightforward calculations of heats of dissocia¬ 
tion from the basic postulates of quantum mechanics. How, then, can it be said that we have 
a quantum theory of valence? The answer is that to be satisfied one must adopt the mental 
attitude and procedure of an optimist rather than a pessimist. The latter demands a rigorous 
postulational theory, and calculations devoid of any questionable approximations or of em¬ 
pirical appeals to known facts. The optimist, on the other hand, is satisfied with approximate 
solutions of the wave equation. If they favor, say, tetrahedral and plane hexagonal models 
of methane and benzene, respectively, or a certain order of sequence among activation energies, 
or a paramagnetic oxygen molecule he is content that these same properties will be possessed 
by more accurate solutions. He appeals freely to experiment to determine constants, the 
direct calculation of which would be too difficult. The pessimist, on the other hand, is 
eternally worried because the omitted terms in the approximations are usually rather large, 
so that any pretense of rigor should be lacking. The optimist replies that the approximate 
calculations do nevertheless give one an excellent ‘steer’ and a very good idea of ‘how things 
go,' permitting the systematization and understanding of what would otherwise be a maze of 
experimental data codified by purely empirical valence rules. In particular, he finds that a 
mechanism is really provided by quantum mechanics for the Lewis electron pair bond, and 
for the stereochemistry of complicated organic compounds. It is, of course, futile to argue 
whether the optimist or pessimist is right. . . . One thing is clear. In the absence of rigorous 
computations, it is obviously advantageous to use as many methods of approximation as 
possible. If they agree in predicting some property (for instance, the tetrahedral structure 
of methane) we can feel some confidence that the same property would be exhibited by a 
more rigorous solution,—otherwise none. ...” 

(4) Transition in Type of Bond: In the case of II 2 , the contribution to the 
total energy made by the ionic terms is only about 4 per cent; 1 * but in many 
other cases the values of a and b in equation (19.11) are comparable, and we 
may describe the bond “as resonating between the covalent extreme and the ionic 
extreme.” 2 Under these conditions the actual bond energy is greater than it 
would be for either type alone. The increase is due to an interaction energy, or 
resonance , between the two structures, which stabilizes the molecule. 

An interesting illustration of the transition from one bond type to the other 
is found, as Pauling has shown, in the case of the hydrogen halides. 3 It is 
possible to calculate, for each of these molecules, a “Morse” potential energy 
curve, similar to that shown in Fig. 19.4, for the ionic type of bonding, and 
another curve for the covalent type of bonding. For HF, these two energy 
curves lie close together, whereas in the case of HI, the curve for the ionic 
bonding lies considerably above that for the covalent bonding. Hence, it is 
concluded that the ionic structure H + F” makes a larger contribution to the 
normal state of the molecule than the covalent structure H : F. 4 

The transition from ionic to covalent type of bond in the series HF, HC1, 
HBr, HI is shown by the data on bond energies given in Table 19.1. 5 

1 Ref. L. P., p, 42. 

* Ibid., p. 35. 

* Am. Chem. Soc ., 54, 988 (1932). 

4 Ref. L. P., p. 43. 

6 Ibid., p. 49. 
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TABLE 19.1 

Bond Energies in kcal./mole for Hydrogen Halide Molecules 



H-H 

F-F 

Cl-Cl 

Br -Br 

I-I 

Bond energy: 

103.4 

63.5 

57.8 

46.1 

36.2 


H-F 

H —Cl 

H — Br 

H-I 

Bond energy 

(obs.): 

147.5 

102.7 

87.3 

71.4 

(calc.): 

83.5 

80.6 

74.8 

69.8 


A: 

64.0 

22.1 

12.5 

1.6 


The first line gives the bond energies for the diatomic molecules of type 
A —A. For a molecule of type A —B, in which the two atoms are unlike, we 
would expect the energy for a normal covalent bond to be equal to the average of 
the energies for the bonds A : A and B : B. For the case of H —F, the calcu¬ 
lated energy would therefore be H(103.4 + 63.5) = 83.5. The difference, A, 
between this value and the observed value is 64.0, as shown in the table. This 
additional energy must be due, according to Pauling, to the ionic character of 
the bond. In other words, A is a measure of “the additional ionic resonance 
energy which the bond has as compared with a bond between like atoms .” 
The data in the table thus show that the bond loses its ionic character as we 
pass from HF to IIC1 and HBr, and becomes practically normal covalent for III. 

For the alkali halide molecules in the vapor state Pauling concludes from 
similar considerations that “the bonds in all of these molecules are essentially 
ionic, with only a small amount of covalent character / 1 

(5) The Directed Covalent Bond: As shown by Iieitler and London, the 
energy of a covalent bond is largely that due to the exchange or resonance of 
two unpaired electrons between the two atoms. The magnitude of this energy 
increases with the amount of overlapping of the two atomic orbitals or eigen¬ 
functions associated with the two electrons. That is, the energy increases 
with the concentration of charge distribution in the region between the two 
nuclei. Consequently it is to be expected, according to Pauling, 1 “that of 
two orbitals in an atom the one which can overlap more with an orbital of another 
atom will form the stronger bond with that atom , and , moreover , the bond formed by 
a given orbital will tend to lie in that direction in which the orbital is concentrated .” 

In this section we shall consider the theory of directed covalent bonds which 
Pauling has developed, on the basis of this postulate, in a series of papers 
published since 1931. 2 In the first of these papers six postulates were intro¬ 
duced to be used as a guide in the determination of relative energies and direc¬ 
tions of bonds in the formation of molecules. 

1 Ref. L. P., Chap. III. The discussion in this section is based largely upon the remarks 
in this chapter. 

2 J, Am. Chem. Soc 53, 1367 (1931), 
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The first three of these postulates have already been incorporated in the 
discussion of the Heitler-London theory of the covalent bond. The second 
three involve essentially a more precise statement of the manner in which 
bond directions may be deduced from atomic orbitals. These rules, “which 
are justified by the qualitative considerations of the factors influencing bond 
energies/’ are as follows: 

1. The main resonance terms for a single electron-pair bond are those in¬ 
volving only one eigenfunction from each atom. 

2. Of two eigenfunctions with the same dependence on r, the one with the 
larger value in the bond direction will give rise to a stronger bond, and for a 
given eigenfunction the bond will tend to be formed in the direction with the 
largest value of the eigenfunction. 

3. Of two eigenfunctions with the same dependence on 6 and rj, 1 the one 
with the smaller mean value of r, that is, the one corresponding to the lower 
energy level for the atom, will give rise to the stronger bond. 

Now let us consider the application of these rules to the determination of 
bond directions in such molecules as II 2 0 and NIi 3 . In the case of the oxygen 
atom, the electron configuration is 2 s 2 2p 4 . The 2$ electrons are paired, and 
except under certain special conditions which are discussed below, they do not 
take part in bond formation. While the 5-orbital is spherically symmetrical, 
and therefore possesses no preferred direction for bond formation, the three 
p orbitals (p x , p v and p z ) are directed, as shown in Figs. 10.2 and 10.3, along 
the three Cartesian axes. They will therefore tend to form bonds in these 
directions, and it follows from the form of the expression for the p-eigenfunc- 
tion that the strength of an s-p bond will be about V 3 times that of an s-s 
bond. 

We would thus expect a structure for II 2 0 of the form : 0 : H in which the 

H 

two OH axes form an angle of 90°. The observed angle is 105°. 

According to Pauling, “the difference of 15° between the observed value of 
the bond angle and the expected value of 90° is probably to be attributed in 
the main to the partial ionic character of the O —H bonds, estimated to be 39 
per cent. This would give a resultant positive charge to the hydrogen atoms, 
which would repel one another and thus cause an increase in bond angle.” 2 

On the other hand, in H 2 S, the angle between the two SH axes is observed 
to have the value 92° 20', which indicates that in this case the bonds are nearly 
normal covalent. For the same reason it would be expected that the three 
s-p bonds in NH 3 (corresponding to the three 2 p electrons in the valence shell 
of nitrogen) should be oriented at right angles to each other. This would 
yield a pyramidal structure for th§ molecule, each axis making an angle of 
54.7° with the axis of the pyramid. The experimental value is 67°, which 

1 See Section 10(1) for interpretation of these angle variables. 

2 Ref. L. P., p. 78. 
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corresponds to 108° between the bond axes. The discrepancy is attributed to 
the same cause as in H 2 0. 

The electron configuration for carbon in the normal state is 2s 2 2p 2 , which 
indicates the presence of two unpaired electrons in the 2 p state. This accounts 
for the doubled bond in C : : 0. In the case of CH 4 , the evidence from organic 
chemistry leads to the conclusion that the four bonds are equivalent and di¬ 
rected towards the corners of a regular tetrahedron. To account for this 
Pauling introduces a new concept—that of “hybridization” of eigenfunctions 
to form new atomic orbitals which take the place of the original s and p orbitals. 

As mentioned above an s-p bond has a strength of about V3 times that of 
an 3-5 bond. This corresponds to a ratio of 3 to 1 in the energies of the bonds. 
“It is found,” as Pauling states, “that a bond orbital formed by linear combi¬ 
nation of 8 and p orbitals, taken with a certain ratio of numerical coefficients, 
has a bond strength greater than that for an s or p orbital alone, the strength of 
the best s-p hybrid bond orbital being as great as 2.” 1 

It is assumed that the wave function for each bond can be represented by 
one of the four combinations, 

= a { 8 + bip x + CiPy -f- dip 2l (19.12) 

where 1 * 1, 2, 3 or 4, and the numerical coefficients are subject to the re¬ 
quirements, 

J* Ht = 1, or a, 2 + hi 1 + c,- 2 + d? = 1 (19.13) 

and 

f^i^dr = 0, or aid k + bib k + ac k + d { d k = 0, (19.14) 


where i 9^ k , and i, k — 1,2, 3, 4. 

These relations state that (1) the total charge density associated with the 
bond shall be equal to unity, and (2) that the wave functions for any two bonds 
shall not overlap. 2 

For the first bond the direction may be chosen arbitrarily and if we take 
it along the 3-axis, it is found that the orbital 


has a maximum value, 


1 V.3 

= 2 S + T P * 


*■-« + 


V3V3 

2 


= 2 , 


(19.15) 


which is considerably greater than the value V 3 for a pure p orbital, or 1 for a 
• Hef. L. P„ p. 82 . 

3 The following remarks are based on the discussion by S. D., op. tit., pp. 361-364. 
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pure 8 orbital. Fig. 19.7 shows a plot of this function in the sz-plane. It will 
be observed that the orbital is concentrated in the bond direction (which is an 
axis of rotational symmetrically) and it fol¬ 
lows that such an orbital will overlap con¬ 
siderably with, for instance, the s orbital of a 
hydrogen atom. 

This hybridization is made possible by 
the fact that only about 1.6 volts (36,900 
cal./mole is required to excite one of the 2 s 
electrons to a 2 p state. This energy is con¬ 
siderably less than the energy of the C —H 
bond (87,300 cal./mole) and Pauling assumes 
that when the energy required for “promo¬ 
tion” of an electron is less than the inter¬ 
action energy due to bond formation such hybridization will occur. 

A second bond function may be introduced in the same plane , of the form 

= a . 2 s -f- b-ipx -f- d»p s . (19.16) 

Now, it is found that for maximum energy this function has the same form 
as the first one but is concentrated along an axis which makes an angle of 109°28' 
with that of the first bond, which is just the anlge between the lines drawn from 
the center to two corners of a regular tetrahedron. The actual expression for 
the bond function has the form, 

i i V2 

*=-2*-2V3^ + Vp"* (1SU7) 


z 



Fig. 19.7. Tetrahedral sp 
Eigenfunction 


The two orbitals, which are directed toward the other two corners of the 
tetrahedron, are given by the relations, 


1 

1 

1 

1 

(19.18) 

2 S 

~‘ 2 h V ' 

+ 

jZP* 

Mb 

1 

1 

1 

1 

(19.19) 

*< = 2 8 

“ 2V 3 PX 

! 

1 



All four orbitals are identical except for orientation. “This calculation,” 
as Pauling remarks, “provides the quantum mechanical justification of the 
chemist’s tetrahedral carbon atom, present in diamond and all aliphatic carbon 
compounds, “as well as for a number of other tetrahedral atoms and ions. 
Furthermore, since “each of these tetrahedral bond eigenfunctions is cylin- 
drically symmetrical about its bond direction, the bond energy is independent 
of orientation about this direction, so that there will be free rotation about a 
bond” On the other hand, there can be no free rotation about a double bond. 
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In a similar manner it is possible to have hybrid bonds involving d orbitals. 
As mentioned previously, the d group in an atomic system is completely filled 
by ten electrons. With these there are associated five d orbitals, as shown in 
Fig. 10.3. The maximum bond strength of a d Orbital is 2.236. That of the 
strongest d-s-p hybrid orbital is 3, as shown by Pauling. Hence, when as 
in the case of the transition elements (e.g., Fe, Co, Ni) 3 d orbitals are available 
which have energies not very different from the 3 p and 4s orbitals, it is possible 
to obtain from these, by hybridization, much stronger covalent bonds than with 
s and p orbitals only. 

“It is found,” as Pauling states, 1 “on analysis of the mathematical problem 
that when only two d orbitals are available for combination with s and p , 
six equivalent bond orbitals of strength 2.923 (nearly as great as the maximum 
3) can be formed, and that these six orbitals have their bond directions toward 
the corners of a regular octahedron. From this theoretical discussion we ac¬ 
cordingly conclude that complexes such as [Co(NH 3 )fi] +++ , [PdCl 6 ] , 
[PtCle] , etc., should be octahedral in configuration. This conclusion is of 
course identical with the postulate made by Werner to account for isomerism 
in complexes with different substituent groups, and verified also by the X-ray 
examination of Co(NH 3 ) 6 l 3 , (NH^PdCh, (NH^PtCle, and other crystals.” 

In his book, which has been referred to frequently in the above remarks, 
Pauling has given many other illustrations of the application of this theory 
of directed valence bonds, which has thus provided a theoretical basis for con¬ 
clusions which chemists had already deduced by intuitive methods. However, 
Pauling's theory leads to quantitative relations between bond energies, and it 
is of interest to note that to a large extent these conclusions are in agreement 
with actual measurements of bond energies. 

The structures of molecules such as II 2 0 and CII 4 have also been investi¬ 
gated by J. H. Van Vleck, 2 as well as by W. Heitler, E. Iluckel and G. Rumer. 
The mathematical technique used by these investigators is quite complex, but 
the conclusions deduced are not essentially different from those deduced by 
Pauling. 

(6) Resonance Energy: In sub-section (3) it was pointed out that resonance 
between ionic and covalent types of binding increases the stability of a molecule. 
Resonance may also occur when it is possible to assign to a molecule two or 
more structures which differ in distribution of valence bonds. One of the most 
important illustrations of this form of resonance is provided by the benzene 
molecule. As is well known, five apparently different structures have been 
suggested for this molecule, of which the one most generally accepted is that 
of Kekul6. 

On the basis of quantum mechanics the solution of the problem confronting 
chemists in this case as well as in those of a number of other molecules has been 
obtained by the following solution: u the actual normal state of the molecule is not 
represented by any one of the alternative reasonable structures f but can be repre- 

1 Ref. L. P., p. 92. 

* Ref. V. V. 8., pp. 196-7. 
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rented by a combination of them y their individual contributions being determined 
by their nature and stability. The molecule is then described as resonating 
among the several valence-bond structures.” 1 

Thus in the case of benzene Pauling assumes that in the normal state the 
eigenfunction for the molecule may be represented by a combination of five 
simple functions in the form 

d 7 = a (i/m + i Pb) + &0Ac + *Pd + ypE) y (19.20) 

where the functions \pn, etc., refer to the five “canonical” structures 
shown in Fig. 19.8. It will be observed that the structures A and B are of 
the Kekul6 type, and C } I), E are of the Dewar type. 



Fig. 19.8. Five Canonical Valence-Bond Structures for Benzene, 
Leading to Resonance Phenomenon 


Equation (19.20) indicates (1) that the molecule behaves as if it were a 
composite of the five canonical structures, (2) that structures A and B are 
equally probable; (3) that C y D , E y are also equally probable, and (4) that the 
relative probabilities of the Kekul6 and Dewar structures are in the ratio 
2a 2 : 3b 2 . 

According to L. Pauling and G. Wheland, 2 the values of the coefficients in 
equation (19.20) are a = 1, b = 0.4341, which indicates that on the average 
the benzene molecule occurs much more frequently in the structure assigned 
by Kekul6 than in any other form. 

The increased energy of binding of the atoms due to this resonance effect 
has been determined empirically from the following data: 

The energies (determined from measurements on aliphatic hydrocarbons) 
of the different bonds, in kcal. per mole, are as follows: C — H, 87.3; C —C, 58.6; 
and C=C, 100. Hence the total energy of formation of a Kekul6 structure 
should be given by (6 X 87.3) -f (3 X 58.6) + (3 X 100) = 1000 kcal. per 
mole. The actually observed heat of formation from the heat of combustion 
and heats of formation of the products of combustion is 1039 kcal. per mole. 
Hence the resonance energy is about 39 kcal. per mole. According to measure¬ 
ments of heat of hydrogenation, by G. B. Kistiakowsky and his collaborators, 3 

1 Ref. L. P., p. 117. The idea of quantum-mechanical resonance was developed around 
1931 by L. Pauling, J. C. Slater, and E. Hi'ickel. A comprehensive list of references on this 
point is given by Pauling in a footnote on the page cited. 

* J. Chern. Phys ., 1, 362 (1933). 

* G. B. Kistiakowsky, J. R. Ruhoff, H. A. Smith and W. E. Vaughan, J. Am. Chem. Soc.. 
57, 856 (1935); 58, 137, 146 (1936). 
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the resonance energy is 35.97 kcal. per mole. Designating the exchange energy 
for two adjacent hydrogen atoms in the ring by a, Pauling and Wheland 1 have 
deduced for the resonance energy of the molecule the value 1.1055 a = 38.2 
kcal. per mole. The substantial agreement between these values must be 
regarded as confirmation of the general validity of the concept of the quantum- 
mechanical resonance. 

In a similar manner, Pauling and his associates have derived values of the 
resonance energy for molecules consisting of two or more benzene rings and for 
a considerable number of other molecules in which double bonds alternate with 
single bonds. 

Observations of another nature which are in agreement with the concept 
of resonance are those made on interatomic distance in benzene. 2 For a 
single bond, C —C, the interatomic distance is 1.54 A; for a double bond, 0=C, 
this distance is 1.34 A. The observed value for benzene is 1.39 A, which is in 
accord with the assumption that the structure is of the Kekul6 type to a con¬ 
siderable extent and that, furthermore, the double-bond potential function is 
more effective than that arising from the single bond. 

1 LOC. Cit. 

1 Ref. L. P., pi>. 101-4. 
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THE FIRST AND SECOND LAWS OF THERMODYNAMICS 

BY HUGH S. TAYLOR 

David, B. Jones Professor of Chemistry, Princeton University, N. J, 


It is not possible completely to define any system by sole reference to the 
material content of the system, its atomic or molecular constituents. Asso¬ 
ciated with matter, independent of the fixed and unchangeable attributes of 
mass and form characteristic of the particular species, are other properties 
which change with circumstances. Thus, for example, the temperature, pres¬ 
sure, heat content, motion, electrical potential, color, may vary, without varia¬ 
tion in the actual atomic or molecular content of the system. The properties 
of a copper rod when hot differ from those of a cold rod, those of a metal at 
high electrical potential from those of a metal uncharged. Motion and position 
convey definite properties to matter as can be illustrated by means of a rifle 
bullet or an avalanche. Even at a constant temperature the form of matter 
may vary. Gaseous, liquid and solid mercury either separate or coexistent are 
possible at a given temperature. The compression to which a given system is 
subjected may determine the changes which such a system will undergo. These 
variables, to which all forms of matter are subject and from which they cannot 
be entirely dissociated, are all energy variables of material things. 

Every variation in the properties of a given species of matter is to be at¬ 
tributed to a variation of one or more of several energy variables. These 
energy variables are convertible one into the other, matter being the medium 
whereby such conversion is effected. Thus, heat energy is convertible into the 
energy of motion, the increased motion of the particles receiving such heat 
energy. Conversely, motion may be converted into heat energy by friction as 
was emphasized by Count Rumford in his inquiries concerning the heat re¬ 
sulting from the boring of cannon, or as demonstrated by Davy in the produc¬ 
tion of water by the friction of ice. Electrical energy can be expended in the 
production of heat energy or in the production of chemical change whereby 
energy may be stored. The energy of chemical change is the source of most of 
our heat energy and is an instrument in the production of electrical energy. 
Many chemical actions are productive of light or may be made to produce it 
by way of other energy forms. Before, however, this concept of interconverti¬ 
bility of energy can be examined in its quantitative aspects, the method of 
definition of energy must be examined in some detail. 

(1) The Definition of Energy: Every change in the condition of matter is to 
be ascribed to the operation of one or other forms of energy. The energy is 
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composite of two factors, an intensity factor and a capacity factor, and is, 
indeed, the product of these two factors. The intensity factor is the measure 
of the resistance offered to the change of condition resulting from the operation 
of the energy. The energy can only operate when this resistance is either with¬ 
drawn or overcome. Such an intensity factor tending to produce a change is 
known as a force. A force, overcoming a resistance to an extent which we may 
designate as the capacity factor, performs work, expends energy. With a given 
force, the energy expended or the work performed varies directly as the capacity 
factor. In the production of motion the energy expended depends, therefore, 
on the force required to produce motion against the resistance and on the 
distance through which the object acted upon is moved. / In the raising of an 
object of mass m against gravity, g> through a height h , the force exerted in 
opposition to gravity is mg and the capacity factor is the height h.) The energy 
expended becomes, therefore, the product nigh. In the production of a volume 
change dv in any body against an external pressure p, the intensity factor or 
force, p, acts through a volume dv which is the capacity factor; the work done 
or energy expended is the product of the two factors, pdv. All energy changes 
of whatever form may be similarly resolved into two such factors. 

The unit of energy in the c.g.s. system of units is the erg. It is the energy 
associated with a force of one dyne acting through one centimeter. A dyne is 
the force which, acting for one second on one gram, produces a velocity of one 
cm. per second in the body upon which the force is impressed. It is related to 
the action of gravity upon a mass. Gravity produces an acceleration of 980.6 
cm. per sec. when acting upon a mass at sea-level and 45° latitude. The weight 
of one gram divided by g — 980.6 cm. per sec. is equivalent to one dyne. If 
the pressure of the atmosphere be defined as the pressure of 760 mm. of mercury 
under standard conditions, it may be expressed in dynes per sq. cm. 

1 atm. = 76 X 13.59 = 1033.3 grams per sq. cm. 

= 980.6 X 1033.3 — 1013300 dynes per sq. cm. 

Since the unit of energy is the product of a force and a distance it has the 
dimensions of a force (mass X acceleration = m X lt ~~ 2 ) multiplied by a length, 
l, and therefore the dimensions mlH ~ 2 , mass X (length) 2 /(time) 2 . All forms of 
energy have these same dimensions no matter what the type of energy involved. 
As will subsequently appear, other energy units are employed for various types 
of energy. Their correlation involves the generalization, resulting from human 
experience, which is known as the First Law of Thermodynamics. 

The First Law of Thermodynamics 

(2) The Mechanical Equivalent of Heat: The first statement of the equiva¬ 
lence of heat and mechanical work is to be attributed to Mayer, 1842, who also 
attempted to ascertain the proportionality factor connecting the two energy 
quantities. Carnot (died 1832), in a posthumous publication, enunciated the 
same principle: “Heat is simply motive power or motion which has changed 
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its form, for it is but a movement amongst the particles of a body. Whenever 
motive power is destroyed, an equivalent quantity of heat is produced; and, 
reciprocally, whenever heat is destroyed, motive power is developed.” Mayer 
calculated the work involved in the expansion process when the specific heat 
of a gas is measured at constant pressure, this work, w, being then equated to 
the difference of the specific heats at constant pressure and constant volume, 
c p — c Vl multiplied by the proportionality factor J, the mechanical equivalent 
of heat, 

w = J(c p — c v ). (2.1) 

The assumption involved in this calculation, namely, that heat energy and 
mechanical energy are equivalent, received its first experimental test by Joule, 
1843-1880. He measured the heat produced q by most divergent mechanical 
processes and showed that in each case the proportionality factor, J, was 
approximately constant, 

w = Jq. (2.2) 


Joule’s experiments included the following: 

(1) The heat produced when various liquids, water, oil and mercury, were stirred was 
compared with the work involved in producing the stirring by falling weights. 

(2) The heat produced in a coil of wire by induction currents set up by rotation of the 
wire between the poles of an electromagnet was compared with the work done by falling 
weights in rotating the coil. The heat produced was measured by the rise in temperature of 
water in which the coil was rotated. 

(3) The heat produced by compression of water through narrow openings or capillaries 
was compared with the work required to drive the water through the openings or capillaries. 

(4) The heat produced by compressing air to 22 atmospheres was comjjjired with the 
work of compression. 

(5) The heat produced by the passage of an electric current through a coil of wire im¬ 
mersed in a calorimetric fluid was compared with the energy of the current consumed. 

Joule concluded that “772 lbs. falling one foot would heat a pound of water 
one degree.” Transformed into modern units Joule’s measurements gave 
approximately * 

J = 4.17 X 10 7 ergs per 15° cal. (2.3) 

The fact that independent methods of producing heat gave closely concordant 
values for J constituted the desired proof of the law of equivalence of heat 
energy and mechanical energy. 

These early measurements have been repeated at intervals with greater 
refinements of technique. Rowland (1879), Miculescu (1892) and Reynolds 
and Moorby (1898) determined J by the water-stirring method. Greater 
accuracy is achieved with the electric heating method, which was employed 
by Griffiths (1893), Schuster and Gannon (1895), Callendar and Barnes (1902), 
and Dieterici (1905). 

The necessity for defining the unit of energy in terms of the heat capacity 
of water (the 15° calorie being defined as the heat required to raise 1 g. of 
water from 14.£° to 15.5° C.) became less compelling some thirty years ago 
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when it became possible to measure quantities of energy more accurately by 
electrical methods. Thftse energy measurements are based on the second as the 
unit of time and upon working standards of electromotive force and resistance 
maintained at various national standards laboratories and correlated by inter¬ 
national agreements. The working standards are manganin wire resistance 
coils and saturated cadmium sulfate (Weston) cells which are calibrated in 
terms of the international ohm and the international volt. 

The electrical method of energy measurement involves the definition of the 
intensity factor, electrical potential, and also the capacity factor, the quantity 
of current flowing under the given potential. The potential E and current C 
are related to the resistance R by means of Ohm’s Law, discovered by Ohm in 
1827. The law may be expressed by the relation, 

C = E/R. (2.4) 

The unit of resistance, the ohm, is defined as the resistance at 0° C. of a column 
of mercury one square mm. in cross section, 106.3 cm. in length and weighing 
14.4521 grams. The unit of electricity is the coulomb, the quantity of electricity 
which will deposit 1.11800 mg. of silver from a solution of silver nitrate in a 
standard coulometer. The number of coulombs required to deposit one g. 
equivalent of silver (107.88 g.) is obviously 107.88/0.001118 = 96494 coulombs, 
and this quantity of electricity is known as the faraday. The unit of current 
is the ampere and is a current of one coulomb per second. The unit of poten¬ 
tial, the volt, may then be defined, in reference to the units of current and re¬ 
sistance, as the potential which, applied to a conductor of unit resistance, will 
cause a current of one ampere to flow. It is defined practically in terms of the 
electromotive force of a cell which yields electrical energy equivalent to 1 joule 
(10 7 ergs) when the quantity of electricity produced is one coulomb. Herein 
lies the relation of electrical to mechanical energy. 1 volt-coulomb = 1 volt- 
ampere-second = 1 absolute joule = 10 7 ergs. 

The Weston cell is the standard cell chosen for its reproducibility to serve 
as the standard of electromotive force. The ce^ consists of: 12 per cent Cad¬ 
mium amalgam | CdS 04 *%H 2 0 + Saturated Solution | Hg 2 S0 4 1 Hg and by in¬ 
ternational agreement, in 1908, was stated to have an electromotive force of 
1.0183 volts at 20° C. In terms of this definition of voltage it is now known, 
by reason of subsequent more accurate measurements of the standards in¬ 
volved, that the associated international joule is actually greater than the 
absolute joule defined above. The U. S. Bureau of Standards, in 1930, while 
continuing to report all thermochemical data in terms of the international joule, 
concluded that, on the basis of available measurements, 1 international joule 
— 1.0004 absolute joules = 1.0004 X 10 7 ergs. At the same time it was de¬ 
cided to define the calorie arbitrarily by the relation 

4.1850 absolute joules » 1 calorie. (2.5) 

In terms of international joules, therefore, the relation is 4.1833 international 
joules « 4.1850 absolute joules as 1 calorie. 
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The absolute unit of quantity of electricity, the so-called electrostatic unit, 
is that quantity which exerts a force of one dyne upon a quantity of equal 
magnitude at a distance of one centimeter. This follows immediately from 
the equation for the electrostatic force F between two charges ei and e 2 at a 
distance r, namely F — etf^Kr 2 where K is set equal to unity in a vacuum. 
Since the dimensions of force are mlt ~ 2 , it follows that the quantity e must have 
the dimensions ( mlH ~ 2 ) 1/2 or m I/2 Z 3/2 £ -1 . It follows also that the dimensions of 
current or quantity per sec. must be m u H m t~ 2 . 

Similarly, the electromagnetic force between two poles of strength m i and 
m 2 is given by F — mim 2 /pr 2 , where \x is set equal to unity in a vacuum. Again 
the dimensions of the pole strength will be m ll2 l il2 t~ l . The product of pole 
strength and current has the dimensions of work, i.e., ml 2 t~ 2 . Hence the dimen¬ 
sions of current in this case are ml 2 t~ 2 lm ll2 P l2 t~ l — m lI2 l ll2 t~ l . It will be noted 
therefore that the electromagnetic unit is related dimensionally to the electro¬ 
static unit as m ll2 l ll2 t'~ l : m m l m tr 2 or as 1 : U~ l , which latter term has the dimen¬ 
sions of a velocity, actually, the velocity of light c = 2.998 X 10 10 cm. sec. -1 . 
Hence 1 e.s.u. : 1 e.m.u. = 1 : c. The practical unit of current, the ampere, 
is defined as one-tenth of the electromagnetic unit of current. 

Since current and potential are reciprocally related by means of Ohm's 
Law it follows that the electromagnetic unit of potential must be 1/(3 X 10 10 ) = 
0.33 X 10 -1() electrostatic unit of potential. The practical unit of potential, 
the volt, is defined as 10 8 electromagnetic units of potential and therefore 300 
electrostatic units of potential. 

Since a pressure of 1 atmosphere = 1013300 dynes per sq. cm., 

1 cc.-atm. = 1013300 ergs = 0.10133 joules. 

For a perfect gas, the fundamental equation connecting pressure, volume and 
temperature is, for one mole 

pv — RT, 

where R is the gas constant. On the absolute temperature scale, 0° C. = 
273.16°. For one mole of gas under standard conditions the accepted value of 
v = 22414 cc. Hence, 

22414 X 1 

R = —273~1(T~ “ cc * a ^ mos * P er degree. 

When transformed into the units of heat energy with the data already supplied 

R = 1.9869 calories per degree 
or 

R = 8.3145 abs. joules per degree 
= 8.3128 int. joules per degree. 

(3) The Law of Conservation of Energy: This law, the first law of thermo¬ 
dynamics, of which the equivalence of heat and mechanical energy is a special 
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case, was definitely enunciated by Helmholtz in a publication “ t)ber die Erhalt- 
ung der Kraft,” 1 1847. In this contribution, Helmholtz demonstrated that the 
law of equivalence of heat and mechanical energy was a direct consequence of 
the century-old experience of investigators that it is impossible to produce a 
perpetual motion machine which, without expenditure of energy, shall produce 
energy. Definite proof of the impossibility of constructing such a machine 
cannot be achieved. It is necessary to rely upon the cumulative experience of 
investigators that the search for such a machine is fruitless. Furthermore, 
by assuming the impossibility of perpetual motion of this type, conclusions 
may be drawn which may be verified and, in their turn, be employed for the 
discovery of further facts or laws. Thus is attained the definite and general 
belief as to the truth of the fundamental law. 

Helmholtz pointed out that, if the mechanical equivalent of heat were not 
an invariable quantity, it would be possible by suitable coupling of two processes 
of energy transformation, heat into mechanical work, to arrange that the heat 
produced in the stage of energy consumption should be more than sufficient 
to produce, in the second stage of the process, the same amount of energy as was 
consumed in the first stage. A perpetual motion machine would result. Heat 
energy would be continuously produced without the expenditure of any other 
energy form. The impossibility of such a perpetual motion machine compels 
our belief in the exact equivalence of heat and mechanical energy. Helmholtz 
concluded therefore that: “In all processes occurring in an isolated system, 
the energy of the system remains constant.” 

The energy of a system is a function only of the state of the system at the 
given moment irrespective entirely of its past history, the manner or method 
of its origin. It is especially to be emphasized that this independence of past 
history refers only to systems whose identity is complete in all except the ele¬ 
ment of time. It is not enough that the atomic or molecular make-up shall 
be the same, for this may be secured even though the energies of the systems 
differ widely. Thus, for example, stick lead and electrolytic lead might be 
identical as to atomic content, pressure, temperature, and the like, but be 
different in energy content by reason of state of division, size of crystal and 
the like. Only with a complete identity in all factors except time can it follow 
that the energy is a function of the momentary state. The energy change 
is then a function of the initial and final states of the system. For, if it were 
possible to effect a change in any system from state A to state B such that the 
energy change involved was dependent on the path by which the change was 
achieved, it would again be possible to construct a perpetual motion machine. 
All that would be necessary would be that one such method of conducting the 
change could be reversed. Then, by a suitable coupling of two processes, 

A —> B by path I, 

B —» A by path II, 

1 OatioalcTa Klassiker, No. 1. 
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if the energy produced in path I were larger than that consumed in path II, 
the system would be, on completion of the reverse process, in its initial state 
and a surplus of energy would be available. By repetition of the process, 
energy could be continuously produced—a perpetual motion would be possible 
This is denied by human experience as embodied in the first law of thermo¬ 
dynamics. 

(4) The Internal Energy of a System : The change from state A to state B 
of a given system is therefore accompanied by a perfectly definite energy in¬ 
crement which we may designate by A E and define by the expression 

AE — En — Ea . (4.1) 

In such case, Eb and Ea represent the energies of the system in states B and 
A respectively. They may be more definitely designated as the internal 
energies of the system in the two states. They are energy quantities of un¬ 
known absolute magnitude. They include the energy resultant from such 
factors as motion of the molecules, position of the molecules, molecular at¬ 
traction, intra-molecular, intra-atomic, and other unspecified forces. While, 
however, the absolute magnitude of such internal energy is not ascertainable, 
the change in such is definite and unchangeable for any given process of change. 

Any such change in the internal energy of a system can only be achieved 
with a simultaneous change in the energy of surrounding systems, since the 
law of conservation of energy must be obeyed. An increment in internal energy 
of the system is secured, therefore, at the expense of a decrement in the energy 
of its surroundings. A decrement in the internal energy results in an increase 
of the energy of its surroundings. If we consider any process of change from 
state A to state B, whereby an increment of internal energy AE = Eb — Ea 
occurs, which results in the abstraction of heat, q , from the surroundings and 
simultaneously the performance of external work w by the system on the sur¬ 
roundings; then, by application of the law of conservation of energy, 

AE = q - w. (4.2) 

It has been shown that AE is a perfectly definite quantity for any given 
process of change, dependent only on the initial and final states, independent 
of the path. This is not true of either q or vo. According as the experimental 
conditions change q and w will both vary. This may be illustrated, for example, 
by a change of state involving both temperature and pressure. Thus, to 
transform one gram of ice at 0° C. and 1 atm. pressure to water vapor at 25° C. 
and 15 mm. pressure there are several possible paths each of which will involve 
values of q and w characteristic of the path, all of which involve a definite and 
unchangeable value of AE. One path involves fusion at 0° C. and 1 atm. re¬ 
quiring the absorption of the latent heat of fusion, then the raising of the 
temperature of the water from 0° to 25° C. at 1 atm. pressure, involving the 
heat capacity of the water, and finally the evaporation of the water at 25° C. 
by change in the pressure. This stage involves latent heat of vaporization and 
all three steps involve smaller or larger changes in the work terms, w . An 



444 


A TREATISE ON PHYSICAL CHEMISTRY 


alternative path involves a change in the pressure at 0° C. from l*atm. to 
below the saturated vapor of ice with consequent vaporization. Subsequent 
steps involve raising the temperature of the water vapor to 25° C. and adjust¬ 
ment to the final pressure (15 mm.). This path has its own characteristic 
values of q and w, which will be different from those involved in the path first 
discussed. * Quite generally, any particular path will have its own characteristic 
values of q and w, different from the values of these quantities for any other 
paths. Their algebraic sum, by the law of conservation of energy will be equal 
to the change in internal energy by equation (4.2). 

If a process be carried out at constant volume and no energy factors other 
than those of mechanical energy are involved in the external work performed 
then, since w = 0, it follows that A E — q; the whole increment of internal 
energy is secured at the expense of the heat of the surroundings. 

If a process be conducted, not at constant volume, but at constant pressure, 
it will ordinarily be accompanied by a volume change. The external work 
done by the system on the surroundings will be p(v d — va) = pAv r p being the 
prevailing pressure and Ay the increase in the volume of the system during the 
change from state A to state B. The heat q abstracted from the surroundings 
will then be given by the expression 

q — A E + w = A E + pAv. (4.3) 

If a process be conducted so that heat is neither gained nor lost by the 
system to the surroundings the process is known as an adiabatic process. The 
quantity q is then zero. The work performed by the system on the surround¬ 
ings is then done at the expense of the internal energy of the system, or 

A E = - w. (4.4) 

In the preceding paragraphs the quantity w has been limited to the case of 
changes in mechanical energy. It will later be shown that the quantity w may 
be composite of several forms of energy, of which electrical energy may be an 
important unit. The magnitude of the quantity w will be dependent on the 
mode of conduct of the process, on the extent to which the process is harnessed 
to produce the various forms of external work. 

It is thus evident that while E, the internal energy of the system, is a 
single-valued function of its several variables, pressure, temperature, volume 
and the like, dependent only on its state at the moment, this is not true concerning 
the quantities q and w . Whereas the small change of internal energy, dE, has 
the properties of a complete differential, 

dE dE dE 

dE~- d x+-dy+-<U+--, (4.5) 

where x, y t z , etc., are the several variables, the same is not true of the heat 
absorbed or external work performed by the system when such change in 
internal energy occurs. These may vary widely, provided always that the 
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law of energy conservation, equation (4.2), is satisfied. The quantities q and w 
are dependent entirely on the path by which the process is achieved. For this 
reason infinitesimal quantities q and w are designated in the following by d q 
and d w. 

(5) The Heat Content of a System: Returning now to consideration of a 
process involving an increase in internal energy, heat absorption from the 
surroundings and a volume change v A to vb against a constant external pres¬ 
sure p. The first law of thermodynamics demands that 

A E = E b — E a = q ~ p(v B - v A ). (5.1) 

This may be transformed thus: 

(E b + pv B ) - (E a + pv A ) = q. (5.2) 

In this case the heat, q, absorbed by the system, is evidently defined by the 
initial and final states of the system. If we define a quantity 

H = E + pv (5.3) 

and term this quantity, //, the heat content of the system, the equation becomes 

H b ~ IIa = q = A//. (5.4) 

It will be noted that the quantity A//, like AE, is dependent only on the 
initial and final states of the system. The heat content of the system, H, like 
E, is a single-valued function of its several variables. 

(6) The Heat Capacity of a System: We may define the mean heat capacity, 
of a system between two temperatures as the quantity of heat necessary 

to raise the system from the lower to the higher temperature divided by the 
temperature difference, 

to = ■ (6.D 

Since the heat capacity is known to vary with temperature the true heat 
capacity at a given temperature may be defined by the differential expression 



( 6 . 2 ) 


The heat capacity may be determined either at constant volume or constant 
pressure, the magnitude of the heat capacity being dependent on the mode of 
experimentation. In the determination of heat capacity at constant volume, 
none of the absorbed heat is employed in the performance of external work. 
Hence, the heat absorbed, q , is equal to the increase in internal energy. We 
may, therefore, define heat capacity at constant volume per mole of substance 


by the equation 



(6*3) 


C t 
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At constant pressure, since 

q = AE -f w, 


the heat absorbed to produce a given rise of temperature will be greater by 
an amount equivalent to the external work performed by the system on the 
surroundings. Hence, we may define the mean Teat capacity at constant 
pressure thus: 


/_ q_ _\ / A E + pAv \ / AH \ 

\t 2 - i\ ) v - v t, - 1\ a “ v t 2 - t ; ) p 


(6.4) 


and, for the true molecular heat capacity at constant pressure, 



(7) The Heat of a Chemical Reaction: Chemical reactions are in general 
accompanied by absorption of heat from or evolution of heat to the surround¬ 
ings; they are either endothermic or exothermic. For a reaction occurring at 
constant volume the heat absorbed or evolved is equal to the change in internal 
energy, AE, of the system/si nee no external work is performed. In this par¬ 
ticular case the change in internal energy AE is equal to the change in heat 
content, AH. Reactions are ordinarily conducted at constant pressure, p, and 
are accompanied by a volume change, Av. The heat absorbed, q , is equal to 
the increase in internal energy plus the external work performed, and, thus, 
is equal to the change in the heat content, AH. Calorimetric data are, there¬ 
fore, normally expressed in terms of the change in heat content. Two examples 
may be cited which are basic data in the calorimetry of organic compounds, the 
heats of formation of water and carbon dioxide at 25° C. = 298.16° K from 
their elementary constituents. 

%(g.) + MO*(g.) = H,0(i.); A= - 285,795 ± 40 hit. j. per mole 

= — 68,318.1 d= 9.6 cal. per mole 

C(c., graphite)-f0 2 (^.) = CO 2 (0.); AH%g.m= — 393,355±46 int. j. per mole 

— —94,029.8±11.0 cal. per mole. 


The symbols in parentheses designate the physical state of the substance: 
c. = crystal; l. = liquid; g. — gas. The values expressed in calories are carried 
to more figures than are significant, but are so given that one may recover the 
value in international joules on reconversion to that unit by means of the 
factor 4.1833. 1 

1 The data are cited from F. D. Rossini, Chem. Rev., 27, 1 (1940). Actually, the data on 
hydrogen refer to hydrogen which contains its natural isotopic content of HD, amounting to 
0.0004 mole fraction of HDO in the resultant water. The heat of formation of l H 2 0 from 
l H 2 -f 0 2 would have the value, AH 298 .I 6 “ ~ 285,793 ± 40 int. j./aiole (Rossini, Knowlton 
and Johnson, J. Rea. Nat. Bur. Stand., 24, 369 (1940)). The oxygen used was the normal 
mixture of oxygen isotopes. 
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As standard temperature of reference, 25° C. = 298.16° K. is usual in 
modern calorimetric practice. For the reactants, the standard reference state 
is the pure liquid or the solid either in its stable state or in an explicitly desig¬ 
nated state at the standard temperature and at a pressure of 1 atm. For a 
gaseous reactant the standard reference state is the gas in the hypothetical 
state of unit fugacity (1 atm.) where the heat content is the same as that of the 
real gas at zero pressure. It is convenient to indicate the standard state by a 
superscript zero attached to the symbol, the temperature being designated by 
a subscript. Thus, in the case of the heat content, this would be written # 298 . 10 . 

The calorimetric quantities given in the preceding thermochemical equations 
may be designated the heats of formation of the two compounds, water and 
carbon dioxide, from their constituent elements or, since all of the substances 
involved are in their standard reference states, they may be termed the standard 
heats of formation. This assignment involves a convention which takes ac¬ 
count of the lack of knowledge concerning the absolute value of the heat content. 
For each elementary substance in its standard reference state we assume that 
the heat content is zero. With this convention the heat content of a compound 
is equal to the heat of formation. Other conventions are occasionally em¬ 
ployed. Thus, if it be assumed that the heat content of the substance is zero 
in its monatomic state, then each element or compound in its molecular state 
would have a negative heat content numerically equal to the heat of formation 
of the molecule from its constituent atoms. No change in the general utility 
of the thermochemical equations would result, provided the convention were 
applied consistently. 

(8) The Constancy of the Heat of Reaction: Hess’s Law: Since, in any 
process, both quantities A E and A II are dependent on the initial and final states 
of the system only and are independent of the path between, it follows that 
both the heat of reaction at constant volume and that at constant pressure, 
being numerically equal but opposite in sign to the increase in internal energy, 
A E, and that of heat content, A//, respectively, must also be defined by the 
initial and final states of the system independent of the path taken. In other 
words the heat evolved in any chemical reaction at either constant pressure or 
constant volume is independent of the manner in which the reaction is achieved 
whether in one or many steps. Thus, in the combustion of carbon to carbon 
dioxide the heat of reaction at constant pressure, — AH 1 , is equal to that for 
the two-stage process: (a) carbon to carbon monoxide, — AII 2y (b) carbon 
monoxide to carbon dioxide, — A#s- Thus, from the data of Bischowsky 
and Rossini, 1 applicable at a temperature of 18° C., 

C(c. diamond) + 0 2 (?.) - C0 2 fa.) - AH, - 94.45 keal. 

C(c. diamond) ~h MO 2 ( 0 .) = CO (g.) — A Hi — 26.84 keal. 

CO(g.) + MO 2 (g.) - CO 2 (g.) - A H z « 67.61 keal. 

- AH, = (-AH 2 ) + (-Alh). 

1 F. R. Bichowsky and F. D. Rossini, Thermochemistry of Chemical Substances, Reinhold 
Pub. Corp., New York, 1936. 
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This consequence of the first law of thermodynamics, which is of great utility 
in the science of thermochemistry, was first enunciated by Hess in 1840, prior 
to the formulation of the law of conservation of energy, of w T hich it is a special 
case. The law forms the theoretical basis of the classical experimental work 
of Thomsen and Berthelot on the thermal magnitudes of a wide variety of 
chemical compounds. For, the law of Hess involves as corollaries a number of 
useful conclusions. Thus, the heat of formation of a compound must be inde¬ 
pendent of the manner of its formation; the heat of reaction must be independ¬ 
ent of the time consumed in the process; the heat of reaction must be equivalent 
to the sum of the heats of formation of the products of the reaction less the 
sum of the heats of formation of the initial reactants. 

(9) Heat of Reaction and Temperature: Kirchoff’s Law: The heat of reac¬ 
tion of a given process varies with the temperature, the mode of variation of 
which may be elucidated by consideration of a given process, 

A->B , 

occurring at two temperatures T and T + dT differing infinitesimally. For 
simplicity let the several processes be assumed to occur at constant volume. 
In the first place the reaction may be assumed to occur at temperature T 
whereby q calories of heat are yielded to the surroundings. The system B may 
now be raised from T to T + dT. This will require absorption of heat by the 
system equal to C v 'dT , where C v ' is the heat capacity of the system B at 
constant volume in the given small temperature interval. In the second place, 
the process may be achieved by another path. The system A may be raised 
from T to T + dT whereby analogously the heat absorbed will be C v dT . 
The reaction A to B may now be conducted at the temperature T + dT 
whereby a heat evolution equal to q + d<? calories occurs. From the law of 
conservation of energy, the heat change from A at temperature T to B at 
temperature T + dT is independent of the path by which it is achieved; 
otherwise, a perpetual motion machine could be realized. Hence, assigning 
positive values to heat absorbed by the system and negative values to heat 
given to the surroundings, we obtain by equating the two modes of procedure 

- q + C v 'dT = C v dT - (q + d q) 9 

whence 

d q = (C v - C v ')dT 

or 

dq 

~F=C V - CV. (9.1) 


Since, at constant volume, q } the heat evolved in a process is equal to — A E> 
we may write the equation 


d(AE) 


- C v ' - C v = A C v . 


dT 


(9.2) 
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In a similar manner it may be shown that, operating at constant pressure 
instead of at constant volume, 


d(Aff) 

dT 


A C Pt 


(9.3) 


where A C p represents the heat capacity at constant pressure of the products less 
that of the reactants. The temperature coefficient of the heat of reaction 
under any circumstances is therefore equal to the change in the heat capacity 
which the system undergoes in those circumstances. This law was first deduced 
by Kirchhoff 1 in 1858. It is applicable alike to chemical reactions and to all 
those processes such as fusion, vaporization and the like which we more usually 
term physical processes. More recently the applicability of the law in cases 
of sub-atomic nature has been demonstrated. 

(10) The Thomsen-Berthelot Principle: An Erroneous Concept of Chemical 
Affinity: The idea underlying the comprehensive investigations of Thomsen 
(1854 onwards) and of Berthclot in the domain of thermochemistry was the as¬ 
sumption that the heat of reaction was a direct measure of chemical affinity. In 
the words of Berthelot, “every chemical change which takes place without the 
aid of external energy tends to the production of that system which is accom¬ 
panied by the development of the maximum amount of heat.” This principle is 
wrong. Many reasons may be adduced to prove its incorrectness. If the prin¬ 
ciple were true, only exothermal reactions could take place unless external 
energy were simultaneously utilized. For, endothermic reactions would indi¬ 
cate a negative affinity or a repulsion. The existence of endothermic reactions 
had, therefore, to be explained by the proponents of the theory by assumption 
of the operation of secondary physical factors. Thus, the spontaneous solution 
of many salts in water, frequently endothermal, is apparently a contradiction 
of the Thomsen-Berthelot principle. It was “explained” that although the 
net observed heat effect was negative, the positive value, due to the affinity 
proper, was masked by secondary thermal magnitudes due to physical changes, 
e.g., the change of the solid salt to the fluid condition in solution. Such assump¬ 
tions, impossible of test by measurement, only served to complicate what is, 
as will be shown, a very simple quantity, the chemical affinity of a system. 
The Thomsen-Berthelot principle implied, moreover, that reactions should 
proceed to completion in that direction in which exothermicity was developed. 
This had been definitely disproved by the researches of Berthollet at the be¬ 
ginning of the nineteenth century; the concept of balanced actions became 
indispensable when the Law of Mass Action was put forward by Guldberg 
and Waage in 1864. Balanced actions and equilibrium involve the simultane¬ 
ous occurrence of exothermal and endothermal changes at one and the same 
temperature. 

It will emerge in the subsequent discussion that the heat of reaction is not 
the true thermodynamic criterion for chemical reaction. On the contrary, 

i Pojd. Ann., 103, 454 (1858). 
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the change of free energy, the capacity of the system to do chemical, electrical 
or mechanical work, will he shown to be the correct measure of the driving 
force of a reaction. In certain special, but accidental, cases, the heat of re¬ 
action and the free energy of the process may be equal. In the majority of 
cases this will not be true. To demonstrate the correct relationship between these 
two magnitudes the first law of thermodynamics is insufficient. New limitations 
on the convertibility of energy must first be discussed and these will lead to a 
second law of thermodynamics. In the meantime it may be emphasized that 
the law. of conservation of energy gives no information as to the direction of 
energy changes. It only insists that, whatever the direction of change, no 
energy shall be lost or gained by the system taken as a whole. 

(11) Thermochemical Data: Thermochemistry is concerned fundamentally 
with the determination of the heat changes accompanying two types of process 
(a) change of state, (6) chemical reaction. The important calorimetric quanti¬ 
ties are therefore (1) heats of vaporization and sublimation, (2) heats of fusion, 
(3) heats of transition, (4) heats of formation together with, (5) specific heats. 
In multicomponent systems it is necessary also to know (1) heats of solution, 
(2) heats of dilution and (3) heats of interaction, for example, neutralization, 
in solution. A thermochemical investigation involves, in modern procedure, 
two types of measurement. In one there is measured the amount of chemical 
reaction or physical change the occurrence of which produces a specified change 
in a calorimeter, and in the other there is measured the quantity of elec¬ 
tricity that produces the same change in the calorimeter. In formulating, 
thus, the fundamentals of thermochemical investigation Rossini 1 has pointed 
out that present day requirements place a heavy burden upon accuracy and 
precision of measurements which the great body of thermochemical data 
accumulated by Thomsen, Berthelot and others prior to 1900 falls far short of 
meeting. In the earlier work an accuracy of rfcl keal. would be regarded as 
satisfactory; today’s thermodynamic requirements frequently demand a 
precision ten times as great. 

The chemical reactions whose heats require measurement are grouped by 
Rossini in three classes: 

1. Reactions substantially in the gaseous phase at constant pressure. 

2. Reactions substantially in the liquid phase at constant pressure. 

3. Reactions in a closed bomb at constant volume. 

As examples of the first class, occurring in the calorimeter vessel, generally 
in a flame or at the surface of a catalyst, the following may be cited: 

H,fo.) + - H 2 0(Z.), 

XCltto.) + KH *(g.) - HC1 (*.), 

CH 4 (f.) + 20 # fo.) - CO t{g.) + 2H*0(Z.), 

C 2 H 4 (f.) + H,(0.) * C 2 H,(0.), 

0,(0.) + S(c.) - 80,(0.). 

i F. D. Rossini, Chew. Rev., 18, 233 (1936); 27, 1 (1940). 
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They include heats of combustion, of hydrogenation and of chlorination, with 
the last example occurring in a flame with oxygen burning in an excess of sulfur 
vapor, sulfur being present initially and finally in the solid state. In general, 
one of the reactants is maintained in excess and the amount of reaction is best 
determined by measuring the mass of one of the products. 

As examples of the second class the following are illustrative: 


HCM00H 2 O(Z.) + NaOH • 100H 2 O(/.) - NaCl-201H 2 0(Z.), 


HC1(<7.) + lOOHjOfJ.) 
NaCl (c.) + 100H 2 O(Z.) 
NaCl- 100H 2 O(Z.) + 100H*O(/.) 
NaCl(og.) + AgNOi(og.) 
Na(c.) + H*0(l.) 


= HCM00H 2 O(Z.), 

— NaCl * 100H 2 O(/.), 

== NaCl-200H 2 0(Z.), 

- AgCl( c.) + NaN0 3 (ag.), 
= NaOH(a</.) -f 


They include heats of neutralization, of solution both of gas and solid, of dilu¬ 
tion and of chemical reaction between two solutions to form a solid precipitate, 
and between a solid and a liquid. 

Reactions of the third class, involving bomb calorimetry in a closed bomb 
at constant volume and, normally, elevated pressures, are usually combustion 
reactions. Gases, liquids and solids may thus be treated. The method is 
particularly applicable to organic compounds, from the heats of combustion of 
which much of our knowledge of the heats of formation of organic compounds 
is derived. The normal combustion products in such cases are carbon dioxide 
and water. In commenting on the precision of such bomb calorimetric measure¬ 
ments, Rossini makes the following pertinent observations: 

“The increasing accuracy and precision of thermochemical measurements has resulted in 
increasing the significance of information concerning the exact thermodynamic state of each 
substance participating in the chemical reaction. In former years, for example, the observed 
value of the heat evolved in the bomb calorimeter was taken as — AE, the decrease in internal 
or intrinsic energy, for the pure reaction at 1 atmosphere. Several years ago, Washburn 1 
investigated in considerable detail the reaction that actually occurs in the bomb calorimeter 
and showed that the value observed for the bomb reaction differs from — A E for the pure 
reaction at 1 atmosphere by amounts ranging from several hundredths to nearly 1 per cent. 

“That the reaction which actually takes place in the bomb calorimeter is a complex one 
is made evident by considering just what the initial and final states are. The following equa¬ 
tion illustrates the nature of the bomb process for the combustion of benzoic acid when, as is 
usually done, a small amount of water is initially placed in the bomb; 2 the temperature and 
pressure of the initial state, T a and Pa , usually will have values between 20° and 30° C., and 
between 30 and 40 atmospheres, respectively; the temperature and pressure of the final state 
will be Ta -f AT and Pa — AP, where A T will usually have a value from 1° to 4° C. and A P 
will usually be of the order of several atmospheres: 

C 7 H.O,(c.) + [(30 - o)O s + 6H,0](ff.) + [(K* - *>)H,0 + oO,]((.) = [(7 - f) CO, 

+ (*% ~ <*)0, + cH,0](jjr.) + [(3 + Ms ~ e)HsO + dO, +/CO,](/.). 

1 E. W. Washburn, Bur. Standards J. Res., 8, 729 (1932). 

2 The presence of nitrogen in the oxygen used for the combustion further complicates the 
reaction through the formation of a significant amount of aqueous nitric acid: 

KN tig.) + HO 2 ( 0 .) + KH 2 0(I.) - HNO«(<*«.). 
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This complex actual reaction is to be compared with the simple reaction for which the thermo- 
chemical value is desired, the temperature and pressure of the reactants and products being, 
for example, 25° C. and 1 atmosphere: 

CtEUCMc.) + = 7002(0.) -f 3H 2 D {IX 

“To obtain the required thermochemical value for the simple reaction at 1 atmosphere, the 
observed value for the bomb reaction must be corrected with regard to the changes in internal 
energy with pressure of the initial oxygen and of the mixture of oxygen and carbon dioxide of 
the final state, the heat of solution of oxygen and carbon dioxide in water, and the heat of 
vaporization of water. 

TABLE I 

Heats of Formation of Gaseous Hydrocarhons from Solid Carbon (Graphite) and 
Gaseous Hydrogen at 25° C. 


Substance 

Formula and State 

A//»S.16 

Int. j. ix»r mole 

Cal. per mole 

Paraffins: 




Methane. 

CH 4 (0.) 

-74,735 ±310 

-17,865± 74 

Ethane. 

C 2 H6(i/.) 

-84,465 ±450 

-20,191 ±108 

Propane. 

C 3 H N (y.) 

-103,535 ±520 

— 24,750±124 

n-Butane. 

C4H,oto.) 

-124,305 ±640 

—29,715 ±153 

Isobutane . 

C<H „>(».) 

-131,145 ±550 

—31,350 ±132 

n-Petane. 

C!iH»(j.) 

-145,325 ±890 

—34,739 ±213 

2-Methylbutane. 

0 8 H n(ff.) 

-153,405 ±040 

-36,671 ±153 

Tetramethyimethane. . . 

C b H»i(0.) 

-164,865 ±950 

-39,410 ±227 

Monoolefins: 




Ethylene. 

C,H 4 (ff.) 

52,526 ±280 

12,556 ± 67 

Propylene. 

CiH.fo.) 

20,732 ±460 

4,956 ±110 

1-Butene. 

C 4 Hh(0.) 

1,602 ±750 

383 ±180 

cis-2-Butene. 

C 4 Hh({/.) 

-5,806 ±750 

-1,388 ±180 

trans-2-Butene. 

C 4 Hs(ff.) 

-9,781 ±750 

-2,338 ±180 

* 1 Isobutene ’ ’ (2-methyl- 




propene). 

CUHhG/.) 

-13,407 ±690 

-3,205 ±165 

1-Pentene. 

C&Hio((/.) 

-19,427 ±1260 

-4,644 ±300 

cis-2-Pentene. 

CiHioG/.) 

-26,794 ±1260 

-6,405 ±300 

trans-2-Pentene. 

CeHio(ff.) 

-30,756 ±1260 

-7,352 ±300 

2-Methyl-l-butene. 

CsHioOr.) 

-35,240 ±840 

-8,424 ±200 

3-Methyl-1-butene. 

C 8 H,o(0.) 

-27,518 ±750 

-6,578 ±180 

2-Methyl-2-butene. 

C»Hio<0.) 

-41,812 ±750 

-9,995 ±180 

Diolefins: 




Allene. 

C 3 H4(0.) 

192,624 ±1090 

46,046 ±260 

1, 3-Butadiene. 

C 4 Hfi(cF.) 

112,384 ±1000 

26,865 ±240 

1, 3-Pentadiene. 

CjHsfo.) 

79,002 ±1260 

18,885 ±300 

1, 4-Pentadiene. 

C 6 Hs(ff.)rh 

106,946 ±1260 

25,565 ±300 

Acetylenes: 




Acetylene. 

C 2 H 2 (0.) 

226,852 ±980 

54,228 ±235 

Methylacetylene. 

C s H 4 (0.) 

185,358 ±1000 

44,309 ±240 

Dimethylaeetylene. 

C 4 H 8 (g.) 

147,340 ±1490 

35,221 ±335 
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“In his comprehensive study, Washburn derived the complete and the approximate equa¬ 
tions for correcting the heat of the bomb reaction to give the heat of the pure reaction at l 
atmosphere, and proposed certain standard states for bringing uniformity in the data of bomb 
calorimetry. The important variables in this connection are the volume of the bomb, the mass 
of substance burned, the amount of water initially placed in the bomb, and the initial pressure. 
Washburn’s recommendations concerning the standard conditions of the bomb process, and 
his equations for correcting AE of the bomb reaction to A E of the simple reaction at 1 atmos¬ 
phere, have been accepted by the Commission Permanent? de Thermoehimie de la Union 
Internationale de Chimie. 

“In the case of the combustion of organic compounds containing pulfur or a halogen, the 
reaction is even more complicated than that described above. In each such combustion 
involving sulfur or a halogen, the investigator must determine, with an accuracy commen¬ 
surable in significance with his calorimetric accuracy, just what the actual reaction is that 
occurs in the bomb. The observed heat effect must then be corrected by the appropriate 
amount necessary to give the heat of a reaction in which all the reactants and products are in 
definite known states.” 

The degree of precision which may he attained in modern calorimetric 
techniques is well illustrated by the data recently accumulated on the heats of 
formation of gaseous hydrocarbons from solid carbon and gaseous hydrogen at 
25° C. The case in question represents a favorable condition for the attain¬ 
ment of precision because of the possibility of control using two techniques, 
one that of heats of combustion, from the work of Rossini and collaborators 
at the National Bureau of Standards, the other the heats of hydrogenation, 
from the work of Kistiakowsky and his collaborators at Harvard University. 
Data obtained from these sources during the last fifteen years on hydrocarbons 
containing five or less carbon atoms per molecule are presented in Table I. 
The data for the paraffins depend on heats of combustion alone. The data for 
olefins and acetylenes are derived from a combination of data on the two 
techniques. 

Such data may be utilized, by application of Hess's Law, to obtain the heats 
of isomerization of saturated and unsaturated hydrocarbons. The data so 
obtained by Rossini, collected in Table II, exhibit excellently the reason for the 
precision of measurement required in modern thermochemistry. 


TABLE II 

Heats of Isomerization of Saturated and Unsaturated Hydrocarbons 


Isomerization 

A// 0 (298.16 o K.) 
keal. per mole 

Atf°(0 o K.) 
keal. per mole 

n-butane — isobutane 

-1.64 ±0.20 

-1.27 ±0.21 

n-pentane — 2Me-butane 

-1.93 ±0.26 

-1.43 ±0.27 

n-pentane = tetramethy imethane 

-4.67 ±0.31 

-4.04 ±0.32 

I-butene =2-cis-butene 

-1.67 ±0.12 

-1.84 ±0.12 

1 -butene *2-trans-butene 

-2.72 ±0.12 

-2.79 ±0.12 

1-butene =2Me-propene 

-3.59 ±0.26 

-3.85 ±0.25 

1 -pentene «3Me-l-butene 

-1.93 ±0.30 

* 

1-pen tene =*2Me-l-butene 

-3.78 ±0.30 


1-pentene =2Me-2-butene 

-5.35 ±0.30 
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The values of A// 0 at 0° K. were calculated from data provided by Pitzer 1 
for the gases in question. For graphite the present accepted value for 
//°(295.16° K.) — H°(0° K.) is 251.9 ± 3.0 cal. per mole and for hydrogen 
2023.9 ± 0.5 cal. per mole. 

Tables of “best,” self-consistent values for the heats of formation of chemi¬ 
cal compounds, other than those of carbon compounds containing more than 
two carbon atoms, and including heats of transition, fusion, vaporization and 
ionization have been compiled by Bischowsky and Rossini. 2 In these tables, 
for the element carbon, diamond was chosen as the standard state. As a 
result of more recent researches, 3 it is concluded that the existence of more than 
one form of graphite is improbable and that there is every reason to use graphite 
as the reference state for carbon. 


Applications of the First Law to Gases 

^(12) The Internal Energy of an Ideal Gas: In general, a gas may be defined 
by reference to two of the three variables, pressure, volume and temperature, 
any two of which will give the third a definite value. Since the internal energy 
of a substance is a function of its state at any given moment, it follows that the 
small change in internal energy dE of such a gas may be expressed by an equa¬ 
tion of the form 


dE dE 
dE = - dT + ~ d „, 


( 12 . 1 ) 


in which case v and T are chosen as the two variables. Now dE/dT is the heat 
taken up by one mole of gas when it is heated one degree without performing 
external work, for then 

A E = q. (12.2) 

This, however, is really the heat capacity at constant volume. Hence 



(12.3) 


We may therefore write the above equation in the form 


dE = C v dT + 

Hence, also, from the first law 



(12.4) 


dE 

dq = C v dT + — dv 4- die. (12.5) 

dv 

1 K. S. Pitzer, Chem. Rev., 27, 39 (1940). 

2 P. R t BiBchowsky and F. D. Rossini, “The Thermochemistry of the Chemical Sub¬ 
stances,’* Reinhold Pub. Corp., New York, 1936. 

8 P. H. Dewey and D. R. Harper, J. Res. Nat. Bur. Standards, 21, 457 (1938); R. S. 
Jessup, ibid., 21, 475 (1938); F. D. Rossini and R. 8. Jessup, ibid., 21, 491 (1938). 
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If, now, the temperature change be determined which accompanies the expan¬ 
sion of a gas in a thermally insulated system (i.e., q — 0), without performance 
of. external work by the system on the surroundings (i.e., w — 0), such a tem¬ 
perature measurement will yield information relative to the change of internal 
energy with volume. This experiment was first carried out by Gay-Lussac 
and later by Joule, by allowing the gas from one vessel, I, to stream into an 
evacuated vessel, II, until pressure equilibrium was established in the complete 
system I + II. By having the system immersed in water in a calorimeter any 
temperature variation could be noted. The first experiments of this type led 
to the conclusion that dT was equal to zero. It was therefore concluded that, 
for such a system, since dr was positive, 

dE 

- = 0 . ( 12 . 6 ) 

It follows, therefore, that for all such gaseous systems as would give this ex¬ 
perimental result the internal energy would be independent of the volume, 
dependent only on the temperature of the system. 

More accurate measurements, subsequently performed by Joule and Thom¬ 
son (later Lord Kelvin), established the fact that this conclusion was incorrect 
for all real gases, but that it was approached the more closely the more the 
gas approached a condition of ideality. The lower the initial pressure in vessel 
f, or the higher the experimental temperature T , the more nearly did dT ap¬ 
proach zero and therefore tiie more nearly did dE/dv approach zero. 

The real thermodynamic criterion to be fulfilled by any ideal gas may be 
learned by a study of the experimental method employed by Joule and Thomson 
to determine the temperature changes accompanying an expansion of a real 
gas. The change from a high pressure pi to a lower pressure was made to 
occur slowly by interposing a resistance to the gas flow. A porous plug di¬ 
vided the region of high pressure from that of low pressure. As the gas 
passed through the plug under compression 
on the high pressure side, pi, the volume on 
the low pressure side was increased. Dia- 
grammatically this may be illustrated in Fig. i 

Fig. 1. 

The work done on the gas at high pressure pi for a gram mole of the gas at 
volume Vi compressed through the plug is obviously p\Vi. On the low pressure 
side, correspondingly, the work done by the gas on the surroundings is p 2 t> 2 . 
Now if Boyle’s Law be obeyed by the gas in question, 

P\v i = p&t, • (12.7) 

it is evident that the system as a whole has performed no external work, and 
w — 0. In a thermally insulated system q also is equal to zero. Under such 
circumstances 




rii p 

V Z | 


-i ft 1 * 

f 


( 12 . 8 ) 
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Whence, if dT — 0, it follows also that 



(12.9) 


Hence an ideal gas may be defined thermodynamically as a gas fulfilling two 
conditions, 



(b) pv = constant. 


( 12 . 10 ) 


(13) Real Gases: The Joule-Thomson Coefficient: For real gases, in general, 
PiV i will not be equal to P 2 V 2 . The external work performed by the system as 
a whole upon the surroundings will be 

P 2 V 2 — P\V\ — w. (13.1) 

According to the first law, for a process without heat absorption, a so-called 
adiabatic process, 

AE = E 2 — Ei = — w = pith — p 2 v 2 . (13.2) 

Hence 

E 2 -j- P 2 V 2 = E\ -f- pith. (13.3) 

Since H — E + pv, this equation may be transformed into 

IU = Hi (13.4) 


The free expansion of a real gas occurs, therefore, not with constant internal 
energy E but with constant heat content II. The Joule-Thomson coeffi¬ 
cient is therefore definable as the change in temperature produced when the 
gas expands at unit pressure differential and constant heat content, or math¬ 
ematically 


Mj.t. 



(13.5) 


The Joule-Thomson coefficient for a number of gases under stated conditions 
is given in the following table. Comprehensive data for air, helium, argon, 
carbon dioxide and mixtures of these gases have been published by Roebuck 
and his collaborators. 1 

Now since in the free expansion of real gases, H = E + pv is constant, 
i.e., dH = d(E + pv) = 0, and since H is also a single-valued function of 
any two of the variables, p, v and T , that is, 

(dH\ ( dH \ 

dH -\wh dT + \T v ) T d P’ < 13 - 6) 

1 J. R. Roebuck, Proc. Am. Acad. Arts Sci ., 60, 637 (1925); 64, 287 (1930); J. R. Roebuck 
and H. Osterberg, Phys. Rev., 43, 60 (1933); 45, 322 (1934); /. Chem. Phys., 8, 627 (1940); 
J. R. Roebuck and T. A.Murrell,^ Phys. Rev 55, 240 (1939). 
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TABLE III 

Joule-Thomson Coefficients 


Gas 

t° C. 

Mj.t. aJ Pressures 

0-6 

2 

10 

ir> 

40 atm. 

Hydrogen 

6.8 

-0.030° 






90.1 

-0.044° 





Carbon Dioxide 

0 

1.35° 




1.46 c 


20 

1.14“ 

1 .21 6 

1.31* 

1.37* 

1 .20 c 


40 

0.96“ 




1.04 c 


100 

0.62“ 







P = 0 

25 

50 

100 

150 Kg./cm. 8 

Air 4 

-55 

0.44 

0.40 

0.3 

1 0.28 

0.18 


0.6 

0.27 

0.25 

0.24 

0.19 

0.16 


49 

0.20 

0.18 

0.17 

0.15 

0.12 


150 

0.09 

0.09 

0.07 

0.06 

0.05 


250 

0.02 

0.02 

0.02 

0.01 

0.01 



P-1 

4.5 

6.4 m. Hg 



Air c 

0 

0.399 

0.378 

0.359 




50 

0.298 

0.278 

0.270 




100 

0.224 

0.210 

0.213 




° Joule-Thomson. 

h Natanson, Wied. Ann, 31, 502 (1887). 
c Hester, Phys. Iiev., 21, 260 (1905). 
d Noell, Forsch, Arbeiten No. 184 (1916). 
• Hoxton, Phys. Rev., 13, 438 (1919). 


it follows that, since dll = 0, 



(13.7) 


In other words the magnitude of the Joule-Thomson coefficient is determined 
by the variation in the quantity H with pressure at constant temperature 
since C p is a definite numerical quantity. 

The variation of II with pressure at constant temperature is determined by 
the respective variations of E and pv of which the quantity H is composed. 
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Since 

(I?) -(H) (*) , 

\dpjr \ dv /T\dp/T 
it follows, for the Joule-Thomson coefficient, that 

_fdT\ _ V dv Jr\dpJr \ dp Jr 
tl3T - V dp )h C p C P 


(13.9) 


(13.10) 


All of these quantities, except ( dE/dv)r , can readily be measured experimentally. 
These measurements therefore offer a method of obtaining the value of ( dE/dv)r 
for a real gas. It is thus found always to have a positive value for such gases. 
The variation of volume with pressure, (dv/dp) t, is always negative so that 
the first term in equation (13.10) is always positive. The variation of the 
pressure-volume product with pressure is dependent on both the pressure range 
and the temperature. At ordinary temperatures and for moderate pressures 
the value of (d(pv)/dp)r in the second term of equation (13.10), is negative 
for all gases except hydrogen and helium for which gases the product increases 
with pressure. Hence, it follows that, for all gases except hydrogen and 
helium, the Joule-Thomson coefficient will be positive at ordinary tempera¬ 
tures, in agreement with experimental fact. For hydrogen and helium, at 
ordinary temperatures, experiment shows that ( dT/dp)n is negative, from which 
it may be concluded that, in the case of these two gases, the negative influence 
of the second term in equation (13.10) is greater than the positive influence of 
the first term. 

The variation of II with pressure at constant temperature may also be 
examined for a gas obeying van der Waals’s equation. The usual form of the 
equation, per mole of gas, 



(v - b) = RT 


(13.11) 


may be rearranged to give 

pv — RT 4* bp — a/v + ab/v 2 . (13.12) 

Substituting RT/p for v in the last two terms yields 

pv = RT + (6 - a/RT)p + (ab/(RT) 2 )p 2 . (13.13) 

Neglecting the last term on the right of the equation, and, therefore, for mod¬ 
erate pressures, it follows that 

(d(pv)/dp) T = b - a/RT . (13.14) 


Since the term a/v 2 is an internal pressure or attraction which must be overcome 
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when the gas expands, the energy supplied to the gas in expansion from volume 
Vi to volume v 2 is given by the expression 


a a a 

V 2 ^ V\ v 2 


The energy of a gas may therefore be expressed by the equation, 



(13.15) 


a 

E — Eq — - , 
v 


(13.16) 


where Eo is the energy at infinite volume. Substituting RT/p for v and differ¬ 
entiating with respect to pressure, it follows that 

(dE/dp) T = - a/RT. (13.17) 


It follows therefore that, since ( dH/dp) T ~ ( dE/dp)r -f (d(pv)/dp) Tt for a 
gas obeying van der Waals’s equation, and at moderate pressures, 

{dllldp)r = b - 2 a/RT (13.18) 

and the Joule-Thomson coefficient in equation (13.7) becomes 


MJ.T. 



(13.19) 


For such a gas there is obviously a temperature, 7\, such that the coefficient 
becomes zero, above which it is negative and below which it is positive. This 
inversion temperature is given by the expression 


Ti - 


2 a 
Rb ‘ 


(13.20) 


All gases, with the exception of hydrogen, helium and argon are below their 
inversion temperature when at room temperature. The inversion temperature 
of hydrogen is approximately — 80° C. The inversion temperature is, how¬ 
ever, dependent on the operating pressure as is obvious from the nature of the 
approximations involved in the above discussion and the data of Roebuck and 
Osterberg for argon cited in Table III. 

TABLE III 

Inversion Temperatures for Argon 

p = 200 180 140 100 60 Atm. 

U « - 119.6 - 122.6 - 128.3 - 137.6 - 146.2 °C. 

Rose-Innes has shown that the experimental measurements of Joule and 
Thomson were representable by an empirical equation conforming to that 



460 


A TREATISE ON PHYSICAL CHEMISTRY 


deduced using van der Waals’s equation for the gas. 
has the form 


dT 

dp 



The empirical equation 
(13.21) 


where the constants a and b are characteristic empirical constants for each gas. 
For air and carbon dioxide both constants are positive in sign. For hydro¬ 
gen b was negative. In this last case evaluation of the constants a — 64.1, 
b = — 0.331 indicated that at T — 194° K. or — 79° C. the quantity dT/dp 
became zero. Below this temperature, the Joule-Thomson coefficient is 
positive, that is, cooling is produced in hydrogen below this temperature. 
This is in agreement with experimental investigations of Olszewski who showed 
that below 80° C. hydrogen could be cooled by expansion. All the common 
gases, other than hydrogen, helium and argon probably show inversion points 
at temperatures above ordinary room temperatures. 

Joule and Thomson found that the Joule-Thomson coefficient varied in¬ 
versely as the square of the absolute temperature 


MJ.T. = ” * (13.22) 

This indicates that the lower the temperature, the greater the cooling effect 
produced per unit pressure gradient, a conclusion which has been experimentally 
verified in many cases. 

The influence of pressure on the magnitude of the coefficient has been 
studied for oxygen at 0° C. over a considerable pressure range by Vogel. 1 
The cooling effect decreased from 0.260° per atm. pressure gradient at 20 atm. 
pressure to 0.139° at 160 atm. pressure. Over a more limited pressure range 
Hoxton 2 has studied the variation in the coefficient for air. He finds also a 
diminution of the coefficient with increasing pressure at constant temperature, 
the combined effects of pressure and temperature being representable by an 
empirical equation 

i qo qinp 

MJ.T. = - 0.1975 +^r- -yST • (13.23) 

The Joule-Thomson effect is made use of practically for the liquefaction 
of gases by the so-called Linde-Hampson process. The gas cooled by expan¬ 
sion is utilized to pre-cool the compressed gas passing through the plug. A 
lower temperature is thereby produced in the gas upon expansion. The 
cooling is thus made cumulative until finally a temperature is attained at 
which liquefaction occurs. The efficiency of such a process may be calculated 
from the known data on the heat capacities of the gases at the two pressures, 
the Joule-Thomson coefficient, the boiling point and the heat of vaporization 

1 Thesis, Mlinehen, 1910. 

* Phya. Rev., 13, 438 (1919). 
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of the liquefied gas, when jt is remembered that the heat content of the system 
undergoes no change. 

(14) The Relation between C p and C v : It has been shown that the quantities 
C P and C v are defined by equations (6.5) and (6.3) 




(6.5) 


-(I).- 

(6.3) 

Hence 


(14.1) 


(d(E + pi,)\ (dE\ 



\ dT ) P \dr) v 



(dE\ (9v\ SdE\ 

~ \dT ) p + P \dT ) P ~ \dT ) v ' 

(14.2) 

Now 

dE -{^), dT+ {n;h d - 

(14.3) 

Hence 

/<9F\ /dF\ ( dE \ ( dv \ 

\dTj P ~ \dTj v + Jt \ dT ) p 


or 

(dE\ fdE\ ( dv \ ( dv \ 

C P -C V - y dT ) v + \ dv ) T \dT) P + P \dT) p 

\dTj v 



(14.4) 

For an ideal gas it has been shown that 



( dE\ 

V dv )t - °' 

(12.10) 

Hence, 

for such gases 



c ’-°- -?(£),■ 

(14.5) 


Employing the equation of state for one mole of an ideal gas, 

pv = RT, 


= y 


it follows that 
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Hence, for such gases 


C p ~ Cr » R . 


(14.6) 


(15) Isothermal Expansion of an Ideal Gas: From the first law of thermo¬ 
dynamics, 

A E — q — w, 

it has been shown that A E is independent of volume change for an ideal gas. 
Hence, in the expansion of such a gas 


q = u\ 

For an infinitesimal volume change dv at pressure p 

d q — pdv. 

For a finite volume change, Vi to v 2) 


i: 


pdv. 


Assuming for 1 mole of gas that pv — RT, it follows that 

-f 


dv v 2 

RT- = RT In — 

V V \ 


(15.1) 


(15.2) 


(15.3) 


(15.4) 


For an ideal gas we may also put piv { — p 2 v 2y where pi and p 2 are the pressures 
concerned. The heat absorbed in the isothermal expansion becomes therefore 


q = RT In 


Pi 

P2 


(15.5) 


(16) Adiabatic Expansion of an Ideal Gas: In this case, since the process is 
adiabatic, q — 0. Hence 

A E — — w — — pAv. (16.1) 

Since external work is done by the system on the surroundings, the temperature 
of the gas must fall. The magnitude of the decrease in temperature may be 
determined from equation (12.5) where q — 0 and dE/dv = 0 for an ideal gas, 


whence on integration 


C v dT = — pdv, 


C.(T, - !■,; - £ 

Alternatively, for one mole of gas, 

^ dT dv 

Cv — R 
T v 


pdv 


( 16 . 2 ) 

(16.3) 


(16.4) 
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or 


C n d In T - — Rd In y 

(16.5) 

or 


T 2 V\ 

C v In — « R In ~ • 

1 i Vi 

(16.6) 

Now, since C p — C v — R, and putting C P IC V — y, 


, !*_«., !’■ 
n T C 11 «. 1 

(16.7) 

I\ Vl 

In , * (y - 1) In - 

I l Vi 

(16.8) 

or 


T y vC~ x = 7V 2 7-1 . 

(16.9) 

Since p\V\ — RT i and p z v 2 — RT«, it follows that 


PlVi y = p 2 Vi y 

(16.10) 

or 


Pi^Tp = Vi l ~ y Ti y . 

(16.11) 


(17) Cyclic Processes: A system which, upon completion of a change or 
series of changes, is in its original state is said to have completed a cycle. The 
whole process is known as a cyclic process. Since E is a single-valued function 
of its variables, dependent, therefore, only on the state of the system, inde¬ 
pendent of past history, it follows from the first law that, for every cyclic 
process, 

AE = 0 - q - w. (17.1) 

If conducted at constant temperature the cycle is known as an isothermal cycle. 

The cyclic process forms a useful method of studying the variation of matter 
when subjected to variations of energy content. The most celebrated of such 
cyclic processes is known as the Carnot Cycle. 

(18) The Carnot Cycle: This cycle comprises a four-stage process to which 
an ideal gas may be submitted. It was employed by Carnot to demonstrate 
the work available from a process of heat transfer. The cycle consists of four 
successive processes: (a) an isothermal expansion, (b) an adiabatic expansion, 
(c) an isothermal compression at the lower temperature produced in the previ¬ 
ous adiabatic expansion and ( d ) an adiabatic compression whereby the ideal gas 
is restored to its original temperature, pressure and volume. The accompany¬ 
ing diagram represents the p-v relationships in such a cycle starting at the 
state represented by A at temperature Ti> with the sequence of changes already 
detailed carrying the gas through states represented by the lines (a) AB, ( b) 
BC , (c) CD and (d) DA. 
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The lines AB and CD represent the two isothermals, at the temperatures 
T z and T 1 (T 2 > T i). The lines BC and DA represent the two adiabatics. 

Let the respective p, v , T magnitudes be for 
A , pi, in, To, for /?, p 2 , t; 2 , T 2 , for (7, p 3 , ?; 3 , 
Ti and for D, p 4 , t> 4 , T 

We may follow the changes occurring in 
the several stages thus: 

Stage I. The gas expands isothermally 
from A to B at temperature T 2 . Heat is 
absorbed equal in amount to the work done 
by the system on the surroundings, since, for 
an ideal gas, the change in internal energy 
Fig. 2 is zero. 



q 2 as wi — RT‘2 In 


(18.1) 


Stage II. The gas expands adiabatically from B to C. The heat absorbed 
is zero; hence the work done is 


= C V (T* - TJ, (18.2) 

where T 2 — T\ is the change in temperature resulting from the adiabatic 
expansion. 

Stage III. The gas is compressed isothermally from C to D in a reservoir 
at Ti f whereby the heat qi is given up to the surroundings in amount equal to 
the work of compression 

Vz 

qi = Wz = RT 1 In — • (18.3) 

Va 

Stage IV. The gas is compressed adiabatically from D to 4. The work 
done on the gas is 

ti> 4 - C 9 (Ti - T 1 ), (18.4) 

where T 2 — T\ is the increase in temperature produced by the adiabatic 
compression. 

The net heat absorbed by the gas in the whole cycle is, therefore, 

V2 

a = 0 2 — qi = RT 2 In — — RT 1 In — * (18.5) 

Vi v 4 

From our knowledge of adiabatic expansions of an ideal gas we know that in 
the two adiabatic processes considered 
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and 

C, In ^ In ~ (Stage IV). 

1 1 Vi 

Hence 

Vs V 4 V‘2 Vs 

Vi V\ Vi Vi 

Hence 

q = q* - qv - TO - r.) In - • 

V\ 

Similarly, the work done by the gas, 


w — w i -f Wi — Ws — = R{Ti — T i) In —, 

Vi 


(16.6) 

(18.6) 

(18.7) 


(18.8) 


which satisfies the condition for a cyclic process, w ~ q. The work done may 
now be compared with the quantity of heat qz absorbed at the higher tem¬ 
perature Ti. From equations (18.8) and (18.1) it follows that, 

T — T 

W = T -- J • (18.9) 

i 2 

It is therefore evident that, in the cycle, a quantity of heat has been absorbed 
from the surroundings at a temperature 7\ and partly transformed into the 
work iv, the remainder q x being given up to the surroundings when at a lower 
temperature 7\. The work obtained in such a process is a definite fraction, 
(Ti — 7\)/7 t 2 , of the absorbed heat. We may now proceed to an examination 
of the question whether this quantity of work w represents the maximum amount 
of work possible in such a heat transfer; whether also the same fraction would 
be obtainable were the system employed not an ideal gas. The answer to such 
problems leads us into the realm of the direction of energy change and the 
restrictions upon the interconvertibility of energy which experience has em¬ 
bodied in the second law of thermodynamics. 


The Second Law of Thermodynamics 

An inquiry into the direction of change which a given system will undergo 
may well begin with an inquiry into some well-known examples of direction 
of change and the characteristics which such processes possess. 

(19) Reversible and Irreversible Processes: We are quite familiar with a 
variety of processes, both physical and chemical, which will proceed of them¬ 
selves, or as we so designate them, spontaneously occurring processes. Heat is 
spontaneously transferred from a hot to a cold body either by contact or by 
radiation. Uniformity of temperature throughout the system will eventually 
result. With a concentrated solution in contact with a more dilute solution, 
diffusion of the solute will spontaneously occur and continue until a uniform 
concentration results. Gases permeate a vacuum. Similarly, the inter-diffu- 
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sion of two gases when brought together is another familiar phenomenon. An 
electric current will flow along a conductor when differences of potential 
manifest themselves, just as water will flow from a region of higher level to a 
lower level until a uniform level is secured throughout the system. Many 
chemical reactions occur spontaneously; ammonia and hydrogen chloride gas 
at ordinary temperatures when brought into contact will react to yield solid 
ammonium chloride. All such processes proceed of themselves; they are also , 
of thernselves } irreversible. All are tending to a state of greater stability. The 
velocity with which such a position of greater stability is approached may vary 
widely. The trend in that direction is definite and cannot be reversed by the 
system of itself. Only by the employment of external agencies can the direc¬ 
tion of such processes be reversed. The final state which such a system attains 
is spoken of as a state of equilibrium. A system in such a state is characterized 
by the uniformity in the intensity of all its forms of energy. In reaching this 
finality many halting places may occur. The system in such case is in a state 
of metastable equilibrium. Thus, for example, hydrogen and oxygen at room 
temperatures are only apparently in equilibrium. In reality they are in partial 
or metastable equilibrium, as the introduction of a small amount of platinum 
black into the system would demonstrate. Water would result from the in¬ 
teraction of the gases. But, in no conceivable manner, without the interven¬ 
tion of external agencies, could the process be expected to reverse itself, to 
proceed from the water stage back to the state of the gas mixture. We might 
generalize such observations in the conclusion that: spontaneously occurring 
processes are irreversible. 

Let us now examine the conditions under which we must operate in order 
to approximate to reversibility in the conduct of a process. The direction which 
any energy change takes is determined by the relative magnitudes of the in¬ 
tensity factors of the energy of the system and of its surroundings. At equi¬ 
librium the intensities of all the forms of energy are uniform. An infinitesimal 
variation in any one intensity factor will produce a change in that direction 
which will tend towards uniformity. 

Imagine a pure liquid in equilibrium with its saturated vapor enclosed in 
a cylinder fitted with a piston the pressure upon which may be delicately 
adjusted. Let the apparatus be at constant temperature in a large reservoir 
from which the system may withdraw heat or to which it may give up heat. 
The piston will be stationary when the pressure on the piston is exactly equal 
to the pressure of the saturated vapor at the given temperature. Any displace¬ 
ment of the pressure on the piston, no matter how small, will cause a change 
to take place in the system, liquid-vapor. If the pressure on the piston be 
diminished infinitesimally, the piston will rise. The volume occupied by the 
saturated vapor will increase and hence a little of the liquid will evaporate to 
produce the saturation pressure. In doing this, heat will be abstracted from 
the reservoir. In this way, a process may be continuously operated, namely, 
the change from liquid to saturated vapor at a given temperature. The process 
will be exceedingly slow since the difference in the intensity factors is, under 
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assumption, infinitesimally small. The process may also be reversed. Imagine 
a pressure on the piston infinitesimally greater than the saturated vapor 
pressure. The piston will, under such circumstances, compress the saturated 
vapor into a smaller volume, the supersaturation of the vapor which would 
thereby result being overcome by condensation of some of the vapor. By this 
reversal of the process vapor may be converted to liquid. Heat will be given 
up to the surrounding reservoir. 

The energy expended in two such processes as we have just outlined may 
now be computed. Let the saturated vapor pressure at the constant tempera¬ 
ture T be equal to p. In the first case let the pressure on the piston be p — dp, 
i. e., infinitesimally smaller than p. Let the volume change, dv, be infinitesimally 
small. The work expended by the system on the surroundings will be 

(p — dp)dv = pdv — dp-dv. (19.1) 

If dp and dv arc infinitesimally small, the second factor dp-dv is an infinitesimal 
of the second order, negligible in comparison with pdv. Substantially there¬ 
fore, the work done is pdv. In the second process considered, that of com¬ 
pression, the pressure on the piston must be slightly greater than p, say p + dp. 
Let the system, after the expansion, be compressed by such a pressure through 
a volume decrease — dv. The work done on the system will be 

— (p + dp)dv = — {pdv + dp-dv) (19.2) 

or — pdv when second order infinitesimals are neglected. The system is now 
in its original condition, the heat changes paralleling the two processes having 
occurred and being demonstrably equal and opposite, provided that no acci¬ 
dental and irreversible processes have simultaneously occurred. For this, 
it is necessary to assume that the piston shall be both weightless and fric¬ 
tionless since otherwise irreversible changes, e.g., those due to friction, would 
doubtless have occurred. Such a process represents an ideal to which all 
naturally occurring processes may approximate without ever realizing. Such 
an ideal process, however, though not actuall) r realizable, is, nevertheless, 
conceivable. From the mental conception and its consequences, definite con¬ 
clusions may be reached. Such an ideal process is characterized by its complete 
reversibility in contrast to actual processes which will always contain elements 
of irreversibility to a greater or less degree. In the ideal process, all of the 
stages of the process may be repeated in inverse order in point of time, the net 
expenditure of energy by all the mechanical forces involved being zero on com¬ 
pletion of the whole process. 

One other example, involving another form of energy, may be cited to 
illustrate the concept of reversible processes and to show the approximation to 
the ideal process which may be achieved by a real process. The lead storage 
battery, when discharging, yields current at approximately 2 volts. When the 
battery is discharged the process may be reversed by supplying current to the 
battery. As normally operated, the process of discharge and charge is accom- 
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panied by a number of irreversible phenomena, diffusion of electrolyte, heat 
losses and the like. The discharge of the battery may, however, be secured 
under conditions approximating to the ideal reversible process by opposing to 
the flow of current from the battery a current at a potential infinitesimally 
smaller than that of the battery. Under such circumstances current wguld be 
drawn from the battery in infinitesimally small amounts at minute speed and 
the factors of irreversibility in the process would be reduced to a minimum. At 
any moment by increasing the opposing potential infinitesimally beyond that 
of the battery the direction of current flow would be reversed, the battery would 
begin to charge. Furthermore, as in the previous case, the energy expenditure 
for any infinitesimal change in one direction will be exactly equal numerically 
to that expended in the reverse case. This type of reversible process is ap¬ 
proximately obtained in the Poggendorff method of measurement of the elec¬ 
tromotive forces of galvanic elements. The unknown potential is measured 
by opposing to it a potential of known magnitude, equality of potential being 
indicated by zero displacement of a galvanometer suitably placed in the elec¬ 
trical circuit. With such a system, very minute quantities of current could be 
drawn from a galvanic element and the actual conditions of energy change 
would approximate very closely to the ideal reversible conditions. 

(20) Maximum Work: It is characteristic of such ideal reversible processes 
that the external work performed by the system undergoing change is the max¬ 
imum amount of work that the system is capable of accomplishing. It is very 
evident that, if all irreversible effects could be eliminated from a process, the 
efficiency of the process should be a maximum. This is actually true. It may 
be made the more evident from a reconsideration of some ideal processes. In 
the isothermal expansion of an ideal gas through an infinitesimal volume change, 
dv , the work done is pdv. The magnitude of this quantity is obviously depend¬ 
ent on the opposing pressure p. When p is zero, expansion against a vacuum, 
the work done is zero. As p is increased the work done, pdv y also increases. 
The value attains a maximum when the driving pressure of the gas is infini¬ 
tesimally greater than the opposing pressure. For, if these two pressures are 
equal, no volume change can occur; and if the opposing pressure be infinitesi¬ 
mally greater than the gas pressure, contraction in volume of the system will 
result. The maximum external work is therefore done when driving and op¬ 
posing forces differ infinitesimally. This condition is, we have seen, that de¬ 
manded by an ideal reversible process at all stages of its operation. The ex¬ 
ternal work performed in a reversible process is therefore the maximum work 
available in the conduct of the process. In the expansion process just discussed, 
the reversible and maximum work, W r , done by the system is therefore 

W r = pdv . 

For a finite volume change conducted isothermally and reversibly 


( 20 . 1 ) 
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which, as we have previously shown for an ideal gas, is 

Vo Vi 

W r = RT In — = RT In — • t'20.3) 

Vl P2 ‘ 

A little consideration will show also that the work done on the surroundings 
in an adiabatic expansion, as formulated in the equations of Section 16 and 
utilized in Stages II and IV of the Carnot cycle (Section 18), also gives the 
maximum work available from the process. We may therefore conclude that 
in the complete cyclic process already considered, the Carnot cycle, all the 
operations being conducted reversibly, the external work performed is the 
maximum work that can be accomplished in that cycle of operations. The 
relationship given by the Carnot cycle may therefore be written 



the work, W riC , of the reversible cycle, done by the system in the transfer of 
heat </ 2 from temperature jT 2 to T { representing the maximum amount of work 
obtainable in an ideally conducted process. All real processes would yield a 
smaller amount of external work. 

Furthermore, in a process consisting of a transfer of heat it may be shown 
that the fraction converted into useful work is independent of the mechanism 
whereby heat is transferred, provided that this mechanism is reversible. For, 
let us assume a reversible cycle producing an amount of work W' r ,c greater than 
W r ,o obtained in the Carnot cycle previously considered. In such case a 
quantity of heat, # 2 , will be taken from the reservoir at T 2 and a quantity of 
heat qi (< qi) be given to the reservoir at T h whereby the relationship is 
obtained, 

q 2 - qx* = W'r, c . ( 20 . 5 ) 

Then, by employing the Carnot cycle for an ideal gas, in the reverse direction 
from that previously considered, a quantity of heat q 1 can be taken from the 
reservoir at T x and with the aid of a portion of the work IF' r , c , actually the 
quantity W r ,c , an amount of heat q 2 can be put back into the reservoir at tem¬ 
perature T 2 . As a result of this compound cycle the only change in the system 
as a whole is that a quantity of heat q x — q x has been taken from a reservoir at 
T 1 and converted into useful work, W' rtC — W r , c , without causing any other 
permanent changes in the system as a whole. Experience teaches that such a 
machine is impossible. It is not in contradiction of the first law of thermo¬ 
dynamics, since heat energy is consumed in the production of work. 

(21) The Second Law of Thermodynamics: The possibility of constructing 
such a machine is denied by the Second Law of Thermodynamics, based upon 
the experience of man in the search for such a machine; Were such a machine 
possible, whereby heat could be continuously converted into work without 
compensation, an even more wonderful perpetual motion than that denied by 
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the first law would be possible. It would be possible continuously to utilize 
the large heat reservoirs of our environment to supply the motive power of our 
universe. It would be possible, for example, to drive a ship with the store of 
heat energy available in the ocean in which the ship was placed. Such a 
perpetual motion machine, which Ostwald has called a perpetual motion ma¬ 
chine of the second kind, is specifically denied by experience and lias resulted 
in the enunciation of the Second Law of Thermodynamics. One possible 
formulation of the law is: for useful work to be produced from heat without 
compensation, a transfer of heat from a higher to a lower temperature is de¬ 
manded. The fraction of heat converted into work is given by equation (20.4), 
and this is the maximum work available. It is therefore evident that whatever 
the reversible mechanism used for the heat transfer from a higher to a lower 
temperature reservoir the maximum work available is a constant. 

With an engine working in a heat reservoir at its own temperature it is 
obvious that 7% — T\ and, therefore, \V r , c must be zero. It follows also that 
the work done in an isothermal reversible cycle is equal to zero, since the in¬ 
ternal energy does not change, A E — 0, and, by the second law, the heat of the 
isothermal environment cannot be converted into useful work. 

(22) Reversible Cycles and Carnot Cycles: Any reversible cycle can be 
shown to be equivalent to a sum of Carnot cycles. In the accompanying 

diagram, Fig. 3, let the continuous lines 
AB , BA represent the path of a re¬ 
versible cycle. It is evident that the 
path A to B may be traversed by a 
number of isothcrmals and adiabatic* 
as shown. Similarly the return path 
may be so traversed. The broken line 
path A to B approximates the more 
closely to the continuous curve AB 
the more minute the isothermal and 
adiabatic changes become. The same 
holds true for the reverse path BA . 
By prolonging the isothermals back into 
the enclosed portion of the diagram it 
is evident that the area ABA may be regarded as made up of a large number 
of infinitely small Carnot cycles actually equal to the reversible cycle under 
consideration. In the summation, all those portions of the small isothermals 
within the actual cycle will be traversed once in the one direction, once in the 
reverse direction so that the net resultant of such sections is zero. The proper¬ 
ties of any reversible cycle will therefore be equal to the summation of the 
properties of all the Carnot cycles of which it may be regarded as composed. 

(23) The Concept of Entropy: In the discussion of the Carnot cycle and in 
the generalization of the conclusions therefrom for any reversible cycle, we saw 
that the heat q 2 taken isothermally from a reservoir at T 2 was related to the 
heat q\ given up to the reservoir at T\ and to the maximum work W r , c by 
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means of the relation 



irr T, - T t 

- q\ = W r ,r - ~ Q 2 . 

(23.1) 

It follows, therefore 

?, for any reversible cycle, that 



qt ~ 0 i T, - 1\ 
q-i T t 

(23.2) 

or that 

q\ <72 

7’i ~ 7’ 2 ' 

(23.3) 

If the cycle is not reversible, if any irreversible effects are present resulting in 
the dissipation of heat, it is evident that the work done must be less than 

i — i 

tc 

1 

^2 

lLi 

Under such circumstances 



<72-7! . Tt - T , 
q-> ^ T 2 

(23.4) 

or 

9 * qi 

I\ < 7 \ ' 

(23.5) 

Regarded from the 

standpoint of the machine conducting the 

Carnot cycle 

the above expression for the equality of q JTi and of q^/T* may be rearranged 
so that + q represents heat absorbed by the machine, as is conventional in 

thermodynamics. 

In such circumstance we have for the Carnot 

cycle 


- q\ q 2 

Ti T 2 

(23.6) 

or 

q\ qi 

-C 4- — = 0. 

T 1 T 2 

(23.7) 


Similarly for an irreversible process 


0 1 Q 2 

Y i + y 2 < 0, (23.8) 

where again qj and qi are the heats absorbed by the machine at the two tempera¬ 
tures. 

For each individual Carnot cycle into which a reversible cycle may be 
divided, the relationship (23.7) will hold. When the isothermal and adiabatic 
changes of each Carnot cycle are infinitesimally small, the summation of the 
Carnot cycles is equal to the reversible cycle ABA in the preceding diagram. 
For the Carnot cycles, therefore, 

^ 9 
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When the changes are infinitesimal, correspondingly, 



(23.10) 


where the circle through the integral implies integration over the whole cycle. 
This expression is applicable to any reversible cycle irrespective of its nature 
or the path by which it is achieved provided that this be a reversible path. 
In the preceding figure, where the cycle is achieved in two stages A to B and 
B to A , it is evident that 




dq 

T 


(23.11) 


Both of these integrals are evidently independent of the path taken from A to 
B or conversely from B to A. Both are therefore determined by the properties 
of the initial and final states A and B. They are therefore evidently equal to 
the change in some single-valued function of the variables of the states A and B 
of the system. This relationship may be expressed by the equation, 


whence it follows that 


AS = S B - S A 



dS 


dq 
T ' 


(23.12) 

(23.13) 


These expressions give us a definition of the entropy of a system. The increase 
AS in the entropy, S, of a reversible process is the integral of all the heat changes 
which the system undergoes in passing from state A to state B, each heat change 
to be divided by the absolute temperature at which it occurred. The concept 
of entropy received this definition from Clausius who emphasized its im¬ 
portance in the formulation of the statement of the second law of energetics, 
its dependence on the state of the system and its independence of the path by 
which the state is achieved. 

(24) Entropy Change in an Isolated System: Consider a system in which 
the component elements have internal energies respectively Ea, Eb , Ec , • • ♦, 
pressures Pa, Pb, Pc, * • *, volumes v A , vb, vc, * • • and entropies S A , Sb, Sc, • • *, 
the whole system at a common temperature T. Assume for simplicity that 
external work changes in the system only involve mechanical energy. For any 
infinitesimal change occurring in the system, for example, to the component A, 
it follows, from the first law, that 

d^ = dE A + PAdvA . (24.1) 

It may here be observed, for re-emphasis, that whereas dE has the properties 
of a complete differential, the same is not true of d<? (Section 4.). The cone- 
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sponding entropy change will he 


dS A 


dq_A __ dE A -f VAdvA 
T T 


(24.2) 


Similar equations hold for other changes in the system, 
assumed isolated, 


Hence 


dq A -f d q B + d</c + • • • = 0. 


Since the system is 


dS A + dSs + dSc 4“ 


dq A 4- dgii 4- cl qc + - •; 
T 


Or alternatively, 


d(S A 4- Sb 4- S c 4“ ■ • •) = 0. 


= 0 . 


(24.3) 

(24.4) 


In other words, the entropy of an isolated system remains unchanged. Con¬ 
sequently, the change of entropy in an adiabatic process is zero. Also, the 
entropy of the system is equal to the sum of the entropies of the component 
parts of the system. 

(25) Entropy Change in an Ideal Gas: For an ideal gas the heat absorbed 
in any process of change 

q = AE 4- pAv. (25.1) 

For an infinitesimal change, 


Hence 


d q = dE 4- pdv. 


d q dE 4- pdv C r dT 4- pdv 

dS = T = ^ = ' j, 


(25.2) 


If C v is independent of temperature, 

dS = c, J 

— C v In T 4~ R In v + constant. (25.4) 

For a definite volume change, for example, an isothermal compression from 
v A to vb of one mole of gas, 

S B - S A = R In — - (25.5) 

V A 

Since Vb is less than v Af it is evident that the entropy of an ideal gas decreases 
during an isothermal compression. Conversely, in an isothermal expansion, 
the entropy of the gas increases by an amount equal to R In (vb/v a ), where vb 
is now greater than v A * 

If equation (25.4) be expressed in the form 

S * C v \nT + R In v 4- So, (25.6) 

where So is the integration constant, the following transformation is possible 



dT r dv 
— 4- R I — 4- constant 
T J v 


(25.3) 
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in the case of an ideal gas. The volume v may be replaced by RT/p and, since 
C p — C v = R (14.6), there results 

S = C P In T - R In p + S 0 ' } (25.7) 

where S 0 ' - S 0 -f R In R. 

Applying this expression to a mixture of ideal gases at partial pressures 
pi, p 2 , • * •, it follows that the entropy of a mole of the gases in the mixture is 
given by equations of the form 

51 = CV, hi T - R In p, + ,S' 0l) , (25.8) 

5 2 - Cp, 2 In T - R In p 2 + N'„ t2 . (25.9) 

For a mixture of rtj moles at pressure pi with n > moles at pressure p 2 , 

S = In T — In pi -f* S ' 0|1 ) h%(C p ,2 In T — R In p» -f- S' o, 2 ). (25.10) 

If p is the total pressure, then, by Dalton’s Law, p { - x qp and p 2 = u* 2 p 
where :r, and ;r 2 are the respective mole fractions. Hence, 

S - 7i\(C Vy i In T — R In p — R In .r, + N'o.i) 

+ n 2 (C »,2 In T — Rln p — R In ,v 2 + S'o.z). (25.11) 

If the entropy of the mixture at the total pressure p be compared with the sum 

of the entropies of the pure gases each at pressure p, it is obvious that the 

entropy of mixing of ideal gases at constant pressure is 


AS = — 7iiR In ! — ?i 2 R In .r 2 . 


•(25.12) 


Since X\ and x» are fractions, it follows that the entropy change on mixing 
is a positive quantity. 

(26) Entropy Change with Volume and Pressure: Equation (25.2) may be 
written in the form, 

TdS — dE -f pdv. (26.1) 

♦ 

For an isothermal process it follows that 



(26.2) 


This expression may be differentiated with respect to temperature, the volume 
being assumed constant, 


dp\ d*S / dS\ d 2 E 
ST ) v ~ T dTdv + ( ~d» )t ~ dTdv ‘ 


(26.3) 


Now since, at constant volume, 


dS 



(26.4) 
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it follows that 

(dS \ C„ d*S 1 fdC v \ 

\dTj v ~T and dvdT~T\dv)r 

Also 

1 / cPE_ \ 1 / dC, \ 

T\dTdv ) T \ ~dv ) r ’ 

since 

(dE \ -C 
\dT ) v 


(26.5) 


(26.6) 


(6.3) 


Hence, from equations (26.3), (26.5) and (26.6) 



(26.7) 


which is the desired variation of entropy with volume. 

Similarly, with respect to the variation of entropy with pressure, since 


Hence, 


II = E + pv, dll - dE + pdv + vdp — TdS + vdp. 



(26.8) 

(26.9) 


By differentiating further with respect to temperature and again eliminating 
identities we obtain 



(26.10) 


It will be noted that these are general expressions applicable alike to all states 
of matter and, indeed, to equilibria involving one or more phases of matter. 

(27) Entropy Change with Temperature: From equation (26.5) of the pre¬ 
ceding section the change of entropy with temperature at constant volume is 
equal to C v /T. Correspondingly, at constant pressure, the entropy change with 
temperature is given by the expression 



(27.1) 


It follows, therefore, that the entropy change over a finite temperature range 
from Ti to T% at constant pressure is 


AS 




C v d In T. 


(27.2) 


To evaluate such an integral it is therefore necessary to know the variation of 
heat capacity with temperature. This known, the integral may be solved 
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either graphically or with some empirical or theoretical expression for the heat 
capacity as a function of the temperature. (See Chapter IV.) 

(28) Entropy Change in Irreversible Processes: The transfer of heat from a 
hotter to a colder system constitutes a simple irreversible process. Let us 
imagine an isolated system consisting of two reservoirs at temperatures T% 
and T\ (T 2 > Ti) and a machine, e.g., an ideal gas, by which heat may be 
transferred. By allowing the gas to expand isothermally in the reservoir of 
heat at 7 7 2 , an amount of heat q may be taken from the reservoir. The gas may 
now be allowed to expand adiabatically until a temperature 7\ is attained. 
By placing the gas in contact with reservoir at T 1 and isothermally compressing, 
an amount of heat, q, may be communicated to the reservoir at TV The change 
in entropy of the gas is 


q _ q_ 

T\ T \ ‘ 


(28.1) 


The change in entropy of the reservoirs considered as a system is equal to 



(f 

T\ 


<! _ <1 
T\ T 2 ’ 


(28.2) 


Now, since T» is greater than T i, we conclude that the conduction of heat from 
a reservoir of high temperature to one of low temperature results in an increase 
of entropy of the reservoir system. 

The expansion of an ideal gas from volume va to volume vr against a vacuum 
is another irreversible process, in which, as already shown, 


S B ~ S A = R In - 


Vr 


Va 


(28.3) 


in which therefore an entropy increase of the gaseous system results. 

More generally, as indicated in Section 23, the efficiency of an irreversible 
cycle is less than that of a reversible cycle, or C£q/T) i rr . < 0. For a given 
system, say an ideal gas, undergoing a cycle ABA } composed of an irreversible 
path, A to B , followed by a reversible path, B to A, it follows that 



(28.4) 


where the prime superscript indicates irreversible elements in the path. The 
expression may be rewritten in the form 

C B d q f 

J y + Sa ~ Sb < 0 (28.5) 

or 


C B dq' 

J A f<s B -s A . 


( 28 . 6 ) 
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The integral quantity in the irreversible stage is less than the increase in 
entropy of the system as it changes from State A to State R . The heat reser¬ 
voir from which the system withdrew the heat has suffered a change in entropy 

C B (.\q f 

of I —, since the heat may be assumed to have been removed reversibly. 

J a I 

Hence, in the irreversible path, A to B , the entropy of the system plus reservoir 
has increased. In the reversible path B to A there is no net change in the 
entropy of the system plus reservoir. The whole cycle however is an irre¬ 
versible cycle since it is irreversible in part. It is accompanied by an increase 
of entropy of the whole, system plus reservoirs. 

These conclusions with regard to entropy change may be generalized 
in the following manner. In irreversible processes, the entropy of all the sys¬ 
tems involved in the change is increased. In ideal reversible processes, the 
entropy of the system as a whole is unchanged. The change in entropy of any 
portion of such a system undergoing a reversible change is equal to the heat 
which such portion of the system absorbs divided by the absolute temperature 
at which the heat is absorbed. 


Now since all real processes are irreversible, one method of statement of 
the Second Law of Thermodynamics follows. All naturally occurring processes 
are accompanied by an increase in the entropy of the system . The content of the 
two laws of thermodynamics may therefore be summed up in the aphorism 
of Clausius: “The energy of the universe is constant; the entropy of the uni¬ 
verse tends towards a maximum.” This formulation of the second law pro¬ 
vides us with one criterion of the direction of change which a given system will 
take if allowed to change spontaneously. The change will occur in that direc¬ 
tion in which an increase in the entropy of the system is obtained. 

(29) Free Energy: The concept of entropy gained applicability to problems 
of chemical change in its most useful form after the theorem of Nernst, some¬ 
times termed the Third Law of Thermodynamics, was formulated in 1906. 
Upon the basis of the Nernst Theorem (see Chapter IV) it became possible to 
determine molal entropies of reactant materials at any temperature and thus 
to determine the direction of chemical change. Prior to this development the 
concepts embodied in the second law were formulated on the one hand in terms 
of “free energy” as developed by Helmholtz and on the other in terms of 
“thermodynamic potential” by Gibbs, which function subsequently was 
termed free energy by Lewis and Randall in their systematization of modern 
thermodynamics applied to chemistry. 

These two thermodynamic functions may be defined in the following manner. 
The Helmholtz free energy, A , is defined by the expression, 


A = E - TS y 


(29.1) 


and the Gibbs (Lewis) free energy function is defined by the equation, 


F « H - T8. 


( 29 . 2 ) 
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The two free energies bear, therefore, the same relation to one another that 
the internal energy, E, bears to the heat content, H , 


F = II - TS = (E + pv) - TS = A + pv. (29.3) 

For an isothermal change, these several thermodynamic functions may be 
related in the expressions, 


AA - AE — TAS (29.4) 

and 

AF = All - TAS , . (29.5) 


from which, at constant pressure, the relation follows, 


AF = AA + pAv. (29.6) 

For a reversible change at constant temperature T, the quantity TAS is equal 
to the heat, q, absorbed in the process. Also, from the application of the 
first law to such a reversible isothermal process, 

AE — q — W r , (29.7) 

whence, it is seen that 

A A = (- Wr) T , (29.8) 

which associates the change in Helmholtz free energy with the maximum work 
available in an isothermal reversible process. Lewis and Randall refer to the 
quantity A } therefore, as the maximum work function. 

In a process at constant temperature and constant pressure it is obvious 
that the work w done by the system will be composite of two factors, that 
involved in the volume change, pAv, and a residual quantity, w which may 
be one of many energy quantities. A frequent form of energy obtained in the 
conduct of chemical processes is electrical energy. Radiant energy, in the 
form of light, may be produced. The quantity pAv is constant irrespective of 
the mode of conduct of the process. The magnitude of the quantity w\ on the 
other hand, will vary with the mode of conduct of the process. Thus, silver 
and iodine may be caused to react spontaneously to form silver iodide, for 
example, in a calorimeter at atmospheric pressure with the performance of no 
other external work than that'involved in the pAv term. In this case the 
reaction results in the evolution of 15 keal. of heat per mole of silver iodide 
formed. On the other hand, the same reaction can be effected in a galvanic 
cell, in which case there is a net absorption of heat equivalent to 0.75 keal. 
since, in addition to the pAv term, the external work performed by the system 
included electrical energy equal to 15.75 keal. per mole of silver iodide formed. 

The greater the degree of irreversibility there is in the mode of conduct of 
the process, the smaller will w' be. The more the process approximates to 
reversible conditions the greater will w' be, and, in the limit, with a completely 
reversible process, it will become equal to its maximum value, W r '. Hence, 
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for a completely reversible isothermal process at constant pressure, 

W r - pAv + Wr - — AA. (29.9) 

Since from equation (29.6), AF = A A -f pAv, it follows immediately that 

Wr' = - AF. (29.10) 

The decrease in Gibbs free energy, AF , is therefore equal to the net work done 
by the system, operating jeversibly, exclusive of the work pAv done against the 
external pressure. It is this free energy which is normally the preferred 
free energy function since most chemical experiments are carried out under 
constant pressure conditions. For reactions at constant volume and constant 
pressure it is obvious that A A = AF. 

(30) The Relations between Free Energy and Entropy: Differentiation of 
the equation (29.1) for the Helmholtz free energy, .1 = E — TS , yields 

dA = dE - TdS - SdT. (30.1) 

Applying the equation of the first law, d q — dE + pdv, and restricting the 
external work to the mechanical work due to the volume change, it follows that 

dA = dq - pdv - TdS - SdT. (30.2) 

If dg is supplied reversibly, it is equal to TdS and hence, 

dA = - pdv - SdT. (30.3) 


Therefore, for a reversible change at constant volume, (dv — 0), 



(30.4) 


Further, at constant temperature, dA = — pdv, or, for an ideal gas in which 
pv — RT , for a volume change, v y to v-z, 



= #7 7 In 


V\ 


(30.5) 


Similarly, for the Gibbs free energy function, F = H — TS , since H = E 4- pv, 
differentiation yields 

dF = dE + pdv + vdp - TdS - SdT. (30.6) 

For a reversible change, with the same simplifications, 


dF - vdp - SdT , 


( 30 . 7 ) 
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and, hence, at constant pressure 




(30.8) 


These equations are applicable to physical changes occurring in the system, 
exclusive of chemical reaction, the amounts of the constituents of the system 
present being assumed unaltered in the changes occurring. 

(31) Free Energy Change with Pressure: Differentiation of the Gibbs free 
energy function F = II — TS with respect to pressure at constant temperature 
gives 

/ dF \ / dll\ / as \ 

V dp ) r \ dp ) r \ dp / j 


(31.1) 


Since H = E + pv, 
Hence, 

and, consequently 


dll — dE -f- pdv -f- vdp 
— TdS -f vdp. 




dF\ 

dp )t ~ V ‘ 


For an isothermal process it follows that, 


JW 


vdp 


(31.2) 


(31.3) 


(31.4) 


or, for a finite pressure change from p x to p 2 with an ideal gas, 


A F 



V 2 

RT hi — 
Pi 


(31.5) 


(32) Free Energy Change with Temperature: Differentiation of the Gibbs 
free energy function with respect to temperature at constant pressure yields 


/ 3F\ _ (dH\ _ / dS\ 

\dT) p ~\dT) p ~ T \dT) p 


- S. 


(32.1) 


It has already been shown that both ( dHldT) p and T(dS/dT) p are equal to 


C p , hence 

fdF\ F-H 

\ dT) p * T ’ 

(32.2) 



(32.3) 
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(33) The Gibbs-Helmholtz Equation: Equation (30.7) tor a system at 
constant pressure may be written in the form, 


dF — — SdT. v (33.1) 

For a reversible change, from state A to state B , at constant pressure, it 
follows that 

dF a — — SAdT and dF r — — S$dT. (33.2) 

By subtraction 

d(F b — Fa) — ~ (Sr — SA)dT (33.3) 

or 

d(AF) - - ASdT. (33.4) 


At constant pressure, therefore, 

'AF) \ 

AS. (33.5) 

If this value for AS is introduced into equation (29.5) it follows that 


\ dT ) p 


A F — AII = T 


V dT ) v 


(33.6) 


A corresponding derivation, employing the Helmholtz free energy in the form 

dA = - SdT, (33.7) 


yields the analogous expression, applicable to an isothermal reversible change 
at constant volume, 


AA - AE = 



(33.8) 


These two alternative forms of the Gibbs-Helmholtz equation relate the change 
in internal energy AE and the change in heat content AH to the corresponding 
changes in free energy and their temperature coefficients. Applied to re¬ 
versible galvanic cells they permit the determination of the change in heat 
content accompanying the cell reaction from measurements of the electromotive 
force E and the temperature coefficient of electromotive force dE/dT . At 
constant pressure 

— AF - wFE, ’ (33.9) 


where nF is the number of coulombs of electricity yielded by the cell reaction, 
F is a faraday of electricity, and the cell is operated under such circumstances 
as will yield the maximum electrical work. The Gibbs-Helmholtz equation 
assumes the form 


/ dE 

— wFE - AH = — nFT f — 


(33.10) 
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or 

fd E\ 

nFE + AH = nFT ^ — J • (33.11) 

(34) Thermodynamic Equilibrium: A condition of equilibrium may be de¬ 
fined by stating that a system is in equilibrium when it shows no change of state 
in any particular with time. The system must be in a state of absolute rest. 
A state of partial equilibrium is familiar to every one. A mixture of hydrogen 
and oxygen at room temperatures is one such example already discussed 
in an earlier section. 

A state of absolute rest is difficult to determine experimentally. This 
fact may be illustrated by the case of the mixture of hydrogen and oxygen 
just cited. If, for example, such a gas mixture were stored over mercury at 
room temperature, no change in volume would be noted over long periods of 
time. This does not mean, however, that no chemical change is occurring. 
Let it be assumed that 10 6 molecules of hydrogen and half this number of 
oxygen molecules are reacting per second. A simple calculation, employing 
for the Avogadro number, N ~ 6.03 X 10 23 molecules per gram molecule, will 
reveal that it would require a period of observation extending over 2 X 10° years 
before a volume contraction of 1 cc. could be observed. It is very evident, there¬ 
fore, that any thermodynamic criteria for a state of absolute rest or of chemical 
equilibrium would be extremely valuable if not absolutely necessary. 

The thermodynamic functions of entropy and free energy may be utilized 
to provide such criteria of equilibrium. It has already been indicated that 
the conduct of a reversible process actually produces a succession of equilibrium 
states each differing infinitesimally from the next. In an isolated system, as 
already shown (Section 24), the entropy remains unchanged, that is, 

dS = 0, (24.4) 

which therefore becomes a criterion of equilibrium in such a system. Since 
in an isolated system q and w are zero it follows that AE is also zero, and so the 
criterion of reversibility may be stated in the form, 

(dS) E ,v = 0. (34.1) 

This criterion applies also to equilibrium in an adiabatic system. For a re¬ 
versible process, also, in which there is no exchange of energy with the sur¬ 
roundings other than that involved in the volume change, 

dF = — SdT + vdp, (30.7) 

whence, for such reversible changes at constant pressure and temperature, 

dF « 0 (34.2) 

or 

m P , T - o. 
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Similarly, for the Helmholtz free energy change dA, which from equation (30.3) 
is equal to — pdv — SdT, it follows that 

(dA) VtT = 0 (34.4) 

is a characteristic of small reversible changes occurring in a system at equi¬ 
librium. 

A system which is not in equilibrium tends to proceed spontaneously towards 
the state of equilibrium. Spontaneously occurring processes are accompanied 
by an increase in the entropy of the system. A maximum value for the entropy 
of the system is reached when the system attains equilibrium. When this 
condition is reached dS — 0. From the thermodynamic expression, applicable 
to systems at constant pressure and temperature, 

A F = A II - TAS, (29.5) 

since A II is constant at constant temperature and characteristic of the process 
of change, the increase of entropy of a spontaneous process at constant tem¬ 
perature and pressure is accompanied by a decrease in free energy to a mini¬ 
mum value when equilibrium is attained. When this condition is reached 
(dF) VtT = 0. 

Such a condition of equilibrium may be more readily understood by con¬ 
sideration of an equilibrium process, e.g., white and gray tin at the transition 
temperature, 18° C. and 1 atm., in a galvanic cell. Under such circumstances, 
the electromotive force of the cell is zero, and no transformation occurs. When 
an external electromotive force dE is imposed on the cell disturbing the equi¬ 
librium obtaining in the cell system, the free energy change is expressed by the 
equation 

dF — — n¥dE. (34.5) 

As before, nF is the number of coulombs of electricity involved, F being the 
faraday. The smaller the value of dE the smaller is the free energy change, 
dF and the smaller the disturbance of the equilibrium. As dE approaches 
zero so does dF approach zero. If the reaction occurring could be performed 
exactly at equilibrium (dE = 0), then the change of free energy would be zero. 

Even for processes involving change of temperature and pressure at equi¬ 
librium the free energy change is zero. For example, consider an equilibrium 
between two states of matter, a liquid in equilibrium with its saturated vapor. 
The expression 

dF * vdp - SdT (30.7) 

may be employed. If equilibrium can obtain at temperature T and pressure 
p and also at T + dT and p + dp respectively, an infinitesimal displacement 
of the system from its equilibrium by changing pressure alone at constant 
temperature T or of temperature alone at constant pressure p involves the two 
free energy changes 


dF « vdp and dF « — SdT\ 


(34.6) 
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A simultaneous change of p and T by the amounts dp and dT necessary to the 
establishment of a new state of equilibrium satisfies the condition 

dF — vdp — SdT — 0. 

It is evident that one could thus proceed by a series of infinitesimal steps from 
a given position of equilibrium in a liquid-vapor system at pressure p\ and 
temperature T i to a new position of equilibrium at pressure p 2 and temperature 
T» t each step in the process involving zero free energy change and, hence, for 
the overall process, A F = 0. 

Quite generally, therefore, for all processes occurring at equilibrium, 


A F eq . = 0. (34.7) 

(35) The Clapeyron-Clausius Equation: The variation in pressure with 
temperature in an equilibrium between two states of matter may be deduced, 
with the aid of the free energy relation, dF — 0, just obtained and from equa¬ 
tion (26.7) for entropy change with volume. Applying this latter expression 

to the process of vaporization, it is to be noted that the pressure p is independent 
of the volume. Furthermore, the infinitesimal dS/dv may be replaced by the 
expression AS/Av which refers to one mole of the substance in question. Hence, 
for the vaporization of any substance, 


dp_ _AS 
dT ~ Av 


(35.1) 


For any system in equilibrium, since A F eq . = 0, 


AS 

Equation (35.1) therefore becomes 


AH 

T 


dp AH 
dT ~ TAv ' 


(35.2) 


(35.3) 


In this equation AH is actually the latent heat of vaporization X of the substance 
so that 


dp X 
dT “ TAv 


(35.4) 


This expression, which is quite generally applicable, can be transformed into a 
familiar form when applied to vapors sufficiently dilute that the equation 
pv = RT can be assumed to hold and the volume of the vapor is large com- 
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pared with that of the condensed system. In such case, the equation becomes 


or, neglecting vi , 


or 


or 


dp X 

dT T{v^ — vi) 

dp X 

dl 1 = ~RT 
T • — 

P 

dp/p X 
~dT “ F 2 

d In p X 

~d7 T “ Sr 2 


(35.5) 


(35.6) 


(35.7) 

(35.8) 


(36) Entropy Change Accompanying Fusion and Vaporization: At the freez¬ 
ing point and boiling point, these processes of fusion and vaporization are re¬ 
spectively equilibrium processes. With pure substances the temperature is 
constant. In each case therefore 


TAS = AH , (36.1) 

where AH is the latent heat of fusion or vaporization and T is the absolute 
temperature of the fusion or vaporization. 

The same equation is applicable also to a transition from one crystalline 
form of matter to another where T is the transition temperature and AH is the 
heat of transition. 


Partial Molal Quantities 

(37) General Considerations: The value of a thermodynamic function, for 
example, the internal energy, of a simple substance of one component in a given 
state in reference to some standard state is determined by the variables of 
condition, the pressure, the volume and the temperature. Thus, 

E = f(p, v , T) + E\ (37.1) 

where E° is the internal energy in a normal state, arbitrarily selected. There 
is always some relation, such as 

HP, v, T) = 0, (37.2) 

which is called an equation of state of the substance, and as a result of which 
one of the variables depends on the other two. It is then possible to evaluate 
the function by means of any two independent variables. Thus, 

E = /( v, T) + E° = /(p, T) + E\ etc., 

is true for any simple substance. 


(37.3) 
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A thermodynamic function of a phase composed of two or more components 
is not determined by two of the above independent variables, but is only de¬ 
termined by two of these variables and the masses of the components. We 
shall find it most convenient to choose the pressure and temperature as well 
as the masses as the independent variables. The internal energy of a given 
phase may be expressed by 

E = /(?>, T, mi, m 2 , ...» rn c ) + E°. (37.4) 

In like manner the general equation for the free energy of the phase is 

F = f'(p, T, mi, m 2 , . . ., m c ) + F°, (37.5) 

where mi, m 2 , etc., are the masses of the c components of the phase, and F° is 
the free energy of an arbitrarily selected state. If we now consider an in¬ 
finitesimal change in F and partially differentiate the right-hand member of 
this equation, we obtain 

dF dF OF OF OF 

dF — ~ dp + ■ _ dT + drri\ + - - dm ,2 + ... + . * drn c , (37.6) 

dp dl dm ,1 dm 2 dm c 

But, according to equation (30.7), 

dF = - SdT + vdp 

for a phase, or a system of phases at constant composition, and, therefore, 

dF dF dF 

dF — — SdT + vdp + t— dm 1 + —— dm 2 + . . . + t— dm c . (37.8) 
ami dm 2 d m, c 

In general, we shall make these partial derivatives in respect to mass equal to 
Pi, p 2y etc., respectively, according to the notation of Gibbs, and, as a con¬ 
sequence, equation (37.8) becomes 

dF = — SdT + vdp + Pidmi + p 2 dm 2 + . . . + p c dm c (37.9) 

and, at constant pressure and temperature, 

dF = pidmi + p 2 dm 2 + . . . + p c dm c . (37.10) 

Equation (37.9), which was originally obtained by Gibbs, and relations immedi¬ 
ately deducible from it, may serve as a general fundamental relation underlying 
the thermodynamics of solutions. This equation is valid for any phase of a c 
component system. By considering a system of p phases, and by using an 
equation similar to this but involving the energy, Gibbs 1 in his famous memoir 
was able to deduce the phase rule. It should always be borne in mind that* 

1 Transactions of the Connecticut Academy (1875-1878). Scientific Papers of Willard 
Gibbs, Vol. 1. Longmans and Co. 
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equation (37.9) and similar ones make possible an exact study of systems of 
many components in one phase, or many phases. In considering complicated 
chemical systems, there is no safer method than to employ these general equa¬ 
tions of Gibbs. 1 An important conclusion for the discussion in hand is the 
principle, immediately deducible upon application of equation (37.9) to a system 
of phases, that when a polycomponent system in p phases is in stable equi¬ 
librium, and, if mj, m/> . . pi p represent the p values of the first component, 
M 2 , Pt, . . ., P 2 p represent the p values of the second component throughout the 
p phases, etc., for the c components, then, at constant pressure and temperature, 


Mi = P\ = Mi" • . . = Mi 7 ', 

M 2 = pi = pi" ... - pi p } etc. 


(37.11) 


It was because of this property of these partial derivatives that Gibbs denoted 
them the “chemical potentials.’' 

Like the entropy or internal energy, the free energy of a homogeneous system 
is doubled if its mass is doubled. From this property, and from inspection of 
equation (37.9), it is clear that pi, p 2 , etc., are independent of the masses, and 
depend only on the composition, or relative quantities of the components, and 
the units in which the free energy and masses are expressed. As a consequence, 
equations (37.9) or (37.10) may be integrated term by term. Equation (37.10) 
thus becomes 

F = pitrii + Pim 2 + . . . + p c m c . (37.12) 


Complete differentiation of this latter equation gives 


dF — pidmi + rriidpi + p 2 dm 2 + m 2 dp 2 + . • • + p c dm c + m c dp c . (37.13) 

Elimination of dF from (37.10) and (37.13) gives the important equation 

m\dpi + rriidpi + . . . + m c dp c = 0. (37.14) 

We have yet to consider the units in which these quantities may be ex¬ 
pressed, and, for the sake of simplicity, let us choose a phase of two components. 
If (37.12) is divided by mi + m 2 or the total mass, we obtain 

rrii + m 2 \ mi + / \m\ 4- 

Thus, if F/(mi + m 2 ) is the free energy per gram, Wi/(mi + m 2 ) and m 2 / 
(wi + mi) are the weight fractions of the components, and mi> M 2 or dF/dmi, 
dFjdmi may be denoted partial specific free energies. In a similar manner, the 
free energy per mole of a phase may be defined by F/(ni + n 2 ), where Wxand n 2 
are the number of moles of each component, respectively. Substituting moles 

1 Williamson and Morey, J . Am. Chem. Soc., 40, 49 (1917); Morey and Williamson, 
ibid., 40, 59 (1917); Morey, J. Franklin Inst., 194, 425 (1922). 


) M2. (37.15) 



488 


.4 TREATISE ON PHYSICAL CHEMISTRY 


for grams, we obtain according to (37.12) 


F 

ttl + tto 


n i 

ni + n 2 


4 


n 2 

ni 4- n 2 




where /zi and /i 2 are now Pi and F 2 , the partial molal free energies, and n\! 
(n L 4- ni) and w 2 /(nj 4* ^ 2 ), which we denote X\ and x 2 , are the mole fractions. 

Thus, denoting the free energy per mole, F, we may write (37.12) and 
(37. 14) 

F — X\F 1 4~ X 1 F 2 4-4 x c P c (37.16) 

and 

0 = xidP\ 4- x 2 dP 2 4 ... 4* x c dP c . (37.17) 


Now, in the same manner, it is possible to regard many quantities such as 
the heat content, the volume, the entropy, the heat capacity, etc., as functions 
of the masses only when the pressure and temperature of the.system are con¬ 
stant, and, consequently, the same general method of partial differentiation 
may be applied. In general, if we let G equal the value of the property of 1 
mole of the whole phase, we have the following three fundamental and useful 
equations of partial molal quantities, namely, 


dG = 0 \dx\ 4 ~ 0 <idx 2 4 

■ • • 4 G C dX C y 

( 37 . 18 ) 

G = 0 \X\ 4 G 2 X 2 4 . . ■ 

4 G c x C} 

( 37 . 19 ) 

0 — XidGi 4 X 2 dCr 2 4 

. .. 4 x c dG c . 

( 37 . 20 ) 


By the use of the general thermodynamic equations of Gibbs and the con¬ 
sideration of units, we are thus brought into contact with a class of quantities 
which are of utmost importance in the thermodynamics of solutions. The 
development of this subject since the time of Gibbs, and, particularly, the 
methods of employing the partial molal quantities in numerical calculations 
have been brought about very largely by the researches of Lewis and his 
colleagues. 1 

(38) The Direct Determination of Partial Molal Heat Content from Calori¬ 
metric Data: The physical significance of partial quantities may be clearly 
understood by considering the heat of dilution by water of a salt solution of 
a given concentration. For this purpose, the data of Stearn and Smith 2 may 
be employed on the heat of dilution of a 2.9 molal strontium chloride solution 
by different quantities of water. The results given in Table IY are for experi¬ 
ments at 25° and 1 atmosphere. If the heat of dilution is positive, the system 
evolves heat as a result of the change, and, consequently, there will be a decrease 
in heat content or vice versa. 

1 These investigations have been revised and corrected and a very comprehensive treat¬ 
ment of the subject has been presented by Lewis and Randall, Thermodynamics, MqQraw- 
Hill Book Co. (1923). 

2 /. Am. Chem. Soc., 42, 18 (1920). 
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TABLE IV 

Heat Content Decrease, and Molal Heat Content Decrease of 2.9 M Strontium 
Chloride on Dilution by Different Quantities of Water 


An i 

- AH 

— AH/Am 

Water of 

Total Heat of 

Mean Heat Content 

Dilution 

Dilution 

Decrease per Mole 

(Moles) 

(Cal.) 

(Cal.) 

37.2 

129.8 

3.49 

30.0 

112.4 

3.75 

30.0 

114.1 

3.80 

27.7 

109.2 

3.95 

20.0 

86.3 

4.31 

19.5 

85.4 

4.38 

10.0 

48.5 

4.85 


In Fig. 4, the values of — AHjAn x are plotted against the number of moles 
of water added. This plot is a straight line and, consequently, the results 
may be extrapolated to zero An x . 

It is thus found that — All!An i 
equals 5.4 when An x equals zero. 

This is exactly the definition of 
the derivative of — II with re¬ 
spect to n h and, since it refers 
to the heat content change pro¬ 
duced by one of the components 
while the mass of the other com¬ 
ponent is constant, it equals the 
negative of dlljdni, or //i, the 
partial molal heat content of the 
component water. Or, we may 
equally well say that II i equals 
the change of heat content of an 
infinitely large quantity of the 
solution on the addition of a 
mole of water. 

(39) Relative Partial Molal 
Heat Contents: By a series of 
measurements of the kind just illustrated, Stearn and Smith obtained the partial 
molal heat content of water in strontium chloride solutions of different concentra¬ 
tions. In tabulating a partial molal quantity, it is necessary to refer its value to 
another standard state. It is convenient to employ as a standard state an in¬ 
finitely dilute solution. Thus, for a change in a partial molal quantity of the 
water or strontium chloride in the above solution,we would have {G i — G°i) and 
(Gi — G%), respectively. In all the subsequent discussion the subscript 1 will 
refer to the water, and the subscript 2 to the solute. The partial molal quantity 
Of the solvent in pure solvent, or G is zero and, consequently, this case is 




490 


A TREATISE ON PHYSICAL CHEMISTRY 


very simple. Following throughout the notation of Lewis and Randall, we 
shall let these differences of partial heat contents equal L i, Z 2 , respectively, 
and call these quantities the relative partial molal heat contents. In Table V, 
the data of Stearn and Smith on the relative partial heat contents of water at 
different molal concentrations of strontium chloride are given. 

TABLE V 

Relative Partial Molal Heat Contents or Water in Strontium 
Chloride Solutions at 25° 

C In 

0 . . 0.00 

0.20 . . -0.25 

0,425... . .. . -0.50 

0.80. . -0.62 

1.20 -0.90 

1.55 . . . ... .... . -1.11 

2.00. -1.75 

2.4 -2.10 

2.9 . .... -5.40 

3.2 -7.20 


(40) Partial Molal Heat Capacity: The heat capacity, C p , of a solution at 
constant pressure containing ni moles of solvent and ?i 2 moles of solute is 
equal to ( dII/dT) p where II is the heat content of the solution. If this expres¬ 
sion is differentiated with respect to n i when n 2 is maintained constant, 


Wj = (d£A = r 

dTdn i \dnj nt vh 

where C p , i is the partial molal heat capacity of the solvent. Since 



it follows by differentiation that 

d*ii aff, r 

dTdn ! dT Cp ’ 1 ' 


Also, since L\ — Bi — it follows that 


dLi dR i 

Jr ~ ~d¥ 


dR 0 , 

dT 


= C 


p. i 


eh 


(40.1) 


(40.2) 


(40.3) 


It is apparent that C Pf i is actually the molal heat capacity of the pure solvent. 
Similarly, 


d lj2 ^ dH 2 dR\ - 
dY * ~d¥ “ ~d¥ = ~ 


(40.4) 


where Cp,t and Cp, 2 are the partial molal heat capacities of the solute in the 
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given solution and at infinite dilution. The difference between the two 
quantities is the relative partial molal heat capacity of the substance. 

(41) Partial Molal Free Energy and Heat Content from Electromotive Force 
Measurements: Measurements of the electromotive forces of cells of the type 

Ag| AgCl| HC1 (w 2 ) | Pt, H 2 |HCl(roi) | AgCl | Ag 

and of the temperature coefficients of such electromotive forces can be used 
with the aid of the Gibbs-Helmlioltz equation to determine the changes in the 
free energy and the heat content of the cell reaction. This reaction is obviously 
a concentration change 

HCl(ma) = HCl(wi). 

The net effect of the cell reaction is the reversible transfer of a mole of hydro¬ 
chloric acid from a solution of molal concentration, m 2 , to a solution of molal 
concentration, m,. The electromotive force is a measure of a free energy 
change, A F, which may be regarded as composite of two quantities, F 2 , 2 and 
F 2 , i) the former the change in free energy when one mole of hydrochloric acid 
as solute is added to an infinitely large quantity of solution of concentration, 
ra 2 , and F 2 , i the corresponding change for one mole of hydrochloric acid added 
to an infinitely large quantity of solution of concentration, mi. These two 
quantities P\, 2 and F 2( i denote the partial molal free energies of the hydro¬ 
chloric acid in the two solutions, the partial molal free energy being the greater 
in the more concentrated solution. If m 2 > mi, then since A P = /'\> i2 — P 2 , i, 
there will be a decrease in free energy, as expected, in a transfer from a more 
concentrated to a more dilute solution. 

Similarly from the electromotive force and its temperature coefficient, the 
change in heat content accompanying the dilution process may be determined. 
The change in heat content, AH, is again composite of two quantities H 2 ,\ 
and II 2 ,2 the partial molal heat contents of the solute in the two solutions of 
concentrations mi and m 2 . It is also obvious that these several quantities 
could have been obtained by combining measurements on two cell combina¬ 
tions, e.g., 

H 2 , Pt | HCl(m 2 ) | AgCl | Ag 
H 2 , PtIHCKmOlAgClIAg. 

As illustrative of such data, Table VI presents the changes in heat content 
and in free energy in joules at 25° C. when one mole of hydrochloric acid is 
transferred from a solution of concentration m to a solution of 0.1 molal 
concentration. 

(42) Calculation of Relative Partial Molal Heat Content of Solvent from 
that of the Solute: Applying equation (37.19) to the heat content, the following 
equations result, 

H = Xi Hi + x 2 H 2 (42.1) 


and 


HO = zMi + xM. 


(42.2) 
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TABLE VI 

Changes in Heat Content and Free Energy in Joules when 1 Mole of Hydrochloric 
Acid is Transferred from Concentration m to 0.1 M. at 25° C. 

rti — AH — AF 

4.484 8474 23544 

1.928 3591 15744 

1.038 1937 11679 

0.771 1619 9971 

0.509 999 7757 

0.338 260 5856 

0.1 0 0 

0.0332 - 435 - 5138 

0.00948 - 745 -11044 

0.00338 - 915 -15898 

0.000999 - 930 -21878 

0 —1050 (extrapolated) — °° 

From these it follows that, L, the total relative heat content, H — IP is 

L = X\L\ -j~ (42.3) 

Also, from equation (37.20), 

0 = XidLi ~h x 2 c )L 2) (42.4) 

from which it is possible to determine the value of the relative partial inolal 

heat content of the solvent when that of the solute is known, or vice versa. 

Thus, 

L, = - f - dll, (42.5) 

t J Xi 


for the evaluation of which integral graphical methods can be employed. 
Figure 5 shows a plot of Xi/xi against Li for hydrochloric acid. The value of 



Fig. 5. Relative Partial Molal Heat Content of Hydrochloric Acid 

the integral is given by the area under the curve from 0 to a given value of 
Xt/xu Typical results so obtained for hydrochloric acid and sodium chloride 
solutions are given in Table VII. 
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TABLE VII 

Relative Partial Molal Heat Contents (in Calories) of Hydrochloric Acid and 
Water in Hydrochloric Acid Solutions and Sodium Chloride 
and Water in Sodium Chloride Solutions 


m 

XU 

XI 

HC1 

NaCl 

Lx 

L t 

Lx 

L 

0 

0 j 

0 

0 

0 

0 

0.001 

0.000018 

— 

25.1 

— 

— 

0.01 

0.00018 

- 0.012 

78.9 

0.01 

- l 

0.05 

0.0009 

- 0.052 

177 

0.03 

- 3 

0.1 

0.0018 

- 0.101 

251 

0.05 

- 8 

0.5 

0.009 

- 1.16 

496 

0.65 

-120 

1 

0.018 

- 3.60 

747 

3.4 

-332 

2 

0.030 

- 15.8 

1206 

10.0 

-564 

3 

0.054 

- 37.7 

1651 

17.4 

-736 

4 

0.072 

- 06.0 

2103 

21.9 

-810 

5 

0.09 

-103.0 

2541 

19.4 

-779 


(43) Partial Molal Free Energy and Solute Concentration: From equation 
(31.3), at constant temperature, dF — vdp , it follows that, for an ideal gas, in 
which RT/p can be substituted for v , 



or 

F — RT In p -f constant. (43.2) 

A similar procedure is applicable also to ideal solutions in which the osmotic 
pressure of the solute can be substituted for the gas pressure. Moreover, 
since the osmotic pressure is proportional to the concentration in ideal solu¬ 
tions, we may express the fundamental equation for the relative partial molal 
free energy of an ideal solute at concentration m in solution at high dilution at 
constant temperature by the equation, 

P - P<> = RT In m + I, (43.3) 

where the constant / is a function of an arbitrarily defined standard state P°. 
Applied to electrolytes as solutes in extremely dilute solutions the expression 
takes the form, 

P - P° = vRT In to + I, (43.4) 

where v is the number of ions which one molecule of the electrolyte yields on 
solution. Such equations for electrolytes are actually strictly valid only at 
infinite dilution. In two papers, 1 G, N. Lewis introduced two new functions, 

i G. N. Lewis, Proc. Am. Acad., 37, 45 (1901); 43, 259 (1907). 
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the fugacity and the activity, into thermodynamic chemistry. The latter 
function has been largely employed, since 1912, in studies of the thermodynamic 
properties of solutions of electrolytes and ions in solution. 

The Activity Function 

(44) Definition of Activity: The activity of a component of a system may 
be defined by the equation 

F = RT In £ + i, (44.1) 

where £ is the activity in general and i is a constant. 

The absolute value of the free energy being indeterminate, the free energy 
is measured in reference to some standard state F°. Hence, 

F - F° = RT In = RT In a, (44.2) 

where £° is the activity when F — F° is zero. Under these circumstances 
£/£° is the relative activity, a, now generally termed the activity, which is the 
form of the activity function commonly employed. 

Also, the relative activity of a molecular or ionic species in a phase of variable 
composition will be related to the partial free energy by the equation, 

F - = RT\na. (44.3) 

In this equation the relationship of the activity to the molar concentration of a 
solute in an ideal solution as expressed in (43.3) is apparent. 

(45) Activity and Equilibrium in a Chemical Reaction : Consider a general¬ 
ized reaction at constant temperature and pressure in which ni moles of At, etc., 
n 2 moles of A 2 , etc., and m moles of As, etc., react to form n/ moles of A/, etc., 
n 2 ' moles of A 2 ', etc., and n a ' moles of As', etc., where the moles with the sub¬ 
script 1 refer to gases, 2 to solutions, and 3 to liquids and solids. Thus 

niAi n 2 A 2 4* • • • n a A a 4- • • • = n/A/ + • • • n/A/ 4* * ■ ■ n./A3 r 4~ • ■ *. 

According to equations (44.2) and (44.3), 

(F - F°) Al = riiRT In a a,, etc., 

(F - F°) a 2 = riiRT In a As , etc., 

and 

(F - F°) A ,' = xi\RT In etc., 

(F - F») a/ = n^'RT In a A/> etc. 


The total change in free energy of the reaction will be 
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If we let 
and 

we obtain 


AF = (F a,' + Pa,' +■■■)- (Fa , + Pa, + 
AF° = (F° Al , + F%, + •••)- (F° Al + Pi i+ . 


•) 

•), 


A F - AF“ = RT hi 


<\' • ’ • <' • • ’ a Sy * * * 


a Ai 


• a 


u 2 .. 
Az 


(45.2) 


U A S 


AF is the free energy change of the reaction in general, and (AF — AF°) is the 
free energy change of the reaction in reference to the standard state. 

When the reaction is in equilibrium at constant temperature and pressure, 
the condition that AF — 0 must be fulfilled, and, consequently, 


r7 n »'. 


AF° = - RT\n 


7 n 2' . . 


■ a A 3 ' 


r/ ni 


• < ■ * * 


(45.3) 


Since A F° is a constant, we have at constant temperature and pressure 


rrV. 


7v = 


"A/ 


rr n 3' 


a A x 


W A 2 


a A 3 


(45.4) 


where K is the equilibrium constant of the reaction. This general equation, 
which is entirely similar in form to the mass action law, has the advantage of 
being exact. 

(46) Activity and Temperature: The Gibbs-Helmholtz equation (32.3) may 
be employed in the form 



(46.1) 


where F and H are to be referred to arbitrary standard states. Further, ac¬ 
cording to equation (37.16), the free energy of a phase of c components is ex¬ 
pressed by 

F = XiFi + xiF 2 + • • • -f x c F n (37.16) 

or if each of these quantities be referred to arbitrary standard states, 

F - F° = xt(Pi - Pi") + z 2 (r 2 - Pi 0 ) + ■■■ + X'(P C - P c «) (46.2) 

is obtained. We may now introduce the activities by equation (44.3) and 
obtain 

1 F — F° = xiRT In ai + x 2 RT In a 2 + • • • + x c RT In a c . (46.3) 

Similarly, according to the general equation for partial quantities and equation 
(42.3), the total heat content will be 


H — H° = X\Li + X2L2 + • ■ • ~f* x c L c . 


( 46 . 4 ) 
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Substituting these values of (F — F°) and (// — H°) for F and II in equation 
(46.1), and performing the differentiation at constant composition, we obtain 


Xid In ai 4 * x 2 d In a 2 4 - 


4 - x c d In 


dT 


&c 

j P.x 


— (xiLt 4 - x 2 L 2 4 -h x c Lc) 

RT 2 


(46.5) 


This is the general equation for the variation of the activities of the com¬ 
ponents of a mixture with the temperature at constant composition. 

Let us consider the case where “1 mole of solution,” which consists of X\ 
moles of the first component, x 2 moles of the second component, etc., is trans¬ 
ferred from a solution of one composition to that of another composition. In 
this case, the partial free energy and heat content increments will be 

F" - F' - Xl (Pi” - /V) + x,(P," - F\') + • ■ • + Xc{P" - P/) (46.6) 

a n ci " a n 

= x,RT In --7 + Xi RT In + • • • + x c RT In --7 (46.7) 

a/ a 2 a c 

and 

FI" - IF = x,(L," - I,') + xt(Li" ~ Li') + ■ ■ ■ + x c (L e " - Lc'). (46.8) 

Substituting these values for AF and AH in equation (46.1), and performing the 
differentiation at constant composition, we obtain 

a i a 2 (i c 

X\d In — r 4* x 2 d In — 4“ • • • 4- x c d In — 7 
a •/ a 2 aj 

— J pjc 

LxijLr - TV) + x t (Lt" - U) + ■ ■ • + X'(L e ” - L/n tAB 

RT* 

Usually, the transfer of 1 mole of a single component is considered 
case, it is obvious that 

a ( ln 7 ) _ _ gr - V) 

dT RT 2 

Although many symbols are required to perform these deductions ac¬ 
curately, the principles involved are quite simple. If 1 mole of a component 
is transferred, then AF is the partial free energy change and AH is the relative 
partial heat content change of the transfer, If 1 mole of solution is transferred, 
then AF is the mole fraction times the partial free energy change of the first 
component plus the mole fraction times the partial free energy change of the 


In this 

(46.10) 
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second component, etc., and A II is the mole fraction times the relative partial 
heat content change of the first component plus, etc. 

In order to integrate equation (46.10), or others like it, it is necessary to 
know L" — L' as a function of the temperature. Such a relation is given by 
equation (9.3), from which it is clear that 


d(L” - L') 


dT 


- r ' 

^ V 




(46.11) 


where C P " and C p are the partial molal specific heats at constant pressure at 
the two concentrations, respectively. 

(47) Activity and Pressure: From the differential of the free energy at 
constant composition, dF = — SdT + vdp, by differentiation with respect 
to p, at constant temperature, we obtain 



(47.1) 


According to the general equation (37.19) for partial quantities, the total volume 
V will be given by 

V = XiVi + X t ?t + * ' ' + X c V n (47.2) 


where V if F 2 , etc., are the partial volumes. Substituting for F the value given 
by (46.3), and for V the value given by (47.2), we obtain 


X\d In a\ + Xid In a* -j- • • • + 
dp 


and for a single component 


x c d In a c T 

J T,x 


XlVl + 2 + 


RT 



+ XcV’c 


(47.3) 


(47.4) 


Thermodynamics and Statistics 

(48) The StafIStical Nature of the Second Law: The second law of thermo¬ 
dynamics applies only to macroscopic systems, those containing large numbers 
of molecules. The laws relating to the pressure exerted by a gas and the work 
which it may perform or to the position of equilibrium in a given system are not 
applicable to systems containing but few molecules. With the aid of suitable 
thermodynamic data the physical chemist can foretell what will happen when 
a few cubic centimeters of hydrogen chloride and of ammonia are admixed 
under stated conditions of temperature and pressure but his laws are unable to 
predict the behavior of a few molecules of each. The position of equilibrium 
becomes definite when the number of molecules is so large that a substantial 
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uniformity of distribution occurs. Such an assemblage of molecules cannot be 
equally spaced in the containing vessel nor, due to impacts, will their velocities 
be uniform. The direction of change which a system in such a hypothetical 
state of equal spacing and uniform velocity would spontaneously suffer would 
be towards a greater state of randomness of distribution, to a system of greater 
disorder in space and velocity. Such a spontaneous change always results, as 
we have seen, in an increase in the entropy of the system. For this reason 
Boltzmann (1896) associated the entropy of the system with its thermodynamic 
probability, IF, this being defined as the ratio of the probability of an actual 
state to one of the same volume and total energy having a completely ordered 
arrangement of its molecular constituents. The relation may be generally 
formulated by the expression S = /(IF). Now since, in the case of two sys¬ 
tems, the entropy of the combined system S is obtained by adding the in¬ 
dividual entropies, Si and S« } whereas the probabilities must be multiplied, 
W = W\ X IF 2 , it is evident that the functional relation between the two must 
be logarithmic and we may write 

S = k In IF + constant. (48.1) 

Boltzmann found that the constant k was equal to the gas constant per molecule 
(= R/N), where N is Avogadro’s number. If the entropy depends only on 
the thermodynamic probability, then the constant is zero and S = k In IF. 
This condition was envisaged by Planck, with the result that, at the absolute 
zero of temperature, where a completely ordered molecular arrangement might 
in favorable circumstances be expected to hold, the probability IF would be 
unity and the entropy corresponding would be zero. It will be shown in 
Chap. IV that this is one formulation of the Heat Theorem of Nernst, sometimes 
called the Third Law of Thermodynamics. 

The definition of the entropy of a system and the associated thermodynamic 
quantities in terms of the thermodynamic probability may be expected therefore 
to result from the development of our knowledge of the statistical distributions 
which occur in such large numbers of molecules as are dealt with in the ordinary 
processes of chemical change. It is to this problem, the central problem of 
statistical mechanics, that we may now turn. 1 

(49) The Boltzmann Distribution Law: The fundamental equation of sta¬ 
tistical mechanics is the Boltzmann law of energy distribution. To derive 
this law we consider a system of $ distinguishable harmonic oscillators in equi¬ 
librium with a system A (not necessarily another oscillator but which may be 
such). The harmonic oscillator can take up energy in integral multiples of hv , 
where v is the fundamental frequency of the oscillator and h is Planck's constant. 

The problem to be solved is the determination of the probability P(e) 
that the system A shall have an amount of energy € if the total amount of 
energy available is E. 

1 In the succeeding sections we follow a mode of presentation developed by H. Eyring 
and J. Walter, J, Chem . Ed ., 18 , 73 (1941). 
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The following assumptions are made: 

( 1 ) Any particular way of distributing the energy E - e among the oscillators 
is equally probable. 

(2) The number of different ways in which the energy E — e can be distributed 
among the distinguishable oscillators is proportional to the probability that 
the system A has an energy e in a particular state. 

In Fig. 6 , each of the dots represents a different way of distributing the 
energy E — e or less among two oscillators. If E — e is large, the number of 
different ways iV 2 of distributing the 
energy E — e or less is given by the 
area of the triangle two of whose . . . 

sides have lengths E — e in units .... 

of hv. That is, N 2 = (E — e) 2 /2l . 

Similarly, for the case of 3 oscil- . 

lators, the number of different ways, . 

A 3 , of distributing the energy E — e . 

or less is given by the volume of a . 

pyramid having three rectangular ****** ' 5 ’ * 

axes of length E — e as edges. That 
is, N 3 = (E - e) 3 /3! 

For s oscillators, in the same 

way, the number of ways N H of dis- #-e 

tributing the energy E — e or less v 

will be, N s = (E — e)*/s\ Also, the 

number of ways in which the energy E — c can be distributed will be given by 
the surface area of the ^-dimensional volume. Hence, using assumption ( 2 ), 

dN a 

P(e) = a' —- =(E — c Y~ l ^ 1 - e/F) 6 ’ 1 = a(l - t/E)- 1 , (49.1) 


where a' is a proportionality constant. Sincq c is negligible in comparison with 
the total energy E, we may write E — sE where E is the average energy. With 
this substitution, and using the binomial theorem, 

P(e ) = a(l — e/sE )* -1 



If s is a large number, the expression becomes, to a very close approximation, 

P(t) - o(i -| + ^i(|) + •••) 
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This is the required probability. The value of the constant a is readily de¬ 
termined. Let t n denote a particular value of e. Since the probability that A 
be in some state is unity, it follows that 

Y PM = fflE = 1. 

n n 

Hence, 

a = 1 !(E 

n 

and 

p( t ) = «-•/*/£ « 

n 

Case 1 : The system A is a harmonic oscillator. In such case, e„ = nhv . 
The probability becomes therefore 

P(nhv) = e - nhvlE l Y e~ nhvlE . (49.7) 

n 

A crystal composed of N atoms may be considered as a set of 3 N harmonic 
oscillators. At high temperatures the heat capacity of such a crystal, by the 
familiar law of Dulong and Petit, is 3 R calories per mole which is equivalent 
to k calories per oscillator where k is the Boltzmann constant. The average 
value E of the energy in the equations given may be evaluated by calculating 
the high temperature heat capacity of an oscillator. The total energy E is 
given by the sum of the products of the energy of each state and the probability 
that the oscillator be in that state 

Y nhve~ uhv,E 

K = £ P{nh V )nhv = (49.8) 

11 

which transforms readily to 


(49.4) 

(49.5) 

(49.6) 


Now, 

Hence, 



y q— nhvfE _ J g—hv/E _j_ 2hv/E _J_ . . . 
n 

= (1 - e ~ hv,E )-\ 



(49.9) 


(49.10) 


(49.11) 


HE^S> hv , which is true at high temperatures, the expression neglecting higher 
powers of (hv/E) becomes, 


E = hvj {hv/E) = E. 


( 49 . 12 ) 
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Since, also, the heat capacity is equal to dE/dT it follows for an oscillator that 

dE/dT = dE/dT = k, (49.13) 

and, by integration, E = kT + c where c is a constant. Since, at T° K. = 0, 
the energy is zero, we see from the expression E — hv/{e hvl( ^ k J +c) — 1) that the 
constant c must be zero. Hence, since the average energy E has the value kT, 
the fundamental equation for the probability P(e t ) that any molecular system 
have the energy Ci in a single state, becomes 

e -tJkT 

P(ti) — £ e ~tjkT * (49.14) 


If the energy u can be taken up in more than one way, the probability of having 
the energy € t * will be increased by a factor g 1f the “statistical weight” which is 
the number of ways in which the energy u can be absorbed. Then, 


n«) 


Qi*-*‘ lkT 
kT 


L <L C 


(49.15) 


Case 2: Suppose a system has s modes of taking up energy according to 
tlie law 

E = cn r , (49.10) 

where c is a constant and n is an integer, then the number of ways in which 
the system can have energy E — e or less is given by 

N = a(E - e) a,r . (49.17) 


The number of ways in which the system can have the actual energy E — e in 


P{E 


(49 ' i8) 


Suppose the energy considered is translational and that the system has N 0 
non-interacting (distinguishable) molecules; each molecule has 3 modes of 
taking up energy so that the total number of modes is 3Nq } and, since this is 
equivalent to s, it follows that 

P(E - e) = b ( 1 - (49-19) 

To the system of No molecules, possessing translational energy only, is now 
added another molecule; suppose the total energy is now E. The probability 
jp(c) that the added molecule shall have the precise amount of energy c of any 
one kind, translational, vibrational, rotational, etc., is simply equal to the 
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probability that the remaining No molecules shall have the energy E — € in 
the SNo translational modes. The required probability is, therefore, the value 
given by equation (49.19), or, 

P(0 = h ( 1 - E ) r ( 49 - 2 °) 

Again expanding by the binomial theorem, assuming also that e/E is small 
while N o is large, the result is 

P(e) - ae~ iN ^ rE 

= (49.21) 

where ft = rEISN 0 . The energy € may be any kind of energy as noted 
above. The magnitude of the constant a can be evaluated as in (49.5) to give 
i — 1/Z £~ e//9 . The value of ft can be shown to be equal to kT by the familiar 

n 

application of the distribution equation (see Vol. II) to the determination of 
the pressure of a gas, considering the quantity e as a component of velocity in 
a given direction, equal to mu 2 , and comparing the result with the equation 
of state for a gas pv = Nk T. 

Alternatively, accepting the conclusion from quantum mechanics for a 
particle in a box, that translational energy is taken up according to the law 
E — cn 2 , then r — 2 and ft may be calculated as follows. Consider e as trans¬ 
lational energy: the chance that e shall be in the group of translational states 
with quantum numbers lying between n x and n x -f- dn x , n y and n y + dn y and 
n z and n z + dn z is, 

P = ae~ tlp dn x dn v dn z . (49.22) 

Using the relations, e x — c x n x 2 = Hmvx 2 , and similar expressions for e y and €*, 
the probability that a molecule shall have components of velocity between v x 
and v x 4 - dv x , v y and v y + dv v and v z and v z -j- dv z is 

p = 6 e~ wl ’ 2 / 2 ^?; 2 dr, (49.23) 

where v 2 — v x 2 + v y 2 4* v z 2 . The fraction of molecules with velocities between 
v and v 4 * dv is therefore, 

v 2 dv. (49.24) 


The mean square velocity v 2 is given by, 



er mv Mv 2 dv 

f* 00 

e~mv 2 /2P V *d V 


/ m \ 3/2 

\W) 


m 


(49.25) 
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(49.26) 

(49.27) 

(49.28) 


(i) the probability that a molecule shall have precisely the energy of any 
kind , i.e., in any quantum state, is 


PM 


e -tilkT 


(49.29) 


with the corresponding modification, cf. equation (49.15), in case a ‘statistical 
weight’ factor, gr,*, is operative. 

(ii) Maxwell’s Law of Distribution of Velocities is given 
dN ( rn \ 3/2 , irn 

Y = 4,r \2 vkT ) e * *’**’• (49.30) 

(50) The Partition Function: The summation term £ e~ (ilkT which enters 

i 

into the denominator of the expression for P(e;) constitutes an important 
quantity which may be related to the various thermodynamic quantities al¬ 
ready obtained. For obvious reasons it has been called the state-sum or sum 
of the states (zustandssumme) and also the distribution function, but recently, 
the term partition function has been most frequently employed for the expres¬ 
sion. We may assign it the symbol / and define it explicitly: 

/ = £ e ~<ilkT = f -« 0 IkT _j_ e -<iIkT _j_ e -« 2 /A-r + ... + e~ (t,kT y (50.1) 


where the summation extends over all the possible energy states of the system, 
each term multiplied where necessary by its statistical weight gi when the 
given energy state can be achieved in more than one way. 

(51) Internal Energy and the Partition Function: The internal energy of a 
molecular system in excess of that at the absolute zero is given by the expression 

E - E 0 = V 0 €o + Ni€t + N«e 2 + • • • + Nm, (51.1) 

where Vo, AL, V 2 , • • *, V» are the numbers of molecules in the system possess¬ 
ing respectively the energies e 0 , e h « 2 , • • u- Since quite generally 

Ni - N(PM) = Ne~ ti,kT /f, 

N N N N 

E - E 0 = je~*«l kT e o + j e~^ lkT e l + j e^ kT e 2 + • • • +je^ ilkT ei. (51.2) 
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Differentiating / with respect to temperature gives 


df_ 

dT 


g-to/kT . Jl. . r . JlL I ... I .-.ilkT . 

kT* + kT* + + 


kT* 


(51.3) 


Hence, for 1 mole, where N is the Avogadro number, 

N df d In / 

E — Et, - — kT' 2 — = NkT * ' (51.4) 

(52) Heat Capacity and the Partition Function: The internal energy per 
mole of a system is expressible in the form 

d In / 

E = E 0 -h NkT 2 ~~j7jC * (52.1) 

Now, since ( 6E/dT) v = C v , it follows that 

d ( <9 In /\ 

c * = ar{ NkT2 lErl (52 ' 2) 


expresses the heat capacity in terms of the partition function. The expression 
is restricted to constant volume because, as will later be shown, the partition 
function for translational energy is dependent on the volume of the system. 

(53) Equilibrium and the Partition Function: In an equilibrium existing 
between two molecular species, A B, the probability that the system will 
be in the state Z?» w r ith energy em is given by the expression P(em) = ae~ tBilkT . 
Similarly the probability that it will be in the state Ai w r ith energy tAi is 
ae~ tA ' fkT . The state of equilibrium is determined by the ratio of the probability 
that the system be in any of the states corresponding to B to the probability 
that the system be in any of the states corresponding to A, since this ratio is 
that of the number of molecules B to the number of molecules A in the given 
volume, v. This ratio which is the equilibrium constant is therefore 

a ]T e~ (B HTj v 

£ __<_ 

C a YL e~ tAilkT lv 

i 

(54) Standard Free Energy Change and the Partition Function: In any ideal 
gas reaction, generalized by the equation, 

aA -f* bB — cC -f- dD f 

the relation between the standard free energy change and the equilibrium 
constant in terms of concentrations is representable by the expression 

AF° - -RT In K c (54.1) 

or 

A F« = cF° c + dFl - aF° A — bF n B — — RT In < ~^ b , (54.2) 


fjL 

Sa 


(53.1) 
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where Ca, Cb , Cc, and Cd refer to the equilibrium concentrations. From the 
relation of the preceding section it follows therefore that 

cK + dFl - aF° { - bFl 

- - *r j h, (&)• + m(6)‘ -I. (^)* - h(&)‘ ) . (54.3.' 

By identifying terms on each side of the expression it is evident that a series of 
relations are obtained of the type 

cF° r = - RT In (E V + const., (54.4) 

the constant, in each case, being a function of the particular species only, which 
must cancel each other in the case of a system in equilibrium and which may, 
for simplicity, be set equal to zero. There results, accordingly, the general 
expression 

/ 

F° - - RT In • (54.5) 

v 


Since the free energy per mole is given by the expression 


it follows that 


X 


F =.- F u -f RT In , 

V 

(54.(5) 

f X 

= - RT 1 u ! + RT In - 

V V 

(54.7) 

1 

il 

a* 

1 

II 

(54.8' 


(54.9) 


* A more general method of deriving expressions for the Gibbs and Helmholtz free energies 
in terms of the partition function, which, however, involves the conclusion of the Third Law 
of Thermodynamics, that *So — 0 (see Chapter IV), is given in the following manner. The 
average value of the internal energy, K, is given by the expression. 


v E . e - Kl ikT 


Hence, 


/ dE' 

\ o 

( d ^ BJI ... \ 1 

= ( —. 


AV - ( — In ^ e~ h * lkl ) I 

\dT> 

‘v or 

L V <rr i / rJ 


Since from equation (26.5), ( dS/dl % = C v /T 


S * f T - f T - — ffcr* ( — lnZc- A ^* r ) 1 dr 
Jo r Jo TdT L \dT i /rj 

- r~( In Ze- K 't* r )dT. 

Jo T 2 dT \ i ) 


IniJrW + 

t ar < 


(54.10) 


(54.11) 


(54.12) 

(54.13) 
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(55) The Helmholtz Free Energy and the Partition Function: From the 
relation, F = -4 + pv there results, for one mole of an ideal gas. A = F — RT. 
In terms of the partition function this becomes: 

A = - kT(N Inf - N In N + N) 

= - kT (^N\nf - N lu ~ ^ 

= - kT(N In / - In A r !) 
f K 

= -kT]n^~ ( 55 . 1 ) 


Assuming that $ — 0 at T = 0 (Third Law), 

£ = A*T ^ In 2/ -f k In ( £ c"*-''* 7 ’ ) . (54.14) 

0T i Vi / 

Now’ since S — {K ~ A)fT and since the first term of equation (54.14) is actually E/T it 
follow’s directly from the second term of the expression that 

.1 - - *7’In (z (54.151 

For a system containing one mole or the* Avogadro number, A\ like molecules, this expression 
becomes 

f N 

A - — kT ln T - . (54.1fi) 

A! 

where the A T ! in the denominator takes account of the fact that the A* molecules are indistin¬ 
guishable from one another. A”! being therefore the number of indistinguishable configurations 
of A identical molecules in space, and partaking of the nature of a symmetry number (see 
Section 59). The expression so derived for A has complete generality whereas the derivation 
in the body of the text is limited in the case of F, and therefore in the case of A, to an ideal 
gas. Since F = A 4* pv the general expression for F becomes, therefore, 


F = — kT In 1 ~- + 

154.17) 

In the case of one mole of an ideal gas, 

f x 

F = - kT In--- + RT. 

A ! 

(54.18) 

Since RT = RT In c and A ! = N s e~ s 

/V 

F - - kT\n-~—r. 

54.19) 

f N 

= ~ kTl 

(54.20) 

- - NkT In - r 

N 

(54.21) 

- ~RT\nL. 

(54.22) 
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(56) Entropy and the Partition Function: From the thermodynamic relation 
A = E — TS 7 it follows that the expression for the entropy may be written 
thus: 

E - A /din f\ 

X = —j= Nkr i ) + k in rim (56.1) 

The same expression results from the thermodynamic relationship, 

(dA/dT) v - - A'. 

(57) Partition Functions for Molecules: In evaluating the partition function 
for a molecule consideration must be given to the several forms of energy which 
the molecule may possess, translational, vibrational, rotational and electronic. 
Each energy level of a molecule may be identified by assigning to it four 
quantum numbers, one for each type of energy. The partition function thus 
becomes 

F = E (57.i) 

t,r,v,e 

the summation being extended over all possible combinations of the quantum 
numbers. In the majority of cases our knowledge of these energy levels is not 
sufficient to carry through the summation exactly, so that approximations are, 
in practice, often employed. 

To a good approximation the energy may be expressed as a sum of the 
energies of each type, in which case 


E t, r,r,e ~ E t + E r + E v + E t . 


The partition function, to this approximation, becomes 


(57.2) 


/- 


f~ (K K i -4-i? c)JkT 

t,r,v,e 


= Z 


-Et/kT 


E e-*rf*T E e- E *' kT E = f t f r f,U 


(57.3) 


The evaluation of the partition function for any molecule depends therefore 
on knowledge of the energy levels, which are known either experimentally from 
the data of spectroscopy or theoretically from a quantum mechanical treatment 
of the molecule. The detailed examination of this phase of the subject will 
be presented in Chapter IV. When the exact data are lacking or when ap¬ 
proximate solutions are sufficient, use is made of approximate partition func¬ 
tions for the several energies of the molecule and these are inserted in the 
expression (57.3) above. 

(58) Approximate Partition Function for Translational Motion: According 
to quantum mechanics, for a particle of mass, w, moving in a box with edges of 
length a, 5, c, the energy levels are 


E v 


Sm a 2 + 5* + c 2 J ’ 


( 58 . 1 ) 
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where p, q and r are integers. The partition function for translational motion 
thus becomes: 

oc oo oe 

j L g~p 2 h 2 /Hma 2 kT ^p g—q 2 h 2 lHvib 2 kT ^p g~r 2 h 2 /Xmc 2 lcT 2) 

P— 1 0—1 r-1 


Since the exponential term h 2 /8ma 2 kT and those corresponding for b and c are 
all much less than unity under ordinary conditions of temperature and volume, 
the summations may be replaced by integrations. Therefore, since 


it follows that 



e P 2 h 2 /Hma 2 kT ftp — (2lMtkT) ll2 a/h f 


(2Tmk r T)' il2 abc (2vmkT) in V 
h 3 h 3 


(58.3) 


(58.4) 


where V is the volume of the box which thus enters the partition function of 
translation. 

(59) Approximate Partition Function for Rotational Motion: For a linear 
molecule with moment of inertia, /, the rotational energy levels are 

+ 1)“F (59.1) 


and there are 2J + 1 states for each value of the energy. The partition func¬ 
tion for rotation, f r , becomes therefore 


/r = L (2./ -F 1 ) € - J < J + l '> h ' il * r2lkT 

J -0 


(59.2) 


At high temperatures, the summation may be replaced by an integral, so that 


fr « 


8ir 2 IkT 
h 2 


(59.3) 


For the case in which the two halves of the molecule are identical, the quantum 
mechanical treatment shows that only alternate values of J are allowed. The 
partition function is, therefore, obtained by a summation over half the levels 
only, and gives 


fr = 


8 t r 2 IkT 
2 h 2 


(59.4) 


In general, for a linear molecule, the expression becomes 


fr 


SwHkT 
<rh 2 ’ 


(59.5) 
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where the symmetry number a is 2 if both halves of the molecule are alike and 
otherwise a is unity. The symmetry number is the number of equivalent 
ways of orienting the molecule. 

For a non-linear molecule with principal moments of inertia, A , B and C, 
a corresponding development gives 


SttHStt WBcy^jkTyi* 
<jW 


(59.6) 


The symmetry number, <r, is again determined by the number of equivalent 
ways of orienting the molecule in space as can be seen from the following 
values: <jh 2 o = 2; <7nii 3 = 3; <to 2 h 4 = 4; <reii 4 = 12; <tc 6 h 6 ~ 12. 

(60) Approximate Partition Function for Vibrational Motion: A molecule 
containing n atoms has Sn — 0 vibrational (jpgrces of freedom if it is non-linear, 
and 3n — 5 if it is linear. Each vibrational degree of freedom may be con¬ 
sidered as an harmonic oscillator. The partition function for such an oscillator 
has already been given in Case 1 , Section 49, as 

fr = (1 - e~ hv ^ kT )-K (60.1) 

For i vibrational degrees of freedom the approximate partition function for 
vibrational motion becomes: 

i**3 n ~ x 

fv = II (I - e- hy ‘ lkr )-', ((>0.2) 

1-1 

where the required frequencies, v„ are .obtained from infra-red and Raman 
spectra of the molecule. 

(61) Partition Function for Electronic Energy: This function is directly 
calculated from the observed electronic energy levels of the molecule using the 
relation 

/- = E g,c~ B '' kr . (61.1) 

e 

In chemical reactions, the electronic energy levels are in general too high in 
energy above the ground state to contribute materially to the partition func¬ 
tion at ordinary temperatures. Most diatomic molecules have ground 
states and the electronic partition function is usually unity. For molecules 
having multiplet ground states, such as nitric oxide, oxygen and the hydroxyl 
radical this partition function must be suitably modified. It is especially to be 
remembered that a multiplet ground state modifies correspondingly the rota¬ 
tional partition function, replacing the single energy level by a multiplicity of 
levels. 

(62) Gas Pressure and the Partition Function: As an example of the 
applicability of the partition function, the pressure of a gas composed of non¬ 
linear molecules can be calculated. From the preceding it is evident that, 
ignoring electronic energy levels, the partition function for such an n-atomic 
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molecule becomes 

(2 irmkT) 31 * St^StCABC) 31 * 

/ = ~ ■ » -. v ~ 7z -— II (1 - e- k ^ kT )-K (62.1) 

hr h 3 

The partition function is a function of the mass, moments of inertia, frequencies 
of vibration, symmetry of the molecules, temperature and volume. From the 
thermodynamic relation, p = — (dA/dv)r , it follows that, for an ideal gas, 

d f N d NfcT 

p = JcT - In = NkT -- In / =- (62.2) 

dv N\ dv v 

For a gas obeying van der Waals’s equation, with potential energy of interaction 
between the molecules, the transitional partition function would be modified 
by the substitution for v of the term v — b and multiplication of the function 
by e alvR1 \ The pressure so calculated would have the familiar form of the 
van der Waals equation. 

(63) Partition Functions for Liquids and Solids: For these states of matter 
the translational and rotational terms disappear in the partition function and 
are replaced by vibrational terms in which the frequencies are functions of 
volume and temperature. There will also be an interaction term of the general 
form e~ E{v ' T)lRT analogous to the term e a,vRT of the van der Waals gas. The 
calculation of the partition function follows that for a gas when this interaction 
term has been introduced. 



CHAPTER IV 


THE THIRD LAW OF THERMODYNAMICS AND STATISTICAL 

MECHANICS 

BY JOHN d. ASTON, 

Director of the Cryogenic Laboratory and Professor of Organic Chemistry , 

The Pennsylvania State College 


(1) The inter-relations of the thermodynamic quantities, free energy F , 
heat content II and entropy S of a single molecular species are embodied in the 
equation of the first and second laws of thermodynamics 

F = // - TS. (1.1) 

Applied to a chemical reaction among several species the equation becomes 

A F = AH - TAS, (1.2) 

where the respective symbols refer to increases in the respective thermodynamic 
magnitudes for reactants and products in specified states; in terms of the species 
at unit activity, i.e., in their standard states, the relation may be written 

A F" = A H° - TAjS 0 , (1.3) 

in which case the standard free energy is related to the equilibrium constant K 
by the expression 

AF° = - RT In K . (1.4) 

The position of equilibrium may therefore be calculated from calorimetric 
heats of reaction at constant pressure, which yield A H°, if the entropy change 
can be readily obtained. It is the purpose of the present chapter to examine 
methods of obtaining the entropy change in chemical processes. It will be 
shown that in contradistinction to the thermodynamic quantities F and II, 
absolute values of the entropy S of substances are attainable and may be inde¬ 
pendently determined. This was essentially the problem which G. N. Lewis, 1 
Richards, 2 van't Hoff, 3 Haber, 4 Nernst, 6 and Planck 6 attempted to solve and 

1 G. N. Lewis, Proc . Am, Acad., 35, 3 (1899). 

2 Richards, Z. physik. Chem ., 42, 129 (1902). 

8 van’t Hoff, Boltzmann Festschrift, p. 233, Barth, Leipzig (1904). 

4 Haber, Thermodynamik technischer Gasreaktionen, Oldenbourg, Munich, 1905. 

6 Nernst, Naehr. kgl. Oes. Wias. Gottingen , Math.-Phya. Klasse, 1 (1906). Die theoretisehen 
und experimentallen Grundlagen des neuen Warmesatzes, Halle (1918). 

«Planck, Ber„ 45 , 5 (1912). 
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their efforts have led to a solution which is embodied in the Third Law of Thermo¬ 
dynamics. The famous Nernst Heat Theorem was the first practical solution 
to the problem. This theorem assumed that the entropy per gram atom was 
the same for all condensed phases at the absolute zero and that near the ab¬ 
solute zero the change in heat capacity at constant pressure, A C py approached 
zero asymptotically. Nernst’s method expressed the equilibrium constant in 
terms of the so-called “chemical constants’’ of each of the reactants and products 
of the reaction. The direct use of these “chemical constants” is becoming 
less prevalent; hence, Nernst’s method will be postponed until the end of the 
chapter and then developed in terms of modern ideas. 


THE THIRD LAW OF THERMODYNAMICS 

( 2 ) The quantum hypothesis and the relation of entropy to probability, 
which is to be discussed presently, lead to the conclusion that the entropy of 
all “ perfect” crystals at the absolute zero is the same. Moreover, this limiting 
value is the lowest attainable value for the entropy so that we take it as zero. 
By “perfect” is meant a geometrical arrangement of atoms which is repeated 
without modification throughout the crystal. Whenever it is possible to obtain 
a perfect crystal of an element or compound at low temperatures, this postulate 
allows us to obtain the entropy of the compound in any state at any tempera¬ 
ture experimentally. 

(3) Entropy from Calorimetric Data: For constant pressure conditions the 
general equation 

= J. , (3.1) 


where q is the heat absorbed in any infinitesimal reversible change at the 
temperature T , becomes 



(3.2) 


Integration then gives 


S 


r dn 
Jo T 


+ S 0, 


(3.3) 


where So is the entropy of the substance at the absolute zero and S that at the 
temperature T. If the substance is in the “perfect crystalline state” at the 
absolute zero, So is zero and equation (3.3) can be expanded into the form 


-I 


T ' C p A H' 

T dT + + 


pT" 

J T' 




AH" 


rp dT + 


+ 


r 

•J r" 


c» 


dT + 


(3.4) 


where C p is the heat capacity at constant pressure. The first term is an in¬ 
tegral taken over the range from the absolute zero to the first transition point, 
if any, of the crystal and is the entropy increase in the crystal in going from the 
absolute zero to this transition point. The second term is the entropy of 
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transition. The third term is the increase in entropy from the first to the 
second transition and so on. Thus, if the entropy of the gas at the normal 
boiling point is desired, this process is carried on so as to include the transitions 
from solid to liquid (fusion) and liquid to gas at one atmosphere (vaporization). 

The heat capacities at constant pressure and heats of transition, including 
fusion and vaporization are readily measured from about 10° K upwards. 
The heat capacity of crystalline substances is very small at 10 ° K and only a 
small extrapolation is required in evaluating the first term of equation ( 3 . 4 ). 
This extrapolation will be discussed shortly. For the present we will state 
that, with sufficient accuracy (0.05 cal. per deg.), the entropy of the crystal 
below a temperature T near 10 ° K is given by (C p )t/ 3, where (C p )t is the heat- 
capacity of the crystal at the temperature T. The first term in equation (3.4) 
then becomes 



The last integral is easily obtained graphically by plotting C p against In T and 
taking the area under the curve between the required values of In T. 

TABLE 1 

The Entropy of Hydrogen Chi. n it irk from Calorimetric* Data. 

Solid Stable Below 98.36° K Cal./Deg./Mole 

0 to 16° K, extrapolation.... ... 0.30 

16 to 98.30° K, graphical. . 7.06 

Transition 284.3/98.36. ... 2.89 

Solid Stable Above 9S.3G° K 
98.36 to 158.91° K, graphical. 

Fusion, 476.0/158.91. 

Liquid 

158.91 to 188.07° K, graphical ..... 2.36 

Vaporization, 3860/188.07. ... 20.52 

Entropy of HOI gas at boiling point 
Correction for gas imperfection . . 

Entropy of ideal HOI gas at boiling point, . .41.3 

Entropy of ideal HOI gas at boiling point from Spectroscopic Data 41.45 

Table I is an example of such a calculation for hydrogen chloride. 1 The 
heat capacity data on which the calculations are based are shown in Fig. 1. 
The first entry in the table is the extrapolation below 16° K; the third and fifth 
are the entropies of transition and fusion, respectively. The transition occurs 
at 98.36° K and the heat of transition is 284.3 cal. per mole. The quotient 
indicated in the table is the entropy of transition. Similar terms are introduced 
for fusion and vaporization. 

1 Giauque and Wiebe, J. Am. Chem. Soc ., 51, 101 (1928). 


41.2 ± 0.1 E.r. 
0.10 


5.05 

3.00 
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The first total in Table I is the entropy of the actual gas at one atmosphere 
($). For comparison with entropies from spectroscopic data we require the 
entropy of the ideal gas at one atmosphere (S°), i.e., in the so-called standard 
state. This is also the entropy to be used in conjunction with the free energy 



of the gas in the standard state. The expression for obtaining S° from S is 


rrni-ih 


(3.6) 


If the gas is assumed to obey the modified Berthelot equation of state, namely 


then 


T 9 PT C ( TVYl 

PX - RT ^ 1 + V28P<T ( 1 “ 5 TVJ ' 


27 RT e *P 

S° * *S 4- — -- 

•r 32 T z p 


(3.7) 


The second total in Table I is $° obtained by adding the last term in equation 
(3.7) to the first total. 

(4) The Nature of the Extrapolation to the Absolute Zero: There is much 
in the early literature about the value of J*C P d In T from the absolute zero to 
the lowest temperature attainable. Before the application of quantum theory 
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to the specific heats of solids, the possibility was considered that C p might have 
a finite value at temperatures infinitesimally close to the absolute zero. Were 
this true, the value of this integral might reach very large values and be infinite 
if C p were finite at the absolute zero. Moreover, the experimental data might 
be such that C v had fallen to small values and given the impression of an asymp¬ 
totic approach to zero which actually did not exist. The work of Einstein and 
Debye on the application of quantum theory to the specific heat of crystalline 
solids, to be described later, now leaves no doubt that perfect crystals, of which 
most substances at low temperatures are examples, approach zero asymp¬ 
totically near the absolute zero; the derivation of equation (3.5) is thus possible. 

Restricted Statement of the Third Law: The statement that the entropy of all 
“perfect” crystals is zero at the absolute zero while their heat capacities (C p ) 
approach zero asymptotically near the absolute zero is a somewhat restricted 
statement of the third law of thermodynamics . 

(5) Methods of Checking the Third Law: There are four methods of check¬ 
ing the third law: 

(a) The entropy of a crystalline compound, capable of existing in two crystal¬ 
line forms, is measured at some temperature above the transition temperature 
by following two paths, (a) By rapid cooling, the metastable high temperature 
form is obtained at 10° K and the heat capacities of this form are measured up 
to the desired temperature. The entropy at this temperature is calculated 
using equations (3.4) and (3.5). (b) By slow cooling the equilibrium form of the 

crystal is obtained at 10° K. The heat capacities of this form are measured up 
to the transition temperature together w r ith the heat of transition to the high 
temperature form. The entropy of the high temperature form is then calcu¬ 
lated at the same temperature as in (a) using (3.4) and (3.5). If both crystal¬ 
line forms are perfect at 10° K, and the third law is correct, the same value of 
the entropy should be obtained by both methods. 

This method of checking the third law has been applied to cyclohexanol 1 
and to phosphine 2 with a high degree of accuracy. Table II summarizes the 

TABLE II 

The Entropy of Phosphine from the Third Law of Thermodynamics 


Form stable below 49.43° K Form stable above 49.43° K 



Cal./Deg./Mole 

Cal./Deg./Molo 

0-15° K extrapolation. 

.0.338 

0-15° K extrapolation. 

.0.495 

15-49.43° K (graphical). 

.4.041 

15-30.29° K (graphical). 

.2.185 

Transition 0—+a 185.7/49,43... 

. . .3.757 

Transition y —► a 19.6/30.29 . 

.0.647 


8.14 

30.29-49.43° K (graphical)... 

.4.800 

8.13 


calculation, by two paths, of the entropy at the transition temperature of the 
form of phosphine (a-raodification) stable above 49.43° K, after the transition 

1 Kelley, /. Am. Chem . Soc., 51, 1400 (1929). 
a Stephenson and Giauque, J. Chem. Phys., 5, 149 (1937). 









516 


A TREATISE ON PHYSICAL CHEMISTRY 


has occurred. In the first of these methods of calculation, the compound was 
cooled slowly, thus allowing transition to the crystalline modification stable 
below 49.43°K (^-modification). The specific heat measurements were started 
at 15° K thus obtaining fC v d In T for the temperature range 15° to 49.43° K. 
The heat absorbed in the transition was 185.7 calories per mole and therefore 
the entropy of transition was 185.7/49.43 = 3.757. The sum of this quan¬ 
tity and the integral together with the extrapolated entropy from 0° to 15° K 
yield a value for the entropy of the form stable above 49.43° K at the transi¬ 
tion point. This calculation is recorded in the first column of Table II. 



40 80 0 120 160 200 

T , K. 


I'm. 2. Heat Capacity (Cal./Deg./Mole) of the Forms of Phosphine 

For the second method of calculation the form stable above 49.43° K was 
cooled rapidly, thus obtaining this modification in a pure state down to 30.29° K. 
At this point, a different transition occurred to a third crystalline variety 
( 7 -modification) which was cooled to 15° K. The second column in Table II 
shows the thermal data up to 49.43° K, including the entropy of the metastable 
transition to the form stable above 49.43° K of which the heat of transition is 
19.6 calories per mole. The sum of the terms gives a second and independent 
value of the entropy at the transition point of the form stable above 49,43° K. 
The first method gives 8.13 cal./deg./mole and the second method 8.14 cal./ 
deg./mole. This could only be true if the 7 -modification had the same en¬ 
tropy at the absolute zero as the /3-modification. Fig. 2 shows the heat 
capacities of the system on heating from 15° K by the two paths. 
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The results with cyclohexanol are of the same nature; this substance has a 
transition at 263.5° K, but the form stable above 263.5° K (a-modification) 
can be supercooled down to 13.5° K without transition. The heat capacities 
of the a-form yield an entropy value at the transition point of 41.2 ± 0.25 
cal./deg./mole. When the transition to the ^-modification is allowed to occur by 
slow cooling, the heat capacities obtained for the /3-modification, together with 
the heat of transition (1960 calories per mole), yield a value of the entropy of 
the /3-form at the transition point of 40.90 d= 0.25 cal./deg./mole. The differ¬ 
ence of 0.3 cal./deg./mole is well within the experimental error and indicates 
that both forms have the same entropy at the absolute zero. 

( b ) For a chemical reaction 

aA + bB — mM -f nN 

the molal entropy of each of the reactants and products in their standard 
states (S°) is determined from the thermal data using equations (3.4) and (3.5) 
at some temperature where the equilibrium constant of the reaction can be 
determined. The value of AS 0 calculated from the individual entropies is then 
compared with the one obtained from the equilibrium constant and the heat of 
reaction (A II 0 ) using equations (1.3) and (1.4). Alternatively, if the reaction 
can be made to occur in a cell, the temperature coefficient of the electromotive 
force of the cell will give a value of AaS° directly (Chap. III). Agreement should 
be obtained if the third law is valid and the individual substances are perfect 
crystals at low temperatures. 

The application of the second method is not as definite as that of the first 
for two reasons. The accurate measurement of an equilibrium constant is not 
an easy matter and accurate heat of reaction measurements are rare; also, 
some common chemical substances, including hydrogen and water, do not form 
perfect crystals at low temperatures and do not have zero entropy at the ab¬ 
solute zero. The reason for this zero point entropy is well understood and 
will be discussed presently. In such a case the entropy, calculated with the 
aid of statistical mechanics, can be used instead of the third law value, to¬ 
gether with the third law values for the other participants in the reaction, to 
obtain AS for the process. The statistical mechanical treatment is discussed 
later. In Table III examples of the method are given in which purely third 
law values are used. Column 1 gives the chemical equation for the reaction, 
column 2 gives the temperature, column 3 gives the values of AS obtained using 
the third law, column 4 gives the values of AS obtained using equations (1.3) 
and (1.4) (the equilibrium data) or using the temperature coefficient of elec¬ 
tromotive force. 

The first three reactions in Table III provide excellent confirmation of the 
third law. The results for the dehydration of magnesium hydroxide appear 
less satisfactory; the third law value of A$° is 0.82 cal./deg./mole lower than 
the value from the equilibrium data. It will be shown later that there is 
0.806 cal./deg./mole residual entropy in crystalline water due to lack of per- 
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TABLE III 


Checks op the Thihd Law of Thermodynamics 


Reaction 

Temp. 

°K 

AS 

Third Law 1 

Cal./Deg./Mole 

AS 

Experimental 

Ag(«) +}4 Br,(/) = Aglir(*) 

265.9 

- 3.01 ± 0.40 

- 3.13 db 0.10 * 

- 3.02 ± 0.10 * 

AgO)+Ms<’M 0 ) — AgOl(tf) 

298.16 

- 13.85 ± 0.25 

- 13.73 ± 0.10* 

Zn(«)+t£G ,(g) = ZnO(s) 

298.16 

- 24.07 ± 0.25 

- 24.24 =b 0.05 t 

Mg(OH)s(«) = MgOO) + 11 = 0 ( 0 ) 

298.16 

1 

35.85 ± 0.08 

36.67 db 0.10 t 


* From e.m.f. measurements, 
t From AH and equilibrium constant. 
1 References to entropy values: 


(a) Ag(«), Eucken, Clusiue and Woitinek, Z. anorg. Chem ., 203, 39 (1931). 

( h ) Br 2 (/), Latimer and Hoenshel, J. Am. Chem. Son., 48, 19 (1926). 

(c) Ch(gr), Giauque and Powell, ibid., 61, 1970 (1939). 

(d) Zn(ft), Kelley, Bureau of Mines Bulletin, 350, page 43 (1932). 

(e) Oa (o), Giauque and Johnston, ./. Am. Chem. Soc., 51, 2300 (1929). 

(f) ZnO (s), see reference (d). 

( g) MgO(s), Giauque and Archibald, J. Am. Chem. Soc., 59, 561 (1937). 

( h ) Mg(OH) 2 (s), see reference (g). 

(i) HjO(ff), Giauque and Stout, ibid., 58, 1144 (1936). 

(j) AgBr(s), Olusius and Harteck, Z. phys. Chem., A, 134, 243 (1928). 

(k) AgCl(«), Eastman and Milner, J. Chem. Phys., 1 , 444 (1933). 

(l) Ag(«) + J^Brs(0 = AgBr(a). see reference (a). 

( tn ) Ag(*) ■+■ \iCAt(g) ~ AgCl(s), Gerke, J. Am. Chem. Soc., 44, 1684 (1922). 

( n ) Zn(s) -f }''lOi^g) = ZnO(s), Kelley, Bureau of Mines Bulletin, 324, pages 21-24 (1930). 

(o) Mg(OH) 2 («) -j- MgO(s) = H*O( 0 ) f see reference (g). 

fection in the crystal; this would make A*S° for the reaction an equal amount 
lower than that obtained from the equilibrium data. The observed difference 
of 0.82 e.u. is in close agreement. 

The entropy of many aqueous ions has been calculated by Latimer and co¬ 
workers from a combination of third law entropies, or statistical mechanical 
entropies, with the entropy changes in chemical reactions. Often more than 
one value of the entropy of a particular ion has been calculated by this method, 
using different steps. Table IV lists these entropies in such a way as to show 
their relation to the third law entropies. Column 2 gives the third law entropy 
of the salt listed in column 1. This entropy is needed, in addition to that of the 
other salts or ions given above it in the table, in order to obtain the entropy of 
the ion named in column 5 from the entropy change in the reaction listed in 
column 3. Column 4 gives the entropy change in the reaction and column 6 
the entropy of the ion. The references to the third law entropies and the final 
values for the ions are given in the footnotes. The symbol (i) after an ion 
indicates there is another value lower in the table; the symbol (ii) indicates that 
the value is the second one in the table with another yet to follow, unless it is 
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TABLE IV 


Ionic Entropies Based on the Third Law and Other Data 


Salt 

$°M8.16 

Reaction 

A $29*. 15 

Ion 

8° 2 98.16 

H 2 0 (l) ». 

16.77 





Ag 2 0(s) 1 2 . 

29.05 

AgsO +2H 4 = 2Ag 4 +H 2 f)(/) 

22.58 

Ag 4 (i) 

17.46 2 

HC1((7) 8 . 

44.66 

HCl(flr) = H 4 4-C1' 

-31.14 

ci- 

13.52 4 

AgCl(s) *. 

23.0 

AgCl(s) = Ag + +01 ~ 

8.15 

Ap: + (ii)* 

17.62 4 

AgBr(s) 3 . . . . . . . 

25.6 

AgBr(«) + Cl“» AgCl(s) +Br“ 

3.69 

Br~ 

19.8 4 

Ag 2 S0 4 («) h . 

47.76 

Ag 2 S0 4 («) -2Ag++ S0 4 ” 

— 8.3 

S0 4 ”(i) 

2.8 5 

AgIOs(«) * • 

36.0 

AglOa(s) =Ag 4 -fIO»“ 

10.1 

IOi-(i) 

34.3 6 

KOl(s) * . . . . . 

19.76 

KCl(s) = K 4 -fCl~ 

17.96 

K 4 (i) . 

24.2 4 

KBr(s) *. 

22.4 

KBr(s) =K + -fBr“ 

21.4 

K 4 (ii)* 

24.3 4 

KC10<(s) 7 . 

36.1 

KC10 4 («) *=K 4 +C10 4 ~ 

31.7 

C10 4 - 

46.2 7 

KClOs(s) 8 . 

34.17 

KC10 3 (s) =K 4 +C10 3 - 

29.4 

cio 3 - 

34.3 8 

KBrOa(s) 9 . . . 

35.65 

KBrOa(«) = K 4 -fBrO»“ 

27.2 

BrOa-(i) 

37.4 9 

KIO*(s) 9 . 

36.20 

KIOs(s) =K f 4-IOa - 

15.9 

IOr(ii)* 

26.9 9 

KNOa(s)». . . 

31.8 

KN0 3 (*) =K + 4-NOs" 

27.4 

NO.-(i) 

35.0 4 

NaCl(s) 3 . . 

17.3 

NaCKs) =Na + -f-CI“ 

10.4 

Na 4 (i) 

14.1 4 

NaNOi(s) 10 . 

23.8 

NaNO«(«) = Na 4 -f NOa" 

21.5 

Na 4 (ii)* 

14.3 10 

Na 8 SO4-10H*O(s) ». . 

142.8 

Na 2 SO 4 *10H 2 O(«) = 2Na 4 
+SO 4 - + 10H 2 O(0 

57.7 

S0 4 “(ii) 

4.4 4 

RbC10»(*)» . 

34.2 

RbOlOa(s) =Hb + -f ClOa” 

32.0 

Rb 4 (i) 

28.9 4 

RbC10 4 (.H) » . 

41.1 

ItbCI0 4 («) = Rb 4 +CK) 4 - 

33.6 

Rb 4 (ii)* 

28.5 * 

CsC10 4 («) 3 . 

44.5 

CsCl0 4 («) -(V-KlOr 

33.5 

Cs f 

31.8 4 

CsAl(S0 4 ) 2 -12H 2 0 (*)" 

163.0 

CsA1(S0 4 ) 2 * 12H 2 G = Cs 4 
+Al 444 +2S0 4 “4T2H 2 0(Z) 

2 

Al 444 

-76 11 

BaCls*2HsO(«) K . . .. 

45.58 

BaCla * 2H 2 0 = Ba 4 4 +2C1~ 

-f 2H 2 0(Z) 

14.2 

Ba 44 * 

2.2 72 * 

Ba(BrOs)s• HaO(s) 18 . . 

80.72 

Ba(BrO») 2 * H 2 G = Ba 44 
+ 2BrO 3 --fH 2 O(0 

26.5 

W 

*1 

O 

* 

43.6 78 

BaS0 4 (fi) 14 . . . 

31.51 

BaS0 4 =Ba 4+ -fS0 4 T 

26.3 

S0 4 -(iii) 

3.0 14 

Ba(NOa)*(«) • 

COi(ff) 3 . 

51.1 

51.08 

Ba(NOa) 2 (s) = Ba 44 +2N0 3 - 

21.1 

N0 3 -(ii)* 

35.0 4 

CaCOa(s) 3 . 

22.2 

raC0 3 +2H + =Ca ++ 

+H 2 0(Z) +CO* 

34.2 

Ca 4 + 

-11.4 4 

CaS0 4 -2H 2 0(s) 

46.36 

GaS0 4 -2H 2 0(«) = Ca 44 
+S0 4 “+2H 2 0(Z) 

-21.8 

S0 4 ”’(iiii)* 

3.8 14 

0ar 2 O 4 -2H 2 O(s) ,!l ... 

37.28 

CaC 2 0 4 • 2H 2 0(s) = Ca 44 
+C 2 0 4 “ -f 2H ? 0(/) 

-22.5 

C 2 0 4 ' 

9.3 « 


1 Gordon, J. Chem,. Phys., 2, 65 (1934). 

2 Pitser and Smith, J. Am. Chem.. Soc., 59. 2633 (1937). 

3 Kelley, Bureau of Mines Bulletin, 394 (1935). 

4 Latimer, Pitzer and Smith, J. Am. Chem. Soc., 60, 1829 (1938). 

8 Latimer, Hicks and Schutz, J. Chem. Phys., 1, 424 (1933). 

6 Greensfelder and Latimer, J. Am,. Chem,. Soc., 53, 3813 (1931). 

7 Latimer and Ahlberg, ibid., 52, 552 (1930). 

8 Latimer, Schutz and Hicks, ibid., 56, 88 (1934). 

9 Ahlberg and Latimer, ibid., 56, 856 (1934). 

10 Brown, Smith and Latimer, ibid., 59, 921 (1937). 

11 Latimer and Greensfelder, ibid., 50, 2202 (1928). 

12 Brown, Smith and Latimer, ibid., 58, 1758 (1936). 

18 Greensfelder and Latimer, ibid. , 50, 3286 (1928). 

14 Latimer, Hicks and Schutz, J. Chem. Phys., 1, 620 (1933). 

16 Latimer, Schutz and Hicks, J. Am. Chem. Soc., 55, 971 (1933). 






520 


A TREATISE ON PHYSICAL CHEMISTRY 


marked by an asterisk, representing the last value to be given for the ion in the 
table. 

In Table V the several values of each ionic entropy with more than one 
value are listed together for comparison. The agreement obtained constitutes 
an excellent test of the third law of thermodynamics. 


TABLE V 

Comparison of Ionic Entropies at 298.15° K as a Test of the Third Law 


Ion 

(Cal./Deg./Mole) 

(i) 

(ii) 

(iii) 

(iiii) 

Ag + .. . 

17.40 

17.62 



SO*) 1 "" . 

2.8 

4.4 

3.0 

3.8 

io 3 -. 

34.3 

26.9 



K + . 

24.2 

24.3 



BrOs~ 

37.4 

43.6 



NOa~. 

35.0 

35.0 



Na f . 

14.1 

14.3 



Rb f . 

28.9 

28.5 




(c) By the use of statistical mechanics and principles which are consistent 

with the third law, the entropy of a gas can be calculated if the molecular 
energy levels are known. A test of the third law is possible from a com¬ 
parison of this value of the entropy with one obtained using calorimetric 
data for the substance to low temperatures and the postulates of the third 
law of thermodynamics. , 

( d ) A fourth method verifies the fact that the entropy of all perfect crystals 
is the same (zero) at the absolute zero independently of any other variables. 
Consider the equation 



(5.1) 


then if the entropy of a perfect crystal is zero at the absolute zero at all pressures 

( dS \ (& V \ 

(ap)r = 0 ttnd V^jp = a (52) 

It has been found experimentally that ( dV/dT ) approaches zero at the absolute 
zero for all crystalline substances examined: these include copper, 1 aluminum 
and silver 2 investigated down to —250°, and also diamond, sodium chloride, 
silicon dioxide, calcium fluoride and FeS 2 studied down to —180°. 3 


1 Keesorn, van Agt and Jansen, Proc. Hoy . Soc. Amsterdam , 29, 786 (1926). 

2 Ebert, Z. Physik , 47, 712 (1928). 

8 Buffington and Latimer, J. Am . Chem. Soc„ 48, 2305 (1926). 
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It will be shown later that the temperature coefficient of the magnetic 
susceptibility should reach zero at the absolute zero; there is every reason to 
believe that such is the case. 

STATISTICAL MECHANICS 

(6) Concerning the Coordinates Used : It is convenient to consider a system 
containing only one kind of molecule; the results obtained can then readily be 
extended to systems containing several kinds. Let this system contain n 
molecules and let each of these molecules contain a atoms. It requires three 
coordinates to specify the position of each atom so that r = 3a quantities 
(coordinates in a general sense) are required to specify the exact position of 
the molecule. These may be the a sets of Cartesian coordinates belonging to 
the atoms {x iy y i} Zi) but such a system is not convenient and simplicity is 
gained by using the following one. 

The center of gravity of the molecule is fixed by the Cartesian coordinates 
x , y, z . The orientation of the molecules is fixed by the system of three angles 
which orients the common type of geo¬ 
graphic globe. In this system (see Fig. 3) 
three fixed axes at right angles x ', y' and 
z' are chosen in the molecule and their 
position referred to three axes x, y and 
z fixed in space (these can be the same 
as those which are used to define the 
center of gravity). The axis z' may be 
regarded as a polar axis, which is ori¬ 
ented by giving the angle, 0, between it 
and the axis z. To fix completely the 
orientation of the axis z' requires one 
more angle i/'. This is taken as the angle 
between the fixed x axis and the line 
ON , in which the x r y' plane intersects 
the xy plane, called the nodal line. The 
orientation of the molecule is then specified completely by giving the angle <t> 
that x' makes with the nodal line. The angles 0, yp and 4> are called the Eulerian 
angles . 

There still remain 3a — 6 quantities to be specified to define completely the 
state of the molecule: these are the internal coordinates. If there are b in¬ 
ternally rotating groups within the molecule, their position can be specified by 
b angles cui, c o 2 , * • * co& which define the positions of radius vectors at right 
angles to the respective axes of rotation. The 3a — 6 — b quantities still to be 
defined give the relative positions of atoms, the centers of gravity of internally 
rotating groups fnd the relative positions of atoms within internally rotating 
groups. For these a set of axes fixed in the molecule with one of the atoms as 
origin is usually chosen, and the Cartesian coordinates with respect to these 
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axes are then given for all the other atoms. In this way there are obtained 
b + 3 more quantities than are required; these are, however, variables which are 
dependent on the others. 

The 3 a = r coordinates thus defined are generalized coordinates. These 
will be denoted by q lf q 2i • • •, q r where the first three may be identified with 
x, y and z while q 4 , qz and q& denote 6 , \p and 0 . A hyperspace of r dimensions 
may be imagined and in it the exact configuration of the molecule is then 
specified by laying off the quantities q lt • • *, q r along r mutually perpendicular 
axes, thus defining a point. Such a specification gives only the instantaneous 
position of the molecule but does not tell how It is moving. To define the 
motion, a further r quantities must be given, namely, the r generalized mo¬ 
menta p i, "' y p r corresponding to the generalized coordinates. The exact 
mechanical condition of the molecule can be represented by a point in a hyper¬ 
space of 2 r dimensions by plotting the quantities q h • • •, q r , pi, • • •, p r along 2 r 
mutually perpendicular axes. This space, representing the mechanical state of 
a molecule, is very often referred to as the p-spacc. 

A system of n of these molecules has 3na = nr degrees of freedom, namely, 
the quantities q if q 2t • • *, q r for each molecule. For example q\ l , q 2 l } ■ • *, q r l 
for the first molecule #d, <? 2 2 , * • •, q r 2 for the second and qP, q 2 \ • • •, q/ for the 
ith molecule. The corresponding symbols (pd, • • •, pd) are used for the 
momenta. 

The precise mechanical condition of the system can be defined by a point in 
a hyperspace of 2 nr dimensions with 2 nr rectangular axes, one for each of the 
quantities q\\ • • •, q r n , pd, • • •, p r n . Such a space is known as the y-space. 

It is not necessary to know the exact mechanical condition of each molecule 
but merely that the quantities q u • • •, q n Pu • • •, p r lie within limits smaller 
than the accuracy of any reasonable measurement. That is, it is sufficient to 
specify the mechanical condition of each molecule by placing it anywhere in a 
small volume element in the p-space 

fop = dq i • ■ • dq r dp 4 • ■ • dp r . 

Such a volume element is spoken of as a “cell” in the p-space. 

For the system it is sufficient to know the mechanical condition (phase) 
within limits corresponding to the size of the cell taken for the molecule. A 
volume element in the 7 -space 

8v y = dqi 1 • • • dq r n dp x l • • • dp r n 

defines the state of the system and to say that the system lies anywhere within 
this volume element defines it with sufficient accuracy for our purpose. 

(7) Microscopic and Macroscopic States: An alternative definition of the 
state of the system can be given by specifying the index numbers of the mole¬ 
cules (1, 2, 3, • • •, n) whose mechanical condition corresponds to each cell in 
the p-space. For this purpose an index number can be assigned to each cell. 
The state of the system is then ascertained by “taking stock” of the cells in the ■ 
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/x-space, both with respect to the number and individuality (index number) of 
the molecules that each contains. It should be noted that, if the molecule 
denoted by the superscript i in one cell is interchanged for that denoted by the 
superscript j which is in another, a new state of the system is obtained. This 
is because there is a set of axes in the 7 -space for each molecule and such an 
exchange has interchanged axes. For a three dimensional space an analogous 
change would be that which converts the point (x ~ 1 , y = 2, z = 3 ) into the 
point (x — 1, y = 3, z — 2). 

The state of the system defined in this way is called a microscopic state. 
Such a specification of the state of the system is required for the statistical 
treatment of the system, but it is much more detailed than is necessary to 
define the physical properties of the system. As far as the physical behavior 
of the system is concerned, it makes no difference if we interchange the co¬ 
ordinates and momenta of two identical molecules of index numbers i and j , 
i.e., exchange them between cells of the /x-space. To get a change in physical 
behavior the total number of molecules in at least two of the cells of the /x-space 
must be changed, i.e., the population of the cells in the /x-space must be changed. 
The state of the system, as defined by specifying the population of the cells in 
the /x-space without regard to identity of molecules, is called a macroscopic 
state. 

(S) Outline of the Statistical Mechanical Method : If it is desired to calculate 
some property of a system which can be observed experimentally, the best that 
can be done is to obtain an average value taken over a large number of systems. 
It will be shown that by far the largest number of systems have one value of 
this property, the most probable value. It is this value, instead of the average, 
that is generally sought. This value will be that of the most probable “macro¬ 
scopic” state, or, in other words, of the most probable distribution of coordi¬ 
nates and momenta. If we find this distribution for the most probable state, 
the property we seek can be calculated from it. 

To study the most probable distribution we might take a large number of 
systems each consisting of the same number of molecules, each system in the 
same shaped container and with the same total energy but without any other 
restriction on the coordinates and momenta. Such a collection of systems is 
called an assembly. After a sufficiently long time the number of systems in any 
given configuration would approach a constant quantity. That is, as each 
system changed to a new configuration, another would assume the old configura¬ 
tion and a third would vacate the configuration to which the system changed. 
In terms of the 7 -space for the system of molecules, the number of systems in 
any volume element dv y would be constant. 

Our problem is to find the number of systems in each volume element in the 
7 -space when this state—the state of statistical equilibrium—is reached. To 
say that we know the number of systems in each volume element of the 7 -space 
is to say that we know the microscopic state of each system of the assembly. 
Many microscopic states correspond to any macroscopic state. We find what 
macroscopic state has the largest number of systems in the assembly in micro- 
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scopic states corresponding to it. This is our most probable macroscopic 
state and the number of molecules for each of the corresponding systems in each 
of the various cells of the ju-space gives us our most probable distribution. 

To find the condition of the assembly at statistical equilibrium (i.e., the 
distribution of systems in the y-space) we must apply the general laws of 
mechanics to the systems of the assembly. Inasmuch as this is the only 
application of mechanics in the entire method a brief outline of the treatment 
will be given. It is required to find how the distribution of the points for the 
assembly in the y-space changes with time and what sort of a distribution will 
not change with time. This information is contained in Liouville’s Theorem. 

(9) Liouville’s Theorem: Suppose that p represents the density in the 
y-space of the points representing the configurations of systems in the assembly, 
at the point qi l , q r w , pi 1 , • •, p r n The number of points in an element of 

“volume” is 

8N = p8qi l • * • 8q r n 8pY l * • • 8p r n . 

Consider two “ faces” of the elementary '‘volume” perpendicular to the axis 
of qi 1 . The number of points entering the volume element per second through 
this face is 

pqi l 8q 2 l * • • 8q r n 8pi l 8p 2 l • • • 8p r n , 

where, as is customary, the dot above the q represents the time derivative. 
The number leaving through the opposite face is 

^ P + ““ dqi 1 ^ q\ l + ^“7 fyi 1 ^ 8q 2 l • • • 8q r 1l 8pi l • • • 8p r n , 


The net number entering the volume element per second through these faces is 
obtained by subtracting the second from the first expression. The total rate 
of change of 8N with time is given by summing the resulting expression over all 
coordinates and momenta, thus, 


d(8N) 

dt 


<x=n 

= - E 


o-1 


t*=r 

E 




dp 


dqi 


~Ji a + 




dpt' 

hq r n bpi 




*Pr U , (9.1) 


where higher order differentials have been neglected. 

It is at this point that the laws of mechanics are used. They are con¬ 
veniently introduced in the form of the canonical equations of motion, 

6H . dH 

— and (9-2) 

Substituting these equations in (9.1) and noting that the order of partial differ¬ 
entiation is immaterial, the first term of the second member is zero and hence, 
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after division by the volume element 8v — 8q i 1 • • • 8p r n , 



This is Liouville’s Theorem. It states that at any fixed position in the 
7 -space the rate of change of density which would occur with the time is equal 
and opposite to the change in density per second in the neighborhood of a 
point, moving according to mechanical laws, as it passes through the 7 -space, 
if the rest of the assembly were stationary with respect to time; i.e., 



(9.4) 


As a point moves through the 7 -space, therefore, the total change in density in 
its neighborhood is zero: this principle is known as that of the conservation of 
density in phase. 

Suppose the systems are distributed initially as some function of their 
energy; the terms dp/dqi a f dp/dpi a are then zero as p is a function of neither the 
q 1 s nor the p’s; then 



and the density of the points in the 7 -space in any fixed locality does not change 
with the time. 

If we consider once more the significance of the distribution of the points in 
the 7 -space, the importance of this fact can readily be seen. Any point in the 
7 -space represents the exact configuration of a system containing n molecules; 
that is, its location in a given cell in the 7 -space specifies the number of mole¬ 
cules in each cell in the p-space or the distribution in the system. Equation 
(9.5) says, then, that the number of systems with any given distribution does 
not change with time. The macroscopic configuration, with the largest num¬ 
ber of points in the 7 -space corresponding to it, is that corresponding to the 
most probable distribution. This most probable distribution does not change 
with time and so the assembly is in statistical equilibruim. 

A special case of the distribution of points in the 7 -space as a function of 
their energy is that in which all the systems have energies within the range 
E and E + dE. Over this range the density is taken as a constant, and the 
assembly is in statistical equilibrium. It is of course obvious in this case that 
by definition dpjdqf = 0 and dp/dpi a = 0 and hence that ( dp/dt) q>p — 0 . It 
is this latter type of assembly, known as t.he microcanonical assembly , with 
which we shall deal. 

Thus we shall assume that there is an equal chance of a system having any 
of the microscopic configurations that are consistent with the total energy E . 
For example, consider n weakly interacting molecules of a monatomic gas in 
a container. By weakly interacting is meant that any forces of attraction 
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(or repulsion) acting at a distance are so small that they may be neglected. 
We assume that there is just as much chance of any one of the configurations in 
which a single molecule has a velocity giving it the entire kinetic energy of the 
container in the .^-direction and zero velocity in the ?/- and z-directions with 
zero velocity for the rest of the molecules, as there is of the configuration with 
the energy distributed equally among all molecules in all directions (providing 
the accuracy of the specification is the same in each case). 

(10) The Derivation of the Distribution Law: There are n ways of giving 
a single molecule the entire kinetic energy of the system but there is only one 
way of distributing the kinetic energy so that each molecule has the same 
kinetic energy equally distributed in the a>, ?/- and z-dircetions. There are 
n(n — 1 ) ways of giving one molecule half the kinetic energy of the container 
in the ^-direction and another the other half in the y-direction but only 
n(n — 1)/2 ways of giving two molecules each half the kinetic energy in the 
^-direction. This is because the n(n — 1 ) ways include all cases where a pair 
of molecules with an identical configuration is exchanged which does not give 
a new point in the 7 -space. There are always two molecules in the cell in the 
7 -space with x — p x /m = (2 E) 112 . Interchanging the members of this pair 
does not give rise to a new microscopic state. The distribution of energy, with 
the maximum distinguishable number of ways of attaining that distribution, 
is the most probable distribution. Each distinguishable way is a microscopic 
state corresponding to the macroscopic state of the distribution. This is as 
far as we can conveniently be specific in the matter. Let us suppose that there 
are n identical molecules of any type each with r degrees of freedom. Consider 
a macroscopic state defined as follows: 

Let there be n v molecules in the first cell of the r dimensional /z-space; 
that is, ni molecules whose coordinates and momenta lie within a given 
range between (q x , q 2) • • •, q r , p h p 2 , • • •, p r )i and (q x + dq u q 2 + dq 2 , 

• • *, q r + dq r , p i 4* dp h p 2 + dp 2 , •••,/>,+ dp r ) i. Let there be n 2 mole¬ 
cules in the second cell; that is, n 2 molecules whose coordinates lie in some 
other range (q u q 2 , * • •, q r , P\,P^ • • Pr)* and (q x + dq h q 2 + dq 2i • • *, 
q r + dq r , pi + dp i, p 2 + dp 2 , p r + dp r ) 2 . In general, n ?; represents the 
number of molecules in the ith cell, there being r? cells in all. The volumes 
of the cells, dq x dq 2 • • • dq r dp x dpo • * • dp r , are all the same. 

Exchanging molecules between cells does not produce any change in the prop¬ 
erties of the system but each exchange made does make the point for the system 
change to another cell in the 7 -space and hence represents a new macroscopic 
state. How many different microscopic states are possible, without changing 
the number of molecules in the rj cells of the ju-space, which would produce 
another macroscopic state with different physical properties? 

There are n! ways of arranging all n molecules but this number includes 
arrangements which differ only in arrangement of molecules within single cells 
in the ju-space. Rearrangement of molecules within cells of the /i-space does 
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not give rise to a new microscopic state and is therefore not to be counted. 
There are nA ways of arranging the molecules in the first cell, n 2 ! for those in 
the second and in general nA for those in the zth cell. Thus the number of 
microscopic states is 


n! 


nA n 2 ! n 3 ! ■ • • nA 




( 10 . 1 ) 


the product in the denominator being taken over all cells. The most probable 
distribution is that with values of n i, n 2 , n 3 etc., which make P a maximum. 
The condition that P be a maximum is that 8P = 0, and therefore that 
5 In P ~ 0. 


8 In n! — (8 In fti! + 8 In n 2 ! • • • +5 In nA 4* • • •) =0. (10.2) 

According to Stirling’s approximation formula for the factorial, if the n s 
are large, 

In 7i ! = n In n — n, (10.3) 

if second order terms are neglected. Introducing this relation into (10.2) and 
remembering that n is a constant and therefore 8 In n! = 0 

In iii8ni + la n 2 5n 2 + • • • + In U{8ni + • • • + In 7i v 8n v • • • =0. (10.4) 

If the change 8 In P is made by arbitrary changes 8n if 8n ly • • •, 5n,, • ■ •, in all 
the ni s, the only solution to equation (10.4) would be that In n x = In n 2 = • • • 
= In ni = 0 or that all the n t - are equal, meaning equal distribution among 
M-space cells. Actually all of the 8ni s are not arbitrary as they are subject 
to the conditions that 

ni + n 2 + • • • + n< + • • • + n v = n (10.5) 

and 

Ci^i + e 2 n 2 + * • * + e t n t + * * * + e v n v = E , (10.0) 

where c t - is the energy increase in the system when a molecule is introduced 

into the ith cell. Equation (10.5) says that the total number of molecules is 
constant and equation (10.6) that the total energy is constant; thus 

5Til ~f* 5 ti 2 * * * “b 8n% -b * * * Hb = 0 (10.7) 

and 

€\8ni -f- e 2 8n 2 -b • • • 4* tfSni -b • • • -b € v Sn v — 0. (10.8) 

These two relations (10.7) and (10.8) limit the arbitrariness of the $n*. They 

may be looked on as showing how 5 tii and Sn 2 depend on the remaining rj — 2 
quantities 8n { . Multiplying (10.7) by a and (10.8) by £ and adding both to 
(10.4) gives 

£ (In 7i{ + cx + fiti)8ni — 0. 

i-l 


(10.9) 



528 


A TREATISE ON PHYSICAL CHEMISTRY 


By choosing a and fi to make 

(In fti + ol + £ei) = 0 and (In n 2 + ol -f /3e 2 ) = 0, (10.10) 

we thus eliminate the first two terms in the sum on the left-hand side of (10.9) 
which are the only terms with bn i and <5n 2 ; then 

£ (In + a + peAbrii = 0 . ( 10 . 11 ) 

i—3 

Equation (10.11) now only contains 5n 3 , 5n 4 , • • *, which are independent 
as a result of the artifice; hence, the only solution of ( 10 . 11 ) is that all 77 — 2 
quantities are zero, i.e., 

Ill m + a + pe { = 0, (10.12) 

which is true for all the as this quantity for ??i and n 2 was made zero by 
adjustment of a and ft. Equation ( 10 . 12 ) becomes 


m = g- («+£«,) 

(10.13) 

3 

1! 

4 

(10.14) 


where C" = e~ a is a new constant. Equation (10.14) is the Max well-Boltzmann 
distribution law. 

(11) Other Forms of the Maxwell-Boltzmann Distribution Law: Equation 
(10.14) takes on a simple form if we consider only the translational degrees of 
freedom and consider these to be classically excited. The number of molecules 
in the zth cell of the p- space depends on the size initially (and arbitrarily) chosen 
for all the cells in the //-space, viz., dq x dq 2 • • • dq r dp x dp 2 • * • dp r . Thus, 
writing dn for n t - and dropping the subscript on e, 

dn ~ C'e~P*dqidq 2 • • • dq r dp x dp 2 • * ■ dp r . (11.1) 

In any practical case 

e = ^m(i: 2 + y 2 + z 2 ) + f(x , y, z } q 4 , • q n p 4 , ■ * *, p r ), 

where x t y and z are now written for q 1, q 2 and q 8 and mx , my and mz for p 1, 
p 2 and pi respectively. Then equation (11.1) becomes 

dn = C f mH~N (* v. *, « 4 . <i r Pi . p rHxdydzdq 4 * • • dq r dp\ • • • dp r 

e -&m * 2 +i 2 ) ndxdydz. (11.2) 

Integrating over all variables except x, y and i we have 

dn = Be~P m (* 2+ v 2 +* 2 » 2 dxdydz y (11.3) 

where B stands for the constant factors obtained by integration combined 
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with C' and m 3 . This equation gives the number of molecules with components 
of velocity x, y and z lying in the range dxdydz . The resultant translational 
velocity c, of a molecule is given by 

c 2 = x 2 + if + i 2 , (11.4) 

x = c sin 0 cos <f> 

y — c sin 6 sin <j> (11.5) 

z — c cos 6 , 


where 0 is the angle made by the direction of c with the z (or z) axis and </> the 
angle made by the projection of c on the xy plane with the x (or x ) axis. Thus 
c, 6 and </> are the polar coordinates corresponding to x, y and z. Transforming 
(11.3) accordingly 

dn = Be 2 sin Oc~P mc2l2 dcddd(i> (11-6) 

gives the number of molecules having a speed c f and a direction of motion given 
by the angles 6 and 4> in the range dddepde. Integration of (11.6) with respect 
to 6 and <j> yields 

dn = Ac 2 e^ mc2,2 dc (11.7) 


for the number of molecules of speed between c and c + dc , without regard to 
direction, where A is a new constant. Equation (11.7) is Maxwell’s distribu¬ 
tion law of velocities. By using it the value of ft can readily be obtained. 

(12) The Evaluation of the Constants related to a: The constant C' in 
equation (11.1) is readily evaluated by noting that the integration of this 
expression yields the total number of molecules. 


Thus 


— jj dn = C j* • • • j* e P f dqi • • • dp r . 


C 


S S e ^ dqi * * dpr 


( 12 . 1 ) 

( 12 . 2 ) 


where the integration is carried out over the range of the p’s (— oo to + 00 ) 
and of the q’s. 

Similarly for B in equation (11.3) one obtains 


B = 


X +oo /'-fee /M 
00 %J —00 —a 


dxdydz 


(12.3) 


/3m (i 2 +y 2 +2 2 )/2 


or 


B * 


e~ 0mi,l2 dx dy^J' e-^Hz j, 


(12.4) 
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since x , y and z are independent. Moreover, the three integrals are obviously 

r -foo 

e~ axt dx = (w/ay n . Thus 


B = 




(12.5) 


Similarly we deduce that A in equation (11.7) is given by 

(pm V' 2 

A -***\k) • 


( 12 . 6 ) 


(13) The Evaluation of the Constant It is not difficult to set up a 

relation like equation (11.1) for the ease where several different kinds of weakly 
interacting molecules are present in the container. The distribution law is 
then obtained which gives an equation like equation (11.14) for each type of 
molecule, each with a different a but all with the same ft (number of each kind 
constant, total energy constant). 

To evaluate P, consider a system part of which consists of a cubical vessel 
with sides of length /, parallel to the coordinate axes, containing n molecules 
of a monatomic gas: the pressure of the gas is then calculated in terms of the 
parameter ft. Consider an area dS on the wall; any molecule suffers a change 
of momentum of 2 mx on striking the wall. There are pixdS collisions with the 
wall per second, where pi, the density of molecules having x as their ^-compo¬ 
nent of velocity is defined by 



= B 



&+»*+£ Mdxdydi 


P 


(13.1) 


The rate of change of momentum per second over the area dS is given by 
2 mpiX 2 dS: this is the force acting on the area dS due to molecules with the 
velocity x, and the total force is obtained by integrating over all values of x. 
The total force, however, is PdS , so that after substituting for p x we have 


PdS » 


2 mdSB 


n:i: 


x 2 c~ flm tr ' ! ^' / ‘ +t2 > !n -dxdydz. (13.2) 


The evaluation of the triple integral in (13.2) is made readily by using 
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after cancelling dS from both sides. Since l 3 = V, the volume of the container, 
it is only necessary to substitute for B from equation (12.5), whence 


F = 


n 

vp 


or 


Since PV — nkT, it follows that 



(13.4) 


id = 1 IkT. (13.5) 

(14) The Final Form of the Classical Maxwell-Boltzmann Distribution Law: 

Substituting for the constants in equation (11.1) from equations (12.2) and 
(13.5) we obtain 


dn 


ne t,kT d(]\ ■ • * dq r dpi 


dp r 


I f r-' tT d qi ■ ■ ■ 


dq r dpi • • • dp r 


(14.1) 


which gives the number of molecules with coordinates and momenta in a given 
range for a completely classical system. A minor modification of this is 
applicable to most quantum systems as will be shown later. The same con¬ 
siderations that were used in obtaining equation (11.3) can be used to show 
that the relations 


dn — 


ne * <llkr dq 

j* p-tqikTtfq 


dn 


ne~* plkT dp 


j* 


(14.2) 


,/kT dp 


give the number of molecules with a particular coordinate or a particular 
momentum in a given range, where e (J is the part of the energy due to q and e p 
that due to p. This relation is only true if the expression for the total energy 
of a molecule depends on q or p through terms not containing the other variables, 
i.c., when € — t q + a function of the other variables or when e lotaI = e p -f a 

function of the other variables. Similarly, expression (14.1) can be applied to 
a chosen number of the p 's and q y s whenever the energy depends on these p’s 
and q ’s only through terms not containing the other variables. 

(15) The Several Forms of the Maxwell Distribution: By substituting 
equations (12.5) and (13.5) in equation (11.3) one obtains 


dn = n 


( \ n 

\ 2wkT ) 


e~"‘ < S +y2 ^ lt >'- kT dxdydz 


(15.1) 


for the number of molecules having components of velocity x , y and i in the 
range dxdydz . Equation (15.1) in polar coordinates is 


dn = n 


f m Y 

\ 2irk T ) 


e -mr»/2*r c j gi a $dcddd(f>. 


(15.2) 
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By substituting equations (12.6) and (13.5) in equation (11.7) there is obtained 


dn — 47rn 


m \ 

2 *kf) 


8/2 

(~ mr2l2kT c 2 d C 


(15.3) 


for the number of molecules with speed between c and c + dc irrespective of 
direction. Substituting € for the kinetic energy }< z me 2 in equation (15.3) the 
result is 

( i \ 3/2 

dn-27rn^“~J e-* lkT e l (15.4) 


for the number of molecules whose kinetic energy lies between e and e -f de. 

(16) Averages in Statistical Mechanics: Consider a property G whose value 
depends on all the coordinates and momenta of the system. The average 
value of this G is obtained by multiplying each value of the property G by the 
number of molecules which have it, summing (integrating) over all the mole¬ 
cules in the system, and finally dividing by the total number of molecules in 
the system. Denoting this average by G we have, 


f f Cie~ t,kT dq x ■ 

■ • dq r dpi • 

• • dp r 

J* • * • j* e~ tlkT dqi • • 

• dq r dpi ■ • 

■ dp T 


(16.1) 


(17) The Principle of Equipartition of Energy: When the energy is propor¬ 
tional to the square of a given coordinate or momentum, it can be shown that 
the average energy due to that coordinate or momentum is simply kT/2 per 
molecule. Suppose 


€ 


^ + 4>, 

2m 


(17.1) 


where 0 is a function of the rest of the p’s and q' s. We wish to compute e p . 
the average value of p» 2 /2m. According to (16.1) this is given by, 


£ f 2^~ 6 ri2 ' 2mkTe * lkT dq\ • • • dq r dpi * • • dpi * • • dp r 

'^TT 


e pi 2 l2mkT e <t>/kT ( lq x • • • dq r dpi • • ■ dpi 


(17.2; 


Since the first two factors in the integrand of the numerator and the first in 
the denominator depend on p» alone, the rest of the variables can be integrated 
out in both numerator and denominator without affecting these factors. It is 
obvious that the result yields factors all of which cancel from the numerator 
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and denominator so that 


e 


Pi 


ffe- 

J -oo 2m 


nkT dpi 


i: 


e -vdlimkT dp . 


J_ H^V(2mkTy 
2m \T(2mkf) 
kT/2. 


(17.3) 


(18) Energy and Heat Capacity in Classically Excited Systems: The result 
in equation (17.3) can be applied at once to calculate the translational energy 
and heat capacity (at constant volume) of a gas, which, in the case of a mon¬ 
atomic gas, is, the total energy and heat capacity. There are three transla¬ 
tional degrees of freedom. The kinetic energy depends on the squares of the 
momenta associated with each of the coordinates. Thus the total translational 
energy is SkT/2 per molecule or 3RT/2 per mole. The heat capacity at constant 
volume is the derivative of this quantity with respect to temperature, i.e., 
3/2/2 calories per degree per mole. For the energy and heat capacity at con¬ 
stant volume due to translation and external rotation of a polyatomic gas, 
there are three more degrees of freedom upon which the kinetic energy depends 
through the square of the associated momenta. The energy and heat capacity 
at constant volume are 3/2 T and 3 R respectively for the translational and 
rotational degrees of freedom. For a diatomic gas the corresponding quantities 
are 5/2772 and 5/2/2. 

The energy of a solid is mostly stored in vibrational degrees of freedom and 
the same is true for the internal energy of a polyatomic molecule. For each 
such degree of freedom the energy depends on the square of the coordinate and 
of the associated momentum. Thus the energy will be RT per degree of 
freedom for each mole if the vibration is classically excited. 

(19) Statistical Mechanics Applied to Quantized Systems — General: Con¬ 
sider a system of N particles (electrons, atoms or molecules) * which constitute 
a single phase (gas, liquid or crystal). Let the zeroth order wave functions of 
a particle be <t> i, <£ 2 , etc. A zeroth order wave function for the system is 


= 0i( 1)0 2 (2)0 3 (3) • • • <MA r ), (19.1) 

where <fo(&) means that the A;th particle is in a quantum state characterized 
by the wave function <£». 

The wave function \f /1 satisfies the zeroth order wave equation for the sys¬ 
tem. Other such wave functions can be obtained by permuting the wave 

* In general, throughout this discussion, the word particle is used aa a general term. 
A particle may be an electron, a nucleus, an atom, or a molecule without distinction, unless 
otherwise stated. 
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functions <j>{ among the particles; thus 

*2 = 0i(2)0 2 (1)0,(3) • • • 4>n(N) (19.2) 

represents another solution. All the wave functions 0,- correspond to the same 
energy. Any linear combination of the wave functions, 0;, will satisfy the 
zeroth order wave equation for the system. The allowed solutions of the zeroth 
order wave function for the system are either the linear combination with all 
the coefficients -f- 1, or the one with coefficients A~ 1 for terms produced by 
even permutation of particles and — 1 for terms produced by odd permutation. 
The former does not change sign when particles are permuted in the entire 
linear combination while the latter does change its sign. The former is called 
the symmetric wave function and is possessed by systems of particles composed 
of an even number of elementary particles (protons, neutrons, and electrons) 
while the latter is called the antisymmetric wave function and is possessed by 
particles composed of an odd number of elementary particles. In the latter 
case none of the functions <f>i can be identical. 

When the correct wave functions and energies are obtained by a perturba¬ 
tion method, it may happen that the correct wave functions closely resemble 
the wave functions 0 t -. If high energy barriers prevent rearrangement of the 
particles in space corresponding to a change of the system from \pi to \f/j } the 
particles are then identifiable with their permanent locations (wave functions). 
Such systems are called systems of localized elements. Crystalline substances 
are in this class. 

It is quite evident therefore that, except in systems of localized elements, 
it is meaningless to consider particles as identifiable. If the particles are not 
identifiable, equation (10.1) no longer gives the correct number of microscopic 
states since in deriving it new microscopic states were obtained by exchange of 
particles. Such an exchange does not give rise to a new microscopic state 
when the particles cannot be identified. Thus, in general, equation (10.1) 
cannot be applied to translation. 

Presently we shall derive the correct expressions for the number of micro¬ 
scopic states corresponding to symmetric and antisymmetric wave functions 
and from them deduce the distribution laws. It will be shown that, for atoms 
and molecules in gases, under practical conditions the distribution laws for 
translational motion reduce to the Maxwell-Boltzmann distribution law (10.14). 
This is not the case for electrons. 

In crystals the elements are localized. In this case the wave functions </> 
are the vibrational wave functions of the particles. Each one of these can be 
considered as any of the vibrational eigenfunctions but applying to a definite 
position in the crystal. Interchange of different vibrational eigenfunctions 
between positions produces a new microscopic state but exchanging particles 
merely between positions does not. Under any circumstances the degrees of 
freedom other than translation are localized because the particles are identifiable 
with their positions in space or their translational momenta. In this case the 
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wave functions, <£, are the product of the rotational, vibrational and bound 
electronic wave functions. For these systems (10.1) is correct. 

In the application of statistical mechanics to quantized systems, it is 
necessary to assign to each quantum state, for a particular degree of freedom, 
the area lying between two paths in a coordinate space with p plotted against 
the corresponding q. To the state of lowest energy we assign the area included 
by the corresponding path To the next state we assign the area between this 
path and the next and so on. Thus corresponding to the specification of the 
degree of freedom for a particle as lying in a particular range dqdp> we say that 
the energy due to this degree of freedom has a certain value and that the con¬ 
figuration and momenta are within the range dqdp — h. Thus it is seen that 
in a system of molecules, each with r degrees of freedom, a volume in the 
/x-space of h r will be assigned to a quantum state defined by a set of r quantum 
numbers. It will be convenient to take this as our new unit of volume and to 
let each cell in the /x-space be of unit volume. 

(20) The Distribution Law for Systems of Localized Elements: In the case 
of rotational, vibrational and bound electronic degrees of freedom, including 
those of a crystal, equation (10.1) holds for the number of microscopic states. 
In this expression let n t , n 2 , • • •, n ; - denote the number of molecules in each 
quantum state (i.e., in each of the unit cells of the /x-space). 

Evidently the distribution law for the most probable state of the system is 

tij = > = Cc~^ e >, (20.1) 

which is deduced by following exactly the same procedure that was used in 
deriving (10.13). The subscript j is taken to denote the entire set of quantum 
numbers characterizing the state of the molecule. In the case of a crystal 
composed of atoms, the normal coordinates replace the Cartesian coordinates. 
Each mode can be thought of as a linear oscillator and thus ?ij gives the number 
of modes with a particular value of the single quantum number involved (i.e., 
in a single cell in a one dimensional /x-space). 

Sometimes certain quantum numbers of the set affect the motion but not 
the energy. States of a molecule which differ only in these quantum numbers 
(degenerate states) are usually grouped together. The number of molecules 
in such a group is 

ni = p t *-<«+***> = Cpi€~P ( ', (20.2) 

where i stands only for those quantum numbers which determine the energy, 
and piy the number of states * with the same energy, is known as the a priori 
probability or statistical weight of the group . 

At high temperatures, the laws of quantum mechanics approach those of 
classical mechanics. This is due to the fact that, for large quantum numbers, 
the energy difference between states is small compared with the total energy. 

* The symbol p is also used for the momentum; in view of the different nature of the two 
quantities, no confusion is likely. 
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Under these circumstances, several quantum states can he grouped together 
and taken as having essentially the same energy. Let the volume in the /x-space 
corresponding to the group of states be dqi • • • dq r dpi • • • dp r /h r in the new 
units. The number of states in the group is equal to this volume. The number 
of molecules in this group, according to equation (20.2), is 

dn = Ce~$ € dqi • • • dq r dp\ • • • dp r jh r . (20.3) 


Equation (20.3) is the distribution law in the classical limit for systems of 
localized elements; it is identical with equation (11.1), and since it was proved 
that = 1 jkT for that equation, it follows that ft — 1 jkT in (20.1), (20.2) 
and (20.3). 

The constant C in equation (20.1) and (20.2) can be obtained by summing 
rii over all groups of quantum states. The sum is equal to the total number 
of molecules, n; thus, 


C = 


Z Vie 


.p *i7 


(20.4) 


The distribution law for the number of molecules in the different quantum 
states of a system of localized particles is 


n i 


nc 

£ p i c~* ilkT 1 

i 


(20.5) 


where i stands only for the set of quantum numbers which determines the 
energy, but j stands for the entire set. The number of molecules in a group of 
quantum states with the same energy (degenerate states) is 


npiC~ tilkT 
ni = ' 


( 20 . 6 ) 


(21) The Partition Function: The sum in the denominator of equation 
(20.4) is called the partition function , denoted by Q. The term partition 
function is due to Fowler; this quantity was first called the zustandsmmme by 
Planck and has been translated sum-over-states by Tolman. It enters into the 
calculation of all thermodynamic quantities from statistical mechanics. For 
all systems, obeying the Boltzmann distribution law, the partition function 
is defined as 

Q = ]£ pie~* i/kT = n/C. (21.1) 


(22) The Einstein-Bose Distribution Law: We shall now derive the dis¬ 
tribution law which is applicable to a system of particles which has symmetric 
wave functions; this is a characteristic of most neutral molecules. It is neces¬ 
sary to find the number of microscopic states which correspond to conditions 
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first of definite energy and second of definite pressure for the system (a macro¬ 
scopic state). The second requirement is fulfilled by fixing the number of 
molecules as n in a container of volume V, and the first requirement is fulfilled 
by a limitation on the choice of the wave functions for the particles to be dis¬ 
tributed among the n nonidentified particles. Let e* be the energy of a group 
of p* degenerate wave functions whose members may or may not be character¬ 
ized by the same quantum numbers. Let there be rik particles with quantum 
states in this group and therefore with the energy e*. The total energy of the 
system is given by 

E = YL n ^k = const. (22.1) 

k 


The energy has been equated to a constant to satisfy the first requirement 
while the second requirement demands that 

21 ft* = n. (22.2) 

We have now to find a general expression for the number of microscopic states, 
P } corresponding to n x particles in the first group of p i states with energy d, n 2 
in the second group of p 2 states with energy e 2 , etc., and ft* in the kth group of pk 
states of energy €*, etc. This expression is to be used to find n x , ft 2 , * • •, ft*, 
for the most probable state of the system, i.e. in the case when the number of 
microscopic states is a maximum. To obtain this expression we can find the 
number of ways (Ok) of distributing the rik indistinguishable particles among the 
Pk states for each group and take the products of the numbers thus obtained 
for all groups (11*0*). Let us take (p* — 1) partitions to separate the particles 
into pk regions, each region representing a state. For example, one partition is 
required to divide the particles into two states, two partitions for division into 
three states, etc. The (p* — l) partitions mark off the same p* regions in 
space after any permutation of the partitions. We have to find how many 
ways there are of distributing ft* identical particles among the p* regions. 
The number of ways of permuting the (ft* + pk — -1) objects made up of ft* 
particles and (p* — 1) partitions is (ft* + p* — 1)!. This number is many 
fold greater than the number 0* required. It is the product of the number of 
arrangements (0*) of the indistinguishable particles among the regions, the 
number of ways of permuting the partitions, (p* — 1)!, and the number of 
permutations, ft*!, of the particles among themselves which because of their 
indistinguishability is not to be included in 0*. Thus: 


and 


(ft* + Pk - 1)1 
n k \(pk - 1)! 


P 


n (njb + p k - 1)1 

* n k \{ Vk - 1)! 


(22.3) 

(22.4) 


Equation (22.4) now replaces (10.1) while (22.1) and (22.2) are identical with 
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(10.6) and (10.5). With this change we now proceed as we did to derive the 
Maxwell-Boltzmann distribution law. Using equation (10.3) and neglecting 


unity compared to 

(n* + pt) 




In P = £ [ (n* + pt) In 

k 

(a a -T pit) — {fi k -f pk) — 

n k In n k 





-f 

n k - pt In pt + p*] 

(22.5) 

or 






In P 


f n k In ( 1 + — ) + p k In 



(22.6) 


k 

L V »* / 

V pk / J 


The condition that 

the number of microscopic states be a maximum is 


5 In P - 


n* In ( 1 4- “ ) 4- Pk In 

(.+=01 

= 0. 

(22.7) 


k 

L \ n k ) 

V Pk / J 



Remembering that 

p k the number of states in a group is const 

ant, 



? [ ln ( 1 + »0 *•* + "* (- 5 ) (.rl», s “‘ 

i pt 1 

+ Pk- - ■ -•«*»* = 0, (22.8) 

Pt («* + Pt) J 


T, In ( - - + 1 ) bn k = 0. (22.9) 

A- \ n k ) 

The variations bn k are not all independent but are subject to the restrictions 
given by equations (22.1) and (22.2). In differential form these equations 
become 

L *t8n k = 0 (22.10) 

k 

and 

L *n k = 0. (22.11) 

k 

These relations limit the complete arbitrariness of the 8n k so that two of them 
are dependent. Multiplying (22.10) by 0 and (22.11) by a and subtracting 
(22.9) 

+ « - ln (^+ = 0 . ( 22 . 12 ) 

The constants and a are chosen to make the quantity inside the square 
brackets zero for the first two terms in the sum thus eliminating the two 

k 

terms containing the dependent quantities 8n\ and 5n 2 . We then have the 
sum of two less terms in which the 8n k are all arbitrary equated to zero. Thus 
to satisfy the equality for arbitrary 8n kl the quantities in square brackets which 
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remain, must also be zero: i.e., in general, 


or 


or 



n k 


_ P± _ # 

e (pt k +a) _ J 


(22.13) 


(22.14) 


This is the Einstein-Bose distribution law. 

(23) The Fermi-Dirac Distribution Law: To obtain the distribution law 
applicable to particles, such as electrons, with antisymmetrical wave functions 
we must remember that there can be only one particle with each wave function 
on account of the antisymmetrical character of the total wave function. Except 
for this restriction we proceed exactly as in the case of particles whose wave 
functions are symmetrical. 

We must accordingly find the number of ways of assigning quantum states 
(wave functions), chosen from the group consisting of p k states of energy €/,, 
to the 7i k indistinguishable particles in such a way that each state is assigned to 
only one particle: this can be done only when 

Pk > n k . (23.1) 

The number of ways, 0 k , is simply the number of combinations of p k states 
taken n k at a time, i.e., 


Ok = Pk(Pk - 1 ){pk - 2) • • • lp k - ( n k - 1 )]/n*! = — ■ (23.2) 

The total number of microscopic states corresponding to the macroscopic 
state of the system is therefore 


P = IT 


k 


Pkl ' 
(pk ~ n k )\n k \ 


(23.3) 


Equation (23.3) is subject to the conditions stated in equation (22.1) and 
(22.2); thus we must satisfy simultaneously 

5In P = £ In (— - 1 J Sn k = 0, (23.4) 

k \ n k ) 

€ k 8n k « 0, (23.5) 

k 

and 

8n k * 0. 

k 


(23.6) 
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By a method analogous to that used in the Einstein-Bose case, we obtain 


n k = 


Pk ' 
e P*k+a + 1 


(23.7) 


This is the Fermi-Dirac distribution law. 

(24) Concerning the Evaluation of the Constant a: If a is large or is 
large it can be seen at once that both (22.14) and (23.7) become 

n k = p/ce~ a e~ fitk f (24.1) 


because the exponential term in the denominator will be large compared with 
unity. This is the Boltzmann distribution law with the constant equal to c~ a . 
Thus we see that a plays the same role in (22.14) and (23.7) that it does in the 
Maxwell-Boltzmann distribution law and that its value is to be determined 
through 


n = L 

k 


_ Pk _ 

e** +a dr 1 


(24.2) 


with the plus sign applying to (23.7) and the minus sign to (22.14). Direct 
evaluation of a is difficult in either case because of the extra term in the de¬ 
nominator of (24.2). However, noting that the pk are proportional to the 
volume of the container it follows that for any volume V of a particular system, 
a will be large whenever n is small, i.e., when the density is small. 

(25) The Value of the Constant (5: It is quite evident that 0 must have the 
same value for all systems including those where a is large or where large are 
involved. But in these latter cases both (22.14) and (23.7) become identical 
with the Maxwell-Boltzmann distribution law: thus 



(25.1) 


in the general case of all distribution laws. 

(26) Values of the Energy and Pressure of a Degenerate Gas Obeying the 
Einstein-Bose Distribution Law: In this section we shall apply wave mechanical 
methods to a gas which consists of molecules or atoms containing an even 
number of elementary particles, and hence which has symmetrical wave func¬ 
tions. Such a gas obeys the Einstein-Bose distribution law. We do this in 
order to see under what conditions, if any, the properties (pressure and energy) 
of such a gas differ from those already deduced without regard to symmetry. 
We shall find, even at the lowest working temperatures, that the difference in 
properties is negligible. 

Unit volume in the ju-space has been defined so that it corresponds to a 
single quantum state: hence the volume in the ju-space corresponding to the 
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energy range de can be placed equal to the number of states, p , i.e., 


"■ffffff dxdydzdp x dp y dpz 


(26.1) 


The factor p 8 , which is the number of spin quantum states of equal energy, 
has been introduced to allow for nuclear or electron spin which has not other¬ 
wise been counted. Equation (26.1) can be written 


"■ffffff rrfidxdydzdxdydz 


(26.2) 


Integrating with respect to the coordinates which introduces the volume, V, 
as a factor and transforming x, y and z to polar coordinates such that x 2 + y 2 
+ z 2 = c 2 


Since 


and hence 


C T C w 3 Fc 2 sin 6d6d<t>dc 

P 'JJJ- h 3 

(26.3) 

II 

(26.4) 

/ 2e \ 1/2 


-u) ■ 

(26.5) 

1 / 2e \ ~ in 2 / 1 \ 1/2 


dc = ~ ( — ) -(*€=( — ) e~ V2 de. 

2 \ m J m \2m I 

(26.6) 


Substituting (26.4) and (26.6) in (26.3) 


2 m m 9i2 vp t err 

p — - ~- J J J e ,/2 sin ddeddd<f>. 


(26.7) 


The limits of integration are as follows: for 6, 0 and t; for 0, 0 and 2tt; for e, 
€ and € -j- de. The limits for e mean that no integration with respect to c 
is required: hence, 


2 ll2 m m Vp, 
h* 


r r u 

J 0 v 0 

w2 bl2 m il2 Vp e 

¥ 


e 1/2 sin ddtdOdfj) = p, 
e m de = p. 


(26.8) 

(26.9) 


Substituting this result for p in equation (22.14), 

x2 6/2 m 8/2 Fp s c me 

dn “ h 3 ' e U{kT)+ « - 1 1 


(26.10) 


which is the Einstein-Bose distribution law giving the number of molecules with 
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translational energy in the range between t and e + de and with any of p s spin 
states of equal energy. It is to be noted that the nuclear or electron spin states 
thus counted must be excluded from calculations involving the internal or 
rotational degrees of freedom if the particles are molecules. 1 

Upon integration of (26.10) the result is 


x2 5/2 m 3/2 Vp a r* t m dt 

n = h* Jo e<*' kT) +« - 1 ' 

and placing e/kT = z and (>£)Vt = r ( l - 2 4-1),* 

{2mnkT) m Vp g C x z 1/2 dz 

n “ h*r (}'2 4- 1 ) Jo e*+ a - 1 ' 


(26.11) 


(26.12) 


This is the expression for evaluating a: for later use it can be conveniently 
rewritten by defining 


nfi 3 

y ~ Vp,(2mnkTy~- ’ 


V(a, W 


_1_ r z in dz 

+ 1) Jo - 1 ' 


After rearranging, (26.12) then becomes 


y = U(a, 


(26.13) 

(26.14) 


(26.15) 


To obtain the total energy of the gas (26.10) must be multiplied by e and 
then integrated between zero and infinity; thus 


tt 2 m m m Vp, C 00 

h 3 Jo 

Substituting z for e/kT 

w2 hl2 m 312 Vp*(kT ) 6/2 f 00 

E= » Jo 



€ 3/2 

e («/kT)+a __ l 


z m 

_ l 


dz. 


dt. 


(26.16) 


Replacing by I ’(?'2 1) and substituting (26.13), 

— <26 - i7) 

1 The development under the next three subheadings follows that given by Tolman, 
The Principles of Statistical Mechanics, Oxford (1938). 

* For the meaning of T(i) see Whittaker and Watson, Modern Analysis, Fourth Edition, 
Cambridge University Press (1935), Chapter XII. 
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Writing 

u< °’ w ~mTr>J. < 26I8 > 

h (a, * 1 2 ) 

*- Hnkr *(£*)' (2(U9) 

In order to investigate the pressure of the gas we take a cubical container 
of it with sides of length F 1/3 . Consider the molecules in the energy range 
between € and e + de; as the motion is spherically symmetrical it will be correct 
to consider one third of the molecules as moving in directions parallel to each 
of the three edges of the container. The molecules move in each of these 
directions, either forwards or backwards, with a speed given by (26.5) and 
therefore each collides with a single face 

1/2 

times per second. 



Since the change of momentum for each impact is 

2 me = 2 3/2 m l/2 e 1/2 , (26.20) 

the total change in momentum at one wall of the container per second for the 
particles with energy in the range between e and e + de, which move parallel 
to one of the edges of the cube, is 


^ 2 F ?r2 hn m m Vp s e m dt "] 

£ Amx = ;- j.77 3h ; f J ' 


(26.21) 


The total change in momentum at one wall can be obtained by integrating 
between zero and infinity. Noting that after integration, the expression in the 
square brackets is the total energy E, the total change in momentum at one 
wall is found to be 


2 

3J/1/3 


E 


pV 2/3. 


(26.22) 


In equation (26.22) the change in momentum per second at one wall has been 
equated to the total force exerted on a face of the cube (pressure X area of 
face); thus 


2 E _ nkT U(a, %) 

3 > ~ V U(a, H) * 


(26.23) 


For a condition of slight gas degeneration , equations (26.19) and (26.23) can 
be considerably simplified. Under such a condition a is small enough so that 
(22.14) does not reduce to the Maxwell-Boltzmann case but is still sufficiently 
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large that the integrals l!(a, } 2 ) and U(a, -U) can be expanded in rapidly 
converging power series, viz., 

^ -2 a e~ ia 

V(a,y 2 ) = P - + - 2 - /2 + (26.24) 

£ -2 a f -3 a 

r(a,s,) + 2 «+ ( 26 - 25 ) 


It is then convenient to equate the right-hand side of (26.24) to y and 
for e~ a ; thus 


e~ a 


= y 


1 _ ^y + 


a 




to solve 


(26.26) 


This value of e~ a can then be substituted into (26.25) to obtain U(a , Jg) as a 
function of y. Substituting this value into (26.23) and setting (7(a, l /2 ) equal 
to y the result is 

tiJcT 

P = (i _ 0.1768// - 0.0033y 2 - • • •). (26.27) 


Similarly from (26.19) we obtain 

E = %nkT(l - 0.1768// - 0.0033// 2 - • • •)• (26.28) 


Equation (26.27) tells us that for the pressure to deviate 0.8 per cent from the 
ordinary perfect gas law y must have the value 0.05 or 


nh? 

Vp e (2wmkT) 


= 0.05. 


(26.29) 


For hydrogen at standard temperature and pressure y is shown to be of the 
order of 10“ 6 , by substitution in the identity (26.13). 

Suppose we are dealing with gaseous helium, for which p„ is unity (no spin). 
At 4° K, the normal boiling point of helium, 


A 3 

p 8 (27rmkTy 12 


= 8.2 X 10- 23 


and for the case where y = 0.05, substituting in (26.29) 


n/V = 0.61 X 10 21 . 

Calculated on the basis of the perfect gas law, this value of n/V corresponds to a 
pressure of about 0.33 atm. of gaseous helium. Thus it is seen that gaseous 
helium at the normal boiling point gives pressures about 0.8 per cent less than 
the perfect gas law, due to gas degeneration, when the pressure is 0.33 atm. 
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Inasmuch as the pressure in an ordinary helium thermometer is of the order of 
0.02 atm. at 4° K the effect is only about 0.05 per cent, or about 0.002° K 
compared with a correction for gas imperfection due to other causes of the 
order of 0.01° K. Thus even at 4° K effects due to gas degeneration are neg¬ 
ligible compared with other causes of imperfection. At 1° K the effect at 1 
atm. would be about 18 per cent of the pressure. However, the pressure of 
helium attainable without condensation is considerably less than 1 mm. at this 
temperature, so that the effect cannot be observed. 

(27) The Energy, Pressure and Heat Capacity of a Degenerate Gas Obey¬ 
ing the Fermi-Dirac Distribution Law: The treatment is similar to that used 
in the Einstein-Bose case except that (23.7) is used in place of (22.14). The 
results obtained differ in that U(a, }*) and U(a , %) are replaced by V(a, 1$) 
and V(a , %) where 


1 f 00 z m dz 

F(a ’ yi) = ro-2 + i)J„ e*+« + r 

V(a, H) = + I)/ 


e* +a + 1 


(27.1) 

(27.2) 


Thus for a gas obeying the Fermi-Dirac distribution law 


E 


P 


V(a, ? 2 ) 

nkT F(a, %) 

V ' V(a,H) ' 


(27.3) 

(27.4) 


For the case of slight degeneration we can make use of the power series expan¬ 
sions of F(a, }i) and V(a } %). These are 


2a e~* a C~ 4a 

^ ( a > P) ~~ e ~~ 2p+i 3^+i ~ 4P+1 + * * * 


(27.5) 


with p equal to and % respectively. Proceeding exactly as in the Einstein- 
Bose case 


E - V z nkT{ 1 + 0.1762/ - 0.0033// 2 + • • •), (27.6) 

'tzlc T 

P ~ — (1 + 0.176?/ - 0.0033// 2 + • • •) (27.7) 

V 


with y given by (26.13). Thus at any attainable temperatures a gas composed 
of atoms and molecules has the energy and pressure calculated from the Boltz¬ 
mann distribution law. 

For the case of extreme degeneration we note that a in equation (23.7) 
may have a negative value whereas this is not possible in the Einstein-Bose 
case as the number of molecules in any state would become negative. 
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For negative values of a the expansion given by (27.5) is no longer valid. 
In that case Sommerfeld 1 has shown that 


v(a 9 P ) 


(- a ) p+1 

r (p + 2) 



(p + l)pc 2 
a 2 

(p 4- 1 )p(p - 1)(p - 2)c< 
+ a 4 


with the constants c 2 , c. i, etc., given by 


1 v I 1 ‘ V _ ] 

2 ^ Ji L 



(27.8) 

(27.9) 


The series in (27.8) converges rapidly when — a 1 and involves an approxi¬ 
mation of the order of e a . 

Before substituting in the numerators of (27.3) and (27.4) the power series 
expansion of F(<*, ?£)> according to (27.8), the series is expressed in terms of y. 
To do this we substitute for a, its value in terms of y , which is obtained using 
the equation 

V - V(a, y 2 ). (27.10) 

The value of a is given by 


— a — 




(27.11) 


Now y is substituted for Y(a, } 2 ) in (27.3) and V(a, V) is expressed in the 
form of (27.8), after substituting for a its value as given by (27.11); the pro¬ 
cedure is the same for (27.4). The results obtained are respectively 



w / 

3 n \ 

2/5 

ichnk 2 / 

4tVp, \ m 


E = n 

10 m \ 

4t Vp g ) 

1 -f n 

2 A 2 ’ V 

3n / 7,2+ '"- 

(27.12) 

n 

h 2 

/ 3 n ' 


7r 2 mk- 

■( 4tV Ph V /s 


p = v 

5 m 

\ 4x Vp, , 

) + V 

' 3A 2 

Vs/) 7,2 +- 

. (27.13) 


By differentiating (27.12) with respect to T, 


C v « 



ir 2 mk 2 ( 47rFp ( , V /n 
n ~T 2 ~ ( Sn ) T 


(27.14) 


Thus we see that the heat capacity of a highly degenerate gas obeying the 
Fermi-Dirac statistics is proportional to the temperature when a has large 
negative values. Electrons with $ = hi and p s = 2s + 1 =2 must have 
wave functions (including spin) which are antisymmetric. The above results 
can thus be applied to electron gas. 

(28) The Heat Capacity due to Free (Conducting) Electrons in Metals: 

For the element silver, we shall assume that there is one free electron in the 
metal for each atom and that the electric conductivity is entirely due to such 
1 Sommerfeld, Z, Physik, 47, 1 (1928). 
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electrons which behave as a gas. It is simple to compute y. The number of 
electron spin states (s — bj) is 


P* = 2s + 1 - 2, (28.1) 

and so it follows from (26.13) that 

y = 2,200 (28.2) 

at 300° K, and from (27.11) 

a - - 205. (28.3) 

Evidently e a is negligible and series like (27.8) are convergent so that the case 
is one of extreme degeneracy. Thus at ordinary temperature the heat capacity 
due to conducting electrons in silver is given by (27.14) and 

C v = 0.767 X 10 ~ 4 nkT (28.4) 

or 

C v = 0.767 X 10 ~*RT — 1.53 X 10~ 4 T calories per gram atom, (28.5) 

— 0.046 calories per gram atom at 300° K. (28.6) 

This is to be added to the Dulong and Petit value of 3 R to obtain the total heat 
capacity, at constant volume, of silver. 

If the electrons in silver behaved as a perfect classically excited gas, the 
contribution due to the electrons would be 3R/2. It was one of the early objec¬ 
tions to Drude’s theory (that conducting electrons in metals behaved as a gas) 
that the total value of C v found for metals like silver was 3 R and not (3 + H)R 
as would have been predicted from his theory. The advent of the quantum 
theory has removed these objections as can be seen from (28.6) which predicts a 
total value of C v only 0.8 per cent higher than the Dulong and Petit value. 

This difference is barely outside the error of existing determinations of C v . 
It remained for Keesom and Kok 1 to demonstrate the validity of equation 
(27.14). They made use of the fact that, at low temperatures, the Debye 
contribution to the heat capacity varies as the cube of the temperatures whereas 
the contribution of the electrons varies as the first power. Thus at low 
temperatures the contribution of the conducting electrons to the heat capacity 
should become of the same order of magnitude as the Debye contribution.. 
They found that for silver the heat capacity remaining after subtracting the 
Debye contribution follows equation (28.5). 

(29) Limit of Applicability of the Maxwell Distribution Law: It has been 
seen in Section (24) that the Einstein-Bose and Fermi-Dirac distribution laws 
reduce to the Maxwell-Boltzmann distribution in the form 

Uk = pke~ a e~ tk,kT ( 29 . 1 ) 

for large values of a. This will be true whenever the denominator in equations 

1 Keesom and Kok, Physica , 1, 770 (1934); Proc. Acad. Set. Amsterdam , 37, 377 (1934); 
Keesom and Clark, Physica, 2, 698 (1935). 
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(22.14) and (23.7) is large compared with unity for all energy states present in 
appreciable numbers. The most unfavorable case will involve those states 
for which tjkT approaches zero; for these e a must be large compared with unity. 

For helium at 4° K and 0.33 atm. pressure we have seen that y = 0.05. 
By equation (26.26) 

e a — 1 /y = 20. (29.2) 

Thus equation (29.1) will be correct to five per cent even for the lowest energy 
states. At 16° K and the same pressure, y is about 0.0016 and e a is about 600 
so that the error has been reduced to about 0.16 per cent. It is thus evident 
that equation (29.1) will be correct except at the lowest temperatures and 
reasonably correct for ail gases above 4° K. 

The number of states, corresponding to the volume in the /x-space 
dxdydzd(mx)d(my)d(mz) is 

p 8 dxd ydzd (mx )d(mi/)d(mz) 

Pk =-n— 1 - < 29 - 3 ) 


and, according to (29.1), the number of molecules in these states is 

dn — C p K rn z e~ tklkT dxdydzdxdydzlh? y (29.4) 

where C has been written for e~ a . Evidently the value of C is given by 


C = - 


nh* 


f* 0 C f* X /"* X 

p a m* V I I I e~ mlJr **‘i'* +g * )l2kT dxdydz 

• /—QC C/—» — 00 


nh 3 


p s V(2mnkTy 


(29.5) 


in which T r is the result of the integration over the volume of the container. 
The translational partition function in the classical limit is 


Qt - 


p s m? 

h 3 


/*X3 /*00 p*<X) 

-I I I e-nCS+v'+Pm <‘ T dxdydz 

—oo */ —oc 1/—oe 


p 8 V(2TrmkT)V* 
fi 3 


or, substituting NkT/P for V , 


Q t - 


p e N {2irmy i2 (kT) hl2 
h*P 


, (29.6) 


(29.7) 


(30) Thermod]mamic Analogies: The Boltzmann Relation Between Entropy 
and Probability: When an isolated system undergoes a spontaneous change, 
the entropy increases and the system passes towards a more probable state. 
Thus there is evidently a connection between entropy and probability. 1 

1 Boltzmann, Vorlesungen liber Gastheorie, Barth, Leipzig (1912). Lewis and Randall, 
Thermodynamics, McGraw-Hill, New York (1923), p. 120. 
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When we say that a system in a given state has a probability W , we mean 
that if a system is withdrawn from a large number of similar systems it has a 
fractional chance, W y of being in that state as compared to unity that it will 
be in any one of all the possible states. Let us take two systems, of probabilities 
W\ and W‘ 2 f and entropies Si and S 2 , from the assembly and combine them. 
The combined probability of the systems is WiW 2 , since probabilities are 
multiplicative. On the other hand the entropies of the systems are additive. 
The only type of functional relation that will satisfy these considerations is that 

S ~ K In W + const., (30.1) 

where the additive constant gives the value of the entropy corresponding to 
W — 1. For equation (30.1) to be applicable it is necessary to find the value 
of K. This can be done readily by considering the case of the expansion of 
one mole of a perfect gas from a pressure Pi to a pressure P 2 by expanding from 
one container of volume v t into another of volume v 2 such that 

viKt'i + v t ) = PJPl (30.2) 

With the containers connected the chance, that a single molecule will be 
in the container of volume rather than in the total volume V\ + v 2 is 


W i = Vi/0'i + v 2 ). 


(30.3) 


The corresponding chance, W i, that all N molecules (where N is the Avogadro 
number) will lie in the volume Vi is 



(30.4) 


The chance W 2 of finding the molecules in the volume v x -f- v 2 is, of course, 
unity. Let the entropy before expansion be S i and after expansion S 2 . Ap¬ 
plying equation (30.1) 

S, — S, - K 1. ( £ ) - X in ( ^ )~" - K 1„ ( ^ )’. (30.5, 

However, from elementary thermodynamics (see Chapter III) the entropy 
increase on expansion from Vi to tq + v 2 is 

S 2 - iS. = R In ^ V ' ^ = k In ^ ~ ^, (30.6) 


where k = RIN is the Boltzmann gas constant. Comparing (30.5) and (30.6) 
we see that K = k. Thus equation (30.1) becomes 

S ~ k In W + const. (30.7) 


This is the Boltzmann relation between entropy and probability. 
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It is not necessary to inquire into the value that is to be assigned to the 
additive constant if only entropy differences are involved. Thus we shall use 
equation (30.7) in the form 


S 2 - Si = k\n (W 2 /Wi) (30.8) 

and only be interested in ratios of probabilities. The probability of finding the 
system in a given macroscopic state is proportional to the number of microscopic 
states which correspond to it, each of which lias the same probability. 

It is the convention to assign zero entropy to perfect crystals at the absolute 
zero since all have the same entropy. At the absolute zero every particle is 
in its lowest quantum state and the system is one of localized particles. For 
example, if a crystal of an element had one atom of a radioactive isotope at a 
particular point in the lattice it would be found that the radioactive atom 
would stay at that point. Evidently the state of a particular perfect crystal 
at the absolute zero is represented by one and only one microscopic state and 
it is clear why each has the same entropy. It is true that reconstruction of the 
crystal from its particles would give a different arrangement of particles. 
However, we would not regard the new arrangement as giving rise to a different 
region in the 7 -space because, apart from the positions which they occupy, the 
particles have no identity and the new crystal is not distinguishable from the 
old in any way. If it were physically possible to have a very mobile crystal at 
the absolute zero in which the particles could change places rapidly, such a 
crystal would correspond only to one microscopic state because of the indis- 
tinguishability of the particles; it would thus have the same entropy as the 
perfect crystal of localized particles. 

It is thus natural to assign zero entropy to a system defined by a single 
microscopic state: hence the entropy of a system is given by 

S = h In P, (30.9) 

where P is the number of microscopic states, each of which represent, i.e., 
correspond to, the state of the system. It is possible to show that, quite 
generally, the entropy thus defined satisfies all the thermodynamic require¬ 
ments . 1 An ingenious way of doing this has been given by Sommerfeld . 2 For 
constant temperature and pressure the volume, energy, entropy and free 
energy are proportional to the number of molecules in the system: let us write 


V — nv , 

(30.10) 

E — nu y 

(30.11) 

S — ns, 

(30.12) 

F = nn, 



1 Planck, Z. Physik, 35, 155 (1926). Lewis and Mayer, Proc. Nat. Acad, Sci 14, 569 
(1928) and succeeding article. 

* Sommerfeld, Z, Physik , 47, 1 (1928), 
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where n is the number of molecules in the system. The free energy is defined by 

F » E + PV - TS, (30.13) 

so that 

H = u + Pv - Ts, (30.14) 

where /jl is the molal free energy divided by the Avogadro number. Noting that 

du = Tds — Pdv 

by the application of the first and second laws to a system with n constant, 

dS — d(ns) = nds -j- sdn 
du -f Pdv 

dS — n ■ ——-+ sdn 

dE Pd V u 4- Pv 

= — y — “ f — dn + sdn 


1 p fl 

= rpdE 4- r dV - T dn. 

(30.15) 

Thus 


(~) = \ 

\dE/r.» T' 

(30.16) 

= P - 

\dV/ K , n T’ 

(30.17) 

(*-*) 

\ dn /K,y T 

(30.18) 

The derivations of the distribution laws (29.1), (22.14) and (23.7) had an 

expression in common, namely, 


- « In P + £ (/3e t + <*)$»* = 0. 

(30.19) 


k 


Using (30.9) and noting that ft and a are constants this equation becomes 


or 

whence 

Thus 


— + 0 L ^8n k 4“ a £ 8n k = 0 


— " 8S 4" fi8E 4" <x8n = 0, 
5S — k08E 4- ka8n t 



(30.20) 

(30.21) 

(30.22) 


(30.23) 
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and 



- ka.* 


Comparing (30.23) with (30.16) 

*0 Jr or 0 = Jy 

and from (30.24) and (30.18) 


ka = — 


M 

7 7 ' 


a 


A 

&7 T ’ 


(30.24) 


(30.25) 


(30.26) 


Thus the quantity as defined by (30.9) has been demonstrated to have the 
required properties of entropy. It is also to be noted that, in Section (13), 
P has been shown to be equal to 1/&7 7 , so that (30.25) may be regarded as a 
general demonstration that K in equation (30.5) is indeed the Boltzmann 
gas constant k. Equation (30.26) can be written 

F 

a ~ “ nkT 
or 

F = - nkT a. (30.27) 


For a system which can be considered to obey the Boltzmann distribution law 
we have seen, by equations (20.1) and (21.1), that 


hence, 



nkT In 


(30.28) 

(30.29) 


This equation is deduced directly in the preceding chapter by an argument 
which does not involve the formal reasoning just employed and hence renders 
(30.27) less abstract. 

(31) The Entropy of Systems of Localized Elements—Rotational and 
Vibrational Entropy of Gases: In Section (20) it was shown that rotational, 
vibrational and electronic degrees of freedom form localized elements which 
follow the Boltzmann distribution law. We shall consider a system of N 
particles (1 mole). The following derivation applies not only to rotational, 
vibrational and electronic degrees of freedom of the molecules in a gas, but also 
to the internal vibrations of the molecules in a crystal. This separation of 
rotational and vibrational degrees of freedom from the translational degrees 
of freedom is only possible when the latter are statistically independent. This 

* It should be noted carefully that, in the original expression for P, n must be regarded as 
variable. 
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will be true when a is reasonably large in the Einstein-Bose or Fermi-Dirac 
expression for the translational distribution although it is not necessarily large 
enough to cause degeneration to vanish even approximately. 1 

The number of microscopic states corresponding to a macroscopic state is 
given by 




P = 


NI 


ni!n 2 ! • • • n k \ ’ 


(31.1) 


where the subscript 1, 2, • • •, & stand for all the quantum numbers of the set. 
The entropy of the system is therefore given by 


S = A; In 


AM 


ft, \n 2 \ 


n k l 


k(N In N — N — X n i In nj — X n i) 


= k{N In N — X] ny In n 7 ) (31.2; 

i 


after noting that X! n i i* equal to A r . Equation (31.2) may be rewritten 


S = &(X In .V — X n i In n ; ), 

i i 

= - * £ »; In (w,'/A r ), 

j 


(31.3) 

(31.4) 

(31.5) 


Substituting for n,-/JV its value from (20.5) witli Q defined by (21.1) 
S ■■ 


p *)/kT p fj/kT 

q 1,1 ~q~ 






] 


= * [( ^ ) ? Vie ~"' kT + ( kh ) ? PiUe ~"' kT ] ’ (3L6) 

where i stands only for the quantum numbers which determine the energy and 
Pi is the number of states with the energy e t . Noting the definition of Q 

S = R [ In Q + ( ) £ p*ie-‘«* T ] (31.7) 


or 


S = fl[ln<3 + r^], 


S = R 


d(Tln Q) 

dT 


(31.8) 

(31.9) 


1 See Tolman, The Principles of Statistical Mechanics, The Clarendon Press, Oxford 
(1938), page 517, for an excellent discussion. 
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or 


where 


S « R^lnQ 
S = R f 111 Q 


_L dQ ] 

TQ ' d(l/T) J ’ 



Q' = 


dQ 

5(1 IT) 


Equation (31.7) can also be 
where 


put in the form 
S = R In Q + E/T, 


N £ Pitrf * llkT 

i 

^2 p t e~ t%lkT 


(31.10) 

(31.11) 

(31.12) 

(31.13) 

(31.14) 


which can be seen to be the energy per grain mole of the system. 

Equations (31.7), (31.8), (31.9) and (31.11) are equivalent general expres¬ 
sions for the entropy of a localized system which can be applied to the rotational, 
vibrational, and electronic states of a system of molecules or to the vibrational 
modes of a crystal. 

(32) The Translational Entropy—The Sackur-Tetrode Equation: In deriv¬ 
ing the expression for the entropy of a gas when the translation is classically 
excited in the sense that (29.1) holds, there are two possibilities to consider: 
(1) when the wave functions are symmetrical, and (2) when they are anti- 
symmetrical. For the former we have by equation (22.6) 


In P = Y. In (1 + Pkhk) + H Pk In (1 + n k /pk), (32.1) 

while for the latter, by expanding In P with P given by (23.3) we obtain 

In P * L In (Pk/n k - 1) - L Pk In (1 - n k /p k ). (32.2) 

If a is large, e~^ tk+a) is small compared to unity 

n k ; Pk = e -<**+«>< 1 (32.3) 

and 

Pk/n k = »l. (32.4) 


In both (32.1) and (32.2) In (1 db n k /p k ) can be replaced by n k /p k because of 
(32.3), and unity can be neglected compared to p k ln k in the argument of the 
logarithm of the first term because of (32.4); hence 

S t = k In P = k £ n k In (e?* k + a ) 4- kn (32.5) 

gives the translational entropy, or 

St « kZ n*(0«* + a) + kn, (32.6) 

k 



THE THIRD LAW OF THERMODYNAMICS 


555 


in which kn has been substituted for k n k . According to (24.1) 

k 


n k = 'p k e~ a e-t^ (32.7) 

atjd we may substitute for p k in this expression the number of quantum states 
between c and e + dt as given by (26.9); thus 





n k 

— dn — e a e l,2 e t/kT de. 

h 3 

(32.8) 

From equation (29.5) 

nh* 



‘ ~ (2ir mkry^Vp, 

(32.9) 

and so it follows that 

2 n 



aU ir^kT)^ L ^ 

(32.10) 


Substituting this result into (32.6) 

2 n 


but since 


f (jO 

Tt m ' 

•So 

equation (32.11) becomes 


' S ‘ “ k [ + kna + kn ’ 

37r l/2 

■tic~~ t/kT de = (kT)*i* — f 

o 4 


Substituting 


( 2wmkT) :il2 ] r p ii 

S t — nk In-- - -+ %nk. 

nhr 

V = nkT/P 


(32.11) 


(32.12) 


we obtain the translational entropy for one mole of gas (for which n = N), 

(2t my ,2 k b,2 p a 

S t = H R + %R In T - R\nP + R In ----— , (32.13) 

tv 

which is the Sackur-Tetrode equation. The factor p s in the argument of the 
logarithm of the constant term is the number of electron spin or nuclear spin 
states of equal energy not counted when calculating the entropy of other de¬ 
grees of freedom. The nuclear spin in molecular hydrogen would not be in¬ 
cluded as it is taken into account in calculating the rotational entropy. It will 
be noted that equation (32.12) can be put in the form 


8 t « jR[ln Q t /N + T(d In Q t /dT)p]. (32.14) 

Before the partial differentiation, Q* must be expressed in the form given in 
equation (29.7). 
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Had equation (32.14) been derived considering all degrees of freedom of a 
system of molecules, i.e., considering the total wave function of the molecules, 
an expression exactly like (32.14) would have been obtained for the total en¬ 
tropy of one mole of gas, viz., 


0 total ( d 111 Qtotal \ 

% 

s -x\ 111 ~v +7 \ aT~~bl 

(32.15) 

with Q total given by 

Qtotal X Chnt., 

(32.1(5) 

where 

P 

II 

M 

(32.17) 


is the partition function for the internal (including external rotational) degrees 
of freedom, the sum being taken over all quantum states. However, equation 
(32.15) follows directly and generally from (30.29) by using S = — ( 6F/dT)p . 
Equation (32.15) can be separated into two equations, namely, (32.14) and 

r a In Qi„t. 1 

Sint. = « I In Q int. + T - d Y~ I (32.18) 

as is evident from the logarithmic nature of the terms in (32.15). Equation 
(32.18) is a special case of equation (31.8) and gives the entropy due to rota¬ 
tional, vibrational, and electronic states (if more than one). 

The partition function Q xn t. may also include the nuclear spin partition 
function if nuclear spin is not otherwise allowed for, as seen below. 

NUCLEAR SPIN EFFECTS , 

(33) The Entropy due to Nuclear Spin: According to the new quantum 
mechanics only quantum states are allowed whose total wave function is either 
symmetric or antisymmetric in the nuclei depending on whether the nuclei 
have an even or odd mass number (even or odd number of protons and neutrons). 

Consider a gas made up of diatomic molecules containing equivalent nuclei 
with i units of spin angular momentum. Each nucleus has n — 2i -f- 1 spin 
wave functions of essentially equal energy. Let these be xi, X 2 , Xs, • ■ •, Xn for 
one nucleus and # 1 , </> 2 , # 3 , ••*,#« for the other, where xi is identical with # 1 , 
etc. The allowed spin wave functions for the molecule are made up of linear 
combinations of the products of these. First there are the n spin wave func¬ 
tions <t> 1 X 1 , # 2X2, # 3 X 3 , • • <t>nXn which are totally symmetric, since interchang¬ 
ing nuclei between the identical wave functions does not change the sign of 
the function. Then there are the n(n — l )/2 spin wave functions of the type 
# 1 X 2 + #2X1 (or in general #»xy + #/Xt) which also do not change sign when 
nuclei are interchanged and are totally symmetric. Thus the number of totally 
symmetric wave functions is the sum of the two kinds, namely n(n + l)/2. 
Finally there are the spin wave functions of the type ~ #/X< whose sign 
changes when the nuclei are exchanged. These are antisymmetric and there 
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are ?i(n — l)/2 of them. The total number of nuclear spin wave functions is 
evidently n 2 = (2 i -f- l) 2 . 

The nuclear spin wave functions of the symmetric type are called ortho 
states while the antisymmetric ones are called para states. For nuclei with 
an even mass number, ortho nuclear states will require rotational states for the 
molecule symmetric in the nuclei, and para will require rotational states anti- 
symmetric in the nuclei in order to keep the total nuclear wave function sym¬ 
metric. For nuclei of odd mass number exactly the opposite requirement exists 
to keep the total nuclear wave function antisymmetric. The rotational states 
symmetric in the nuclei have even rotational quantum numbers (J) while the 
antisymmetric states have odd quantum numbers. Thus for homonuclear 
molecules made up of nuclei of even mass number there are n(n + l)/2 sym¬ 
metric nuclear spin wave functions which are confined to even rotational states 
and n(n — l)/2 antisymmetric nuclear spin wave functions confined to odd 
rotational states. For nuclei of odd mass number exactly the opposite situation 
exists. Nitrogen and deuterium are examples of the first case and the chlorine 
isotopes and hydrogen of the second. 

It is not possible for nuclear spin wave functions to change one into another 
in the absence of magnetic interaction; hence any diatomic gas consists of 
n 2 = (2 i + l) 2 kinds of molecules differentiated by their nuclear spin wave 
functions. Of these kinds, n(n -f l)/2 have the one set of rotational states 
(even or odd), and n(n — l)/2 have the other. These may all be regarded as 
different gases. Actually over a long time, in any container, there will be a 
change of one spin wave function into another, so that a diatomic gas as a rule 
has the ratio of ortho to para states which is that demanded for statistical 
equilibrium at room temperature. For all cases except hydrogen and deu¬ 
terium, and for these to a reasonable degree of approximation, room tempera¬ 
ture corresponds to essentially classical conditions. Thus each one of the gases 
will have the same energy, entropy, and free energy as can be seen by referring 
to equation (32.18) for the rotational and vibrational entropy. For the ortho 
type molecules the sums in the partition function are taken over even (or odd) 
rotational levels, and for the para type they are taken over odd (or even) levels. 
When classical conditions maintain, the sums over even levels equal those over 
odd levels as can be seen by summing the terms for odd and even rotational 
levels for hydrogen chloride subsequently given in Section (45). The rotational 
and vibrational entropies of ortho and para type molecules are therefore equal; 
the translational entropy is given by equation (32.13). Thus the total entropy 
is the same for both types; by a similar argument it can be shown that this is 
also true of the energy, heat capacity, and free energy. 

Since all the types of molecules have the same free energy they are present 
in equal amounts. To obtain the total entropy one merely adds the entropy 
of mixing of the (2 i + l) 2 kinds of molecules to the entropy of any one kind. 
The total entropy including nuclear spin under classical condition® is con¬ 
sequently 

8 - St + Sr+v + R In (2 i + l) 2 , (33.1) 
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because each kind is present in a mole fraction of lj{2i + l) 2 . The term St 
is the translational entropy obtained from (32.13) while S r +v is the rotational 
and vibrational entropy obtained from equation (32.18) by taking the sum in 
Q over all rotational states (even and odd J values) and dividing the result 
by two. 

Under conditions when the wave functions cannot change into one another, 
the high temperature equilibrium mixture will persist. The important point is 
that for all gases except hydrogen and deuterium the equilibrium ratio is still the 
classical one down to temperatures below those of liquid air within a reasonable 
degree of approximation. Hence, for all gases except hydrogen and deuterium 
the distribution is an equilibrium one and the entropy is always given by equa¬ 
tion (33.1). The situation with regard to hydrogen will be discussed in Sec¬ 
tions (43) and (46). 

The entropy of mixing of the (2 i -f l) 2 nuclear spin wave functions, namely, 
R In (2i + l) 2 , can be looked upon as an entropy of R In (2i + 1) for each 
nucleus with i units of spin. 1 

For all substances except hydrogen and deuterium, therefore, at all execpt 
low temperatures the entropy due to nuclear spin is simply the entropy of mix¬ 
ing of the nuclear spin wave functions. 2 Consider a molecule with atoms of 
nuclear spins i h in, is, • • •, i P \ each nucleus has 2i k + 1 spin wave functions. 
There will thus be (2t’i + 1) (2 i 2 + 1) * • ♦ (2 i p + 1) nuclear spin wave func¬ 
tions for the molecule and at high temperatures (classical distribution) the 
equilibrium mixture will contain the same fraction of the molecules with each 
wave function. The nuclear spin entropy under these conditions is the entropy 
of mixing of (2 i x 4- 1) (2t 2 4-1) * * • (2 i p 4 1) kinds of molecules in equal 
ratios, namely 

S. = R In (2ii -1- 1) (2i 2 + 1) • ■ • (2 i p 4- 1) (33.2) 

or the contribution to the nuclear spin entropy is 

(S 8 )k = R\n (24 4- 1) (33.3) 

for each atom. Thus the nuclear spin entropy will be the same for reactants 
and products of a chemical reaction since the same number of the several kinds 
of atoms occurs on both sides of the chemical equation. 

Except, then, for hydrogen and deuterium gas it will be possible to neglect 
the nuclear spin entropy altogether. The value of the entropy of a substance 
which does not include the nuclear spin entropy is called the practical entropy . 
Obviously if tables of entropy are made up on this basis, the entropy of gaseous 
hydrogen (each nucleus with i - %) must be reduced by R In 2 2 . In this 
exceptional case R In 2 2 is not the entropy due to nuclear spin but is the value 
of the nuclear spin entropy due to two atoms of hydrogen in all other cases. 
It is just this amount that is neglected for two atoms of hydrogen in all other 

1 Gibson and Heitler, Z . Phyik , 49, 465 (1928). 

2 Mayer, Brunauer and Mayer, J. Am. Chem. Soc., 55, 37 (1933). 



THE THIRD LAW OF THERMODYNAMICS 


559 


cases and therefore to ensure cancellation it must be neglected for gaseous 
hydrogen also. 

First we wish to see whether or not the entropy obtained using the third 
law of thermodynamics and data down to liquid hydrogen temperatures (10° K) 
includes the nuclear spin entropy. Simple considerations show that it does not. 

We have seen that states differing only in the nuclear spun wave functions 
have the same energy. In the crystal at low temperatures, a molecule with a 
given nuclear spin wave function will be in the lowest energy state for all the 
other degrees of freedom which will allow the total wave function to have the 
correct symmetry in the nuclei. Let us consider the case where the molecules 
with the different nuclear spin states are not in equilibrium but in the equal 
ratios obtained by their having been brought into equilibrium by formation 
at high temperatures. Instead of the crystal consisting of molecules in a single 
quantum state, it consists of equal amounts of (2 h + 1) (2i 2 + 1) * • • 
(2i p + 1) kinds of molecules randomly distributed throughout the crystal lattice 
differentiated by their total wave function. If the crystal were made up en¬ 
tirely of any one of these kinds our convention, previously established, would 
assign it zero entropy. Our actual crystal is now a solid solution, and moreover 
a perfect one if the interactions between the different kinds of molecules are 
the same. The entropy of the crystal is, therefore, the entropy of mixing of 
these different kinds of molecules 

S = R In (2 i x + 1) (2i s + 1) •• • (2 i p + 1). (33.4) 

This is exactly the nuclear spin entropy that we have already discussed, and so, 
if we make a third law Calculation of the entropy of gas on the assumption that 
the actual crystal has zero entropy at the absolute zero, the entropy obtained 
does not include the nuclear spin entropy which really exists in the crystal 
down to the absolute zero. As an example of this, the entropy of nitrogen in 
the ideal gas state calculated according to equation (33.1) but neglecting the 
term R In 9 is 3G.42 cal. per deg. per mole at 77.32° K and one atmosphere. 
The entropy calculated from calorimetric data and the third law, and corrected 
to the ideal gas state, is 3G.5 cal. per deg. per mole. 

GASES 

(34) The General Expression for Energy and Heat Capacity: It has already 
been shown that, the translational degrees of freedom of a molecule are separable 
from the other degrees of freedom (rotation and vibration). The energy of an 
ideal gas due to classically excited translation has been found to be 


E t = %RT. (34.1) 

The corresponding heat capacities at constant volume and constant pressure 
were found to be 


(Pi)* - H* 


( 34 . 2 ) 
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and 

(Ct) P - HR. (34.3) 

and from the considerations in Section (29), these expressions should hold 
for all ideal gases above 30° K. 

It remains to consider the energy and heat capacity due to the rotational, 
vibrational and electronic degrees of freedom all of which, in general, will be 
quantized. We shall, therefore, derive general expressions for the energy and 
heat capacity due to a number of quantized degrees of freedom whose energies 
may not be separable. 

From equation (20.6) it can easily be seen that the total energy per mole is 

NZp>*><'- ,,,kT 

E = —^- 7/Tr = Ni, (34.4) 


where i stands for the set of quantum numbers that determine the energy, 
rotational, vibrational and (or) electronic. The average energy per molecule 
(c) is E/N. 

Let 



dQ 

v d(\/T) 

Pi*iC~ , ' lkr , 

(34.5) 

Then 

d*Q 

v <9(1 ITY 


(34.0) 

and 

li 

1 

d In Q 

~- R diijT) 

(34.7) 


dS dE R 

C - T dT - dT - — 

d(Q'IQ) R d 2 In Q 
‘d(l/¥) “ T* <9(1 /T) 2 

(34.8) 

or 

cM Q ~ 

T ’A Q 

-(f)i 

(34.9) 


Substituting (34.5) and (34.6) in (34.9) 


N f" E <?pe-* lkT ( £ cpe- lkT V 1 
6 " hT* L £ Pe- ,lkT "\I pe- lkT ) J ’ 


(34.10) 


where the subscripts have been dropped for convenience. 

(35)* Approximate Methods for Evaluating the Partition Function and its 
Derivatives—Introduction: Expressions have already been given for the energy, 
heat capacity and entropy in terms of the energy levels of rotational, vibrational 

* In Sections (35) to (42), subscript v refers to “vibrational,” and not to constant volume. 
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and electronic degrees of freedom; namely, 


Q' 

E= - R Q’ 

(34.7) 

1 

1! 

(34.9) 

' = «(hi Q ~ Q'lQT), 

(31.11) 


where Q' and Q " denote the first and second derivatives of the partition func¬ 
tions with respect to l/T 

Q' = dQ!d(\/T) = - T 2 dQ/dT; Q" = T 2 iT 2 (d 2 Q/dT 2 ) + 2 T(dQ/dT)2- 

It is desirable to set up a simple expression for Q in terms of the observed 
energy levels in which the cumbersome sum of exponentials has been eliminated. 
It is further desirable to have the expression an explicit function of 1/7 7 (or T) 
so that Q f and Q " can be obtained by straightforward differentiation. All 
approximate methods of obtaining thermodynamic functions directly from the 
energy levels have this as their object. The first step in this direction was made 
by Mulholland 1 who gave an expression for Q r applying to the rotational 
energy levels of a diatomic molecule in which the exponentials had been 
eliminated. The rotational energy of a rigid diatomic molecule can be ex¬ 
pressed in the form 

e = ./(./ -f~ 1 )Bhc } 

where B = Ii/8t 2 Ic and J can have the values 0, 1,2, 3, 4, etc. Thus Q r can 
be written 

. Qr = L (2 J + 1 ^-BhcJV+DIkT' (35.1) 

,/~0 

This expression can be rearranged, thus, 

j mao 

Q r = e Bhci4kT £ 2(J + X' 2 )er Bhr{J+v ' 2)Z,kT i 
0 

and writing m for (J + H) we obtain 


Q rfr Bhcl4kT __ ^ 2 'fji(>~Bhcni z lkT^ 

«*—1/2 

This expression can be rewritten in the form 


Q^-BhcukT = ^ 2me~ Bhcm,lkT - Y 2me~ BhcmtlkT , 

m-1/2 m-l 


1 Mulholl and , Proc. Camb. Phil. Soc., 24, 280 (1928). 


(35.2) 


(35.3) 
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where in the first sum m takes on all the values 2, 

• •, n/2, (n + l)/2, • • *, oo, and in the second sum the values 1, 2, 3, ■ * *, 

2 n/2, •* •, oo . 

We now make use of the Euler-Maclaurin expansion formula in the form 

X a+rur | 

F(x)dx — to | y^Fiji) -J- F{cl 4 <*>) 4 F{ci 4 2co) 4***4 hzF((i 4" rco) 

4 £ ( 2m ) ! ~'~ F(2m ~ U(fl + rw) “ F(2m ' l> ( a ) ) + ( 35 * 4 ) 

where F (2m ~ 1) indicates the (2m — l)th derivative of F and R n = 0(co 2n ). The 
quantities are the Bernoulli numbers, Bi = /i 2 * B 3 = >4 2> 

Z? 4 = Mo? #5 = ?66 etc. 1 If is easily seen that both of the sums in (35.3) can be 
treated alike, in the first o> = Yz and in the second o> = 1. In both 

F(m) = 2me- Dh ™* lkT (35.5) 

and 

F( 0) = F(oo) = 0; 

thus, in place of equation (35.3) the following is obtained 

Q re ~BHc,uT = 2 A \y 2 F(0) 4- F(H) 4 F(V 2 4 Yz) + F(H 4 Yz) 

F(} 2 4 Y) 4 • • * F (>2 4 2fx/2) 4 • ■ ■ 4 HF(H 4 00 / 2 )} 

- { HF( 0) 4 F(l) 4 F(1 4 1) 4 F(1 4 2) 4 F(1 4 3) 

4 ••• 4^(1 +M) 4 ••• 4 HF( 1 4 <*>)), (35.6) 

where /z is a typical integer. Applying (35.4) to each of the sums in (35.6) with 
u == Yz in the first of them and cj = 1 in the second 


Q r e 


-BhclikT 


-»/■ 


2 xe~ Bhcx2lkT dx 


-r 


2xe ~BhcSlkT 


k £ , .(U^O'+l) 

- 2 2 ■ ?/ ', n - {F«^>(oc) - f (*»+D(C) ) 

n* 0 2(n 4 1)! 

+ E {^ <2n+l) (“) - F«"+»(0)} - 2«'n.i + «"*+1. (35.7) 

„_o 2(n + 1)! 


Carrying out the integrations in (35.7) 

Q r e~ Bhc l aT = ifcTVMc 

* ( —)«+l£ 

+ L ~r + ^ (1 - 2 -ln_l ) {f «-+D(co) - F«-+»(0)} + (35.8) 


Because of the negative exponent, F (2 ’* +l, ( i ») always vanishes. Also F(0) = 0, 
F r (0) = + 2, F n (0) = ^ IV (0) = F VI (0) = 0, F 1U ( 0) = - 4 X 3 (Bhc/kT), 
F v (0) = + 6 X 5 X 4 (Bhc/hTy, F vu = -8X7X6X 5(Bhc/kT) 1 . 

1 Sec Whittaker and Watson, A Course o£ Modem Analysis (Fourth Edition), Cambridge 
University Press (1935), page 128. 
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Thus, 


and 


( —)*+If <2n + l)(0) 

2(n + 1)! 


+ 


Q re -JJhcl 4 kT = 


JcT 

Bhc 


* B njABhc/kT) 

h (n + 1)! 


Q re ~BKcnkT = A:r/Mc + Ha 


( Bhc/kTY 

(n + 1)! 

" (1 - 2 - 2 “-') + flj+j, 
~f* * • ■ ~h etc. 


(35.9) 

(35.10) 


This is Mulholland’s result. In the case of homonuclear molecules Q r thus 
obtained must be divided by two because symmetry requirements for the wave 
functions only allow even or odd values of J. This statement also applies to 
the results obtained in the next three sections. 

The energy of a diatomic molecule can be expressed by 


e = (B V )J(J + 1) + (D v ) t J 2 (J + l) 2 + (F V )J\J + iy 

+ (v + }£)<*> e + (v A- I'lYXeUe + (v + X /2 YVe^e + (35.11) 

where J takes on the values 0, 1, 2, 3, etc. and v the values 0, 1, 2, 3, etc.; the 
quantity e e is the electronic energy. For such a case the general expression for 
the partition function, due to the internal (including rotational degrees of 
freedom) is 



Oint. = EH(2 J + l)e~ thclkT . 

e v J 

(35.12) 

This expression can be written as 



Q int. =11 (Qr\;ee-‘’‘ hclkT , 
e v 

(35.13) 

where 

(Qr )= E (2J + 1 )e-*j* hc ‘ kT 

j 

(35.14) 

and 

€ V e — (V + /4)Ue + (v + HY X e^e + (v + YlYV^t + € e , 

(35.15) 


tjv = B ve J(J + 1) + D ve J 2 (J + l) 2 + F ve J z (J + l) 3 . 

(35.1G) 


It i3 to be noted that the energies of electronic levels as obtained directly from 
experiment are 

«0e = + {H) 2 XeO) e + (HYl/e^e + *ey 

i.e., they include the zero point vibrational energy obtained by putting v = 0 
in the expression for the vibrational energy. However, as usually defined t e is 
the electronic energy . Evidently the replacement of ( Q r ) v ,« by an expression 
such as (35.10) will save tremendous labor in the evaluation of Q . If the mole¬ 
cule were completely rigid the expression given in (35.10) would suffice, 
Giauque and Overstreet solved this problem for the nonrigid case. 
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(30) The Method of Giauque and Overstreet for Evaluating the Partition 
Function of Diatomic Molecules: 1 In the following the subscripts v and e 
are dropped for convenience and € 0 ' is written for (^i)B + (J 4 ) 2 D + (%) 3 F* 
For a molecule with a l 2 ground state 

Q r sr gJtfgp 'I kT'y' hc (B>n‘ l +Dm i +ym 6 + •••)]/ kT 

ghctp'l kTy 2ni€~B he™ 2 1 kTg—D hcm A l kTg-~F hcm*l kT , 2) 

where m has been written for (,/ -f t 2 ). Expanding the second two exponen¬ 
tial factors 


, , 2 f Dhcm 4 1 / Dhcm 4 V "1 

Qr = e w,*r 2 2 nur**"'!" [ 1 - ) + J 

]• 


X 1 


—— ghctQ */ t5P hc'itv^/ kT J 


[ 


] 


F/irw 6 

“ ~kT~ 
Dhcm 4 
~JcT " 


1 / Fhcm 6 \ 2 

+ 2 !\ *r~/ 


Fhcm (i 1 / Dhcm 4 ^ 2 
kT + 2! \ A:7 7 


+ 


Dhcm 4 Fhcm 6 1 ( Fhcm 


kT kT 


+ : 


J ! V ^ 


?m 4 \ 2 

T / 

7 + ] 


(36.2) 


(36.3) 


Multiplying each term in the square brackets by the factor outside and con¬ 
sidering the term by term sums, it is noted that the first sum is simply that 
whose value is given by (35.10). The remainder of the sums can be replaced 
by integrals of the form 


I - 


const. 



2m 2k+l c~ Bhcm2lkr dm 


— const. 


/ Ac y Jc\ / kT \* +l 
\kTJ B k + l \ he ) 


without loss of accuracy, e.g., 


(36.4) 


£2 m i e~ Bhem2,kT 


J ^oo 

0 


2 m 5 e- Bhcm * lkT dm + 


31 


4032 


Hence, 


Q r = e hcto'lkT 


JcT 

Bhcl 


r. 


+ 


B he 
12 ’ JcT 


2 ! 


+ 


D( kT 
B*\ he 
4 \ D*(kT\* 
21 ’ B 4 V he ) 


_ 2! / JcT V 
“ V he ) 

F/kT 


+ " 


31 


4032 


\ F(kT\ 


+ 5! 


B»\hc 
DF (kT 
B h \ he 


)•] 


(36.5) 


(36.6) 


1 Giauque and Overstreet, J. Am. Chem. Soc., 54, 1731 (1932). 

* Giauque and Overstreet use to for this quantity. Since for consistency the symbol to 
is used later in another connection we have used «&' instead. 
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This expression is in a form suitable for obtaining its first and second tempera¬ 
ture derivatives. 

An example of the results obtained is given in Table VI which shows the 
computation of Q r for the lowest vibrational and electronic state of hydrogen 
chloride at 1000° K and 2000° K. The last column gives the value obtained 
by direct summing and the preceding one that obtained using equation (36.6). 


TABLE VI 

Comparison of Qr Values for H u C1 by Summation and Approximation Methods 


T 

■ 

" A w/jr l + 12*7' m he ) 

Q 

Approx. 

n ~ I'i 

<22 

n = H 

1000° K 

1.00374 X 06.825 X(1 +0.00125 +0.00684) 

67.618 

67.618 

2000° K 

1.00184 X 133.651 X(1+0.00062+0.01386) 

135.84 

135.85 


The term Bhc/l2kT in the second column shows the effect of replacing the 
most important sum by an integral without correction. It is 0.125 per cent in Q r 
at 1000° K and incidentally about 0.4 per cent in Q r at 300° K. This would 
affect the free energy by 0.01 cal./mole at 300° K. The next term in this 
column shows that neglect of stretching at 1000° K would cause about five 
times the error produced by replacing the important sum by an integral, or 
about 0.02 cal./mole in the free energy at 1000° K. 

Even after evaluating Q r there is still considerable labor involved in 
determining the sum over the vibrational states as indicated in equation 
(35.13). Johnston and Davis 1 have found that at any temperature the value 
of Qv.e = ( Qr) v ,e€~ {tve ~ t0e) for any vibrational state bears .a constant ratio to 
that for the next vibrational state. Thus only the quantities for the first few 
vibrational states need to be evaluated. In obtaining the temperature deriva¬ 
tives of Q, the quantities 


dKQJv.rer^-^lidT and d'KQAv^r^-^l/dT* 

appear: for these also the ratio of the value of the derivative in one vibrational 
state to that in the next is a constant; hence, only the values for first few vi¬ 
brational states are needed. 

All of the above expressions need to be modified for molecules whose ground 
state is not due to fact that p, the number of degenerate states, is no longer 
2m = 2/4-1 and the rotational energy is not of the form (35.16). 

(37) The Method of Gordon and Barnes 2 for Evaluating the Partition 
Function of 1 E Diatomic Molecules: We shall modify the nomenclature and 

1 J. Am. Chem. Soc ., 56, 271 (1934). These authors use (Q r )v, rather than 
the (Qr)*,«. The nomenclature used in this section is a compromise, made after a very helpful 
discussion with Professor H. L. Johnston. 

2 Gordon and Barnes, J. Chem. Phys., 1 , 297 (1933). 
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equations of Gordon and Barnes to agree with the previous symbols used. 
For convenience we shall drop all the subscripts e, take c e = 0 and introduce 

q v — k r F/B v hc, (37.1) 

d v = (- 2 D v /B v )q v , (37.2) 

fv = (~ 0 FJB v )q v 2 . (37.3) 

We note that the last two terms in — }iB v 4 ( l i) 2 L> v 4- 0 -i) z Fv are 
negligible and that J3„/4 can be replaced by B 0 1 4 in e BvhclAkT owing to the small¬ 
ness of the terms it multiplies when the difference is appreciable. The quan¬ 
tity B v can be expressed in the form 

B v = 7J 0 /(1 + 0,r 4 p 2 v 2 ), (37.4) 

thus 

q v = 3o(l 4 Pir 4 frv*). (37.5) 

Since d v and f v only appear as correction terms in equation (36.6) it is sufficiently 
accurate to replace d r and f v by d 0 and / 0 respectively and also to replace q v 
by q 0 in the correction terms. Thus equation (36.6) becomes 

(Qr)v = **«o'../*r ffo (i + p lV 4 - 0„*)[1 4 }{ 2 qo 4 do 4- 3d 0 2 4/o] (37.6) 

or 

(Qr)v = e 1/4 V?o(l 4 &\v 4 & 2 V 2 4 7£ 2 4 d 0 4 3d 0 2 4/o 4 • • •)• (37.7) 

In order to represent the partition function Q'int. = £ ( Q r ) v c~ hc( * v ~ t0)/kT con¬ 
cisely we write 

Qv = e~ (vhc/kT , . v = C£,ve~ (vhc/kT )IQ„ and v 2 = 'jr t v t e~** hc,kT !Q V » (37.8) 

V V V 

Thus we obtain 

Q f int. - e l >^q^ hc ‘ kT Q v {\ 4 fiiB 4 fov 2 4 H 2 Qo 4*4 3d 0 2 4/o), (37.9) 

where e 0 stands for the zero point vibrational energy (i.e., that when v — 0 
and J = 0). In taking the logarithm of Q f i nt . all the other terms in the last 
factor are small compared to the first (unity), and so we can conveniently 
expand this term in series and neglect all beyond the third term. Only the 
quantity due to d 0 , namely — Mdo 2 , need be counted from the third term of the 
expansion. Thus 

In Q'int. = (In Q v 4 € 0 hc/kT) 4 Hqo 4 In q 0 4 jM 4 P 2 V 2 4 K 2 ?o 

4 do 4 Hdo 2 4 /o. (37.10) 

Gordon and Barnes give tables for obtaining (In Q v 4 €0 hc/kT), v and v 2 . 
Using (31.8) for the rotational and vibrational entropy we have 

Sr+v/R - Sv/B 4 1 4 In go 4 fii*i 4 £ 2*2 4 2d 0 4 15d 0 2 /2 4 3/ 0 , (37.11) 



THE THIRD LAW OF THERMODYNAMICS 


567 


where 

S v /R = In Q v 4- TO In Q v /OT (37.12) 

and 

si = v + TOv/OT; s 2 = v 2 + Tdv 2 /dT 2 . (37.13) 

Referring to (31.8), we can write for the heat capacity 

C = TdS/OT = RT(2d In Q/dT + Td 2 In Q/dT 2 ). (37.14) 

For the rotational and vibrational heat capacity we have 

Cr+v/R = C,/fi *+■ 1 + PiCi + + 2d 0 + 15do 2 + 6/ 0 , (37.15) 

where 

C v /R « Td(Sv/R)/dT (37.16) 

and 

Ci = TdsJdT; c 2 = TDs^OT. (37.17) 

Gordon and Barnes give tables for obtaining S v /R, C v /R , «i, s 2 , Ci and c 2 . 

The accuracy of this method at higher temperatures suffers partly owing 
to neglect of higher terms in (3G.3) and also to the use of q 0 for q v in the cor¬ 
rection terms. It never suffers from replacement of sums by uncorrected 
integrals in the correction terms. This might be true below room tempera¬ 
tures, but then the ordinary summation method is often more convenient. 
Kassel has developed expressions where none of the above approximations are 
made. 

(38) The Method of Kassel for Evaluating the Partition Function of l 2 
Diatomic Molecules: Kassel 1 obtains ( Q r ) v in the same way as Giauque and 
Overstreet except that he does not assume that sums can be replaced by in¬ 
tegrals even in correction terms. He gives the necessary correction terms to 
these integrals in his paper. 

The final result obtained (dropping the subscript v) is 


_ kT i 1_ 
Qr = hcD + 3 + 315 


he 

kT 


(21 B - 8D - 0 F) + 


D( kT V 
2 B\hcB) 


+ 


KSMS)X 


kT V 
hcB ) 


+ (38.1) 


This result corresponds to (36.C) and is identical with it except for the fact that 
the correction terms were not neglected when replacing sums by integrals in 
the smaller terms. The term hcto/kT in (36.G) has been expanded in series and 
multiplied out. 

The importance of Kassel’s contribution consists in his method of evaluating 

Q'int. = L (Qr)ve-^*»' kT . (38.2) 

ij. Chem. Phys ., 1, 576 (1933); Chem. Rev ., 18, 277 (1936). 
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First of all (Q r ) v is expressed as a power series in v by substituting 

B v — Bq 4 * olv + (iv 2 , 1 
D v = D 0 + yv 4- &v 2 ,\ 


(38.3) 


multiplying out and rearranging. In equation (38.3), a = — D o 0 i and 
/? — — B 0 & 2 is the connection between Kassel’s and the Gordon and Barnes 
constants. The next step is to express 


(Qr) v e ( i ’+1/2) 2 x «« )! — {v+\l'i)' A Ve<*t)l kT 


as a power series p(v) in v by expanding the exponential and multiplying out. 
Thus, 


then 


p(t’) = E 


where 


Q' in.. = E - (1 - *)-‘E/n!/n, 

0 


z — e -{v+U 2 )o>r/kT.' f n — (l — z) ]jT V n z v . 

The important values of f n are 
/o-l 

/,-«(i+*)(i-«r* 

/ 3 -2(l+42 + 2 2 )(l-^r 3 

/ 4 = 0(l + ll24-ll2: 2 +2 3 )(l-2)-* 4 

/ 6 « «(1+26a?+662 2 + 26« 3 + 2 4 ) (1 - 2)- 5 

/«- e ( 1 + 57 z 4- 3022 2 4- 302^ 4- 57 2 4 4- 2 r >) ( 1 - 2)“ 6 

/ 7 = «(14-12O2:4-119l2: 2 4-24160 3 4-119l2 4 4-12O2 6 4-^)(l-«) _7 

/ 8 = 2 ( I +247«+4293 2 2 4-156192 s +156192 4 4- 42932 5 4- 247 z* 4- 2 7 ) (1 - z) ~ 8 . 

This method is more accurate but more complicated than that of Gordon and 
Barnes. 

(39) Evaluation of the Partition Function’ of Other Types of Diatomic 
Molecules and Polyatomic Molecules: The general manner in which these 
methods can be extended to types of diatomic molecules, other than is 
more or less obvious; it has been discussed by Kassel. 1 The application to 
polyatomic molecules has also been described by Kassel and by Gordon. 2 
The respective methods used by Kassel and by Gordon are analogous to their 

1 Loc. cit. 

> J. Chem. Phys., 2, 65, 649 (1934); 3, 259 (1935). 
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methods for *2 diatomic molecules. Both procedures start with the equation 
Qi nt. = (Qr) Vl) ,; 2 ,..., Vft e“ #v ‘- V2 . VklkT , (39.1) 

?'i v* 

where (?j n t. refers to all degrees of freedom except translation and those of 
nuclear spin and where e Vl , V2t ..., Vk is the vibrational energy defined by the quan¬ 
tum numbers Vi, ?; 2 , . . ., Vk and the rotational partition function (Qr) Vl ,v it »-v k 
depends on all the quantum numbers. 

(40) The Separation of Rotational and Vibrational Partition Functions: The 
methods given in the previous paragraphs have shown that 

Q ini. = E 0 Qr)<e-« lkT , (40.1) 

t 

where i stands for all vibrational quantum numbers. It can be assumed 
without great loss of accuracy (a few hundredths of a calorie per degree per 
mole),* that ( Q r )i has the same value, Q r , for all vibrational states, thus 

Qint. - Qr'Le~ ti,kT , (40.2) 

- QrQv , (40.2) 

where Q v is known as the vibrational partition function 

Qv - E e- txlkT - 


The vibrational energy is approximately the sum of the energies due to each 
mode of vibration and thus 

Q v ~ E E • • • E e~ tv i /kT e~ tv * lkT . . . e~ tv * lkT , (40.3) 

l ’t v 2 r k 

where e Vk is the energy of the Mh mode of vibration determined by the quantum 
number v k 

Qv = (qr)i(q*)t • • • {qv)k* 

where 

(q»)t = £ e-’^ lkT (40.4) 

is the vibrational partition function associated with the &th mode of vibration. 
The evaluation of this quantity is considered in Section (42). 

The energy, heat capacity, and entropy are all functions of log Q and its 
derivatives. Thus these quantities for the rotational and vibrational degrees 
of freedom can be split up into a part due to rotation, and parts due to each 
vibrational mode just as the translational part was previously separated. 

(41) The Partition Function for Classical Rotation of Rigid Molecules: 
The methods of Sections (35) to (39) can be used to calculate the partition 

1 Wilson, ibid., 7, 948 (1939). 

* The roman symbol q v is used to avoid confusion with q v defined by (37.1). 
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function for diatomic and rigid polyatomic molecules at high temperatures, 
i.e., in the classical limit. Except for hydrogen, the results hold even at room 
temperatures and for polyatomic molecules they hold down to below 90° K. 
The partition functions are as follows: 


Diatomic Molecules 


Qr = 


87 rHkT 

h 2 CT 


(41.1) 


results from (35.10) by omitting e Bhc,AkT and noting that the term 2 is 
negligible. 

Rigid Polyatomic Molecules 


Qr = 


8Tr 2 (8T*ABCy'*(kT) 3 '* 


h*o 


(41.2) 


where A, B, C are the moments of the molecule about principal axes through 
the center of gravity. 1 The factor o in the denominator of equation (41.1) 
and (41.2) arises because the results came from integrals which replace sums 
over all quantum states. Actually only quantum states are allowed whose 
wave functions are either symmetrical or antisymmetrical in the nuclei. This 
restriction reduces the number of states by a quantity cr, which is equal to two 
for homonuclear d : atomic molecules and unity for heteronuclear. For poly¬ 
atomic molecules it is the number of equivalent positions of the molecule that 
can be produced by rotation about axes of symmetry in the molecule. 2 By 
substituting (41.1) and (41.2) into equation (34.7) the values RT and 3RT/2 
respectively are obtained for the rotational energies of classically excited 
diatomic and rigid polyatomic gases. Similarly substituting in (34.8) gives 
R and 3 R/2 for the respective rotational heat capacities in agreement with 
the principle of equipartition. Generally it is not convenient to choose prin¬ 
cipal axes; however, if any three axes at right angles (X, Y , Z) are chosen 
through the center of gravity of the molecule about which the moments of 
inertia are A' = £ m^y? + zf), B f = £ rm{zi 2 + x% 2 ) and C f = £ mi(xi 2 -f y,- 2 ), 

i i i 

while the products of inertia are \xy\ = miXiiji, \yz\ = m%yiZi, \xz) 
= 2 miXiyi (where m», X{, yi, and Zi are respectively the mass and coor¬ 
dinates of the ith atom) 


A' - [xy\ - {xz} 


ABC 


- \xy\ B’ - | yz) , 


- \xz t - {ye ) C’ 


(41.3) 


Kassel, Chem. Ret., 18, 277 (1936). 

Mayer, Brunauer, and Mayer, J. Am. Chem. Soc ., 55, 37 (1933). 
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where the right-hand number is the determinant of the nine quantities involved. 
Equation (41.3) follows from the theory of quadratic forms but it is instructive 
to note that when X , Y and Z become the principal axes the products of inertia 
vanish by definition and equation (41.3) reduces to the identity 


,4 0 0 


ABC 


0 B 0 


0 0 C 


(41.4) 


It is to be noted that, in both cases, a factor e ( °' lkT has been omitted from 
Q r where €</ is the quantity or one analogous to that appearing in Section 
(36). The omission is made because while it affects the absolute energy as 
given by equation (34.7) by subtracting the constant term Ne 0 ', it does not 
affect the heat capacity and entropy as given by (34.8) and (31.11). This is 
because it disappears by logarithmic differentiation in the former, and cancels 
between the two terms in the latter. Looked at another way, the energy zero 
is shifted by ( — Co'). Both (41.1) and (41.2) are special cases of an equation to 
be derived later which also considers free internal rotation. 

(42) The Vibrational Partition Function: In general the vibrational energy 
of a molecule lies in several degrees of freedom each of which constitutes a 
mode of vibration. Such inodes of vibration arc often called “Einstein 
modes.” 1 The energy for a particular quantum state is approximately 


e v = (v -f H)hv o, (42.1) 

where v = 1, 2, 3, 4, etc. 2 
The partition function is 

q v = e-W2AT £ e -vhvoikT (42.2) 

or 

q v = € -h»oi2kT £ e -v* f (42.3) 

where x = hvo/kT. 

By the binomial theorem, since e~ vx < 1, 

Y~l— X - £ (42-4) 

so that 

Q—hVQf2kT 

* = m-, • (42.5) 

1 Einstein, Ann. Physik , 22, 180 (1907). 

2 Each degree of freedom is associated with a normal coordinate whose time rate of change 
corresponds to that of a harmonic oscillator, of this frequency. Whether any mode will 
produce absorption of light in the infra-red or a Raman shift of frequency v depends on the 
symmetry of the vibration. For an excellent discussion of this subject see Koblrausch, Der 
Smekal-Raman-Effekt, Erg&nzungsband (1931-1937), Julius Springer, Berlin, pages 1-76. 
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For the same reason that c t{i ' lkT could be omitted previously from the rotational 
partition function, we may now omit the factor e~ ftV0,2kT from (42.5) and take 


1 1 

“ \ __ € -x = i _ e -hv 0 ikT (42.6) 

as the vibrational partition function. 

(43) The Energy and Heat Capacity of Gases: The rotational energy 
levels for a diatomic gas are given by 


€ 


J(J + 1 ) h* 

St 2 I 


(43.1) 


where I is the moment of inertia of the molecule and the quantum number J 
can take on the values 1, 2, 3, 4, etc. To each value of J and of e there is 
another set of quantum numbers M = 0, =h 1, zfc 2, • * •, zb J; each value of M 
corresponds to a different orientation of the plane of rotation of the molecule 
with respect to some arbitrary axis. There are 2J + 1 orientations or 
quantum states corresponding to each value of J: thus, in equation (21.1) 
Pi = 2/ + 1 and the partition function is 

Qr = £ (2 J + (43 2) 

j 

The expressions for the molal rotational energy and heat capacity are obtained 
by substituting this expression in equations (34.7) and (34.9) respectively. 

For all molecules except hydrogen, the use of these formulae gives RT and R 
for the molal rotational energy and heat capacity respectively at temperatures 
above 70° K. This is because, except for hydrogen, the moment I is sufficiently 
large to reduce the exponent of the terms for the higher energy states in the 
sums. Hence, there are relatively large numbers of molecules in the higher 
energy states, a situation which we have already seen approximates closely to 
the classical case, and therefore yields the equipartition values of the energy 
and heat capacity. 

In the case of hydrogen this procedure yields calculated values, for the 
rotational energy and heat capacity that are less than the equipartition values 
even at room temperature. This result is in general agreement with experiment. 
The solid curve in Fig. 4 is a graph of C r /R calculated using equation (43.2) 
with the moment of inertia 7 chosen to give the best fit with the experimental 
data. This value should at first sight be equal to C v ° (value corrected to 
ideal state) for hydrogen, minus %R (the translational heat capacity) since the 
vibrational heat capacity is negligible. The designated points on Fig. 4, 
which give the experimental values of C r /R = (C v ° — %R)jR ) certainly are 
not in agreement with the equation. 

Ordinary hydrogen consists of two varieties, para and ortho. In the para- 
hydrogen the spins of the nuclei are opposed (<S » M — H ** 0) giving an 
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antisymmetrical wave function. Thus, in order to keep the total wave function 
antisymmetrical in the nuclei, only the even rotational levels with J = 0, 2, 
4, 6, 8, etc., which are symmetrical in the nuclei, are allowed. On the other 
hand, in ortho-hydrogen the spins have the same sign and the spin quantum 
number is unity (8 = >2 + >2 = !)■ This, however, allows three possible 
orientations (p = 2<S + 1 = 3) of the spin, all of which have symmetrical 
wave functions. For each of these orientations only the rotational levels, 
J — 1, 3, 5, 7, 9, etc., are allowed in order to make the total wave function 



100 , 200 

T K 


300 


Fig. 4.* The Heat Capacity C r /R of a Rigid Rotor 


antisymmetrical in the nuclei. All three orientations can go with the same 
rotational levels and so they yield the same properties and are physically 
indistinguishable parts of ortho-hydrogen but distinguishable from para- 
hydrogen. Since ordinary hydrogen is formed under ordinary conditions, 
which are practically classical, the para and ortho states are found in the ratio 
1 : 3 due to the three varieties of the latter. The heat capacity of ordinary 
hydrogen must, therefore, be calculated on the basis that hydrogen is com¬ 
posed of two substances which cannot change into each other in the time of 
an experiment. 

* (a) Cornish and Eastman, J. Am. Chern. Soc SO, 627 (1928), (b) Giaoomini, Phil. Mag.. 
50 , 146 (1925). (c) Eucken, Verh, d. Phys. Ges. r 18, 4 (1916). (d) Curve A —Dieke, Phy 

ica, 5, 412 (1925), 
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The partition function for para-hydrogen is 

(Qr)para = £ (2/ + 1) Wr 

J*** 0,2,etc. 

while that for ortho-hydrogen is 

(Or)ortho = £ (2,1 + l),-f 

•7*1,3, etc. 


(43.3) 


(43.4) 


The rotational heat capacity of para-hydrogen is thus, according to (34.8), 

((•rjpara - ^ d(l}T)* ’ ^' 0 

while that for ortho-hydrogen is 


(Cr)o 


1$ 0 2 log (Qr)ortho 

T 2 ‘ d(l/T)*~' 


(43.6) 


For ordinary hydrogen the rotational heat capacity is therefore 
C r = «(Cr)p M . + h(Cr) ortho- 

To obtain the total heat capacity at constant volume for the ideal gas state 
the value thus obtained is increased by R, of course. The curve in Fig. 5 
shows the values of C v ° calculated for hydrogen at the several temperatures. 
It is in excellent agreement with the experimental data (corrected to the ideal 
gas state) which are also plotted. We shall have reason to return to this 
subject later in connection with the entropy of ordinary hydrogen. 1 

At high temperatures there are contributions to the energy and heat capacity 
due to the vibration (relative motion between the hydrogen atoms). To a first 
approximation these can be calculated using (43.7) and (43.8) and added to 
the rotational and translational energy and heat capacity. The frequency of 
vibration can be taken as the same in both the ortho and para forms. 

In the case of gaseous hydrogen deuteride, which has heteronuclear mole¬ 
cules, all energy levels are allowed so that equation (43.2) summed over all 
values of J gives the correct partition function to use in calculating the heat 
capacity. 

Gaseous deuterium presents essentially the same problem as gaseous hy¬ 
drogen. In this case the nuclei have one unit of spin and the ortho-type 
molecules have even J values. Moreover the ortho-type form two-thirds of 
the high temperature equilibrium mixture and the para-type one-third. 

While the translational degrees of freedom can always be separated, it is not 
always sufficiently accurate to separate the rotational and vibrational heat 
capacity as has been done above. The accurate procedure is to express the 

1 For an excellent discussion of this subject see Giauque, /, Am . Chem . Soc 52 t 4816 
(1930). 
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energy levels as a function of the rotational and vibrational quantum numbers 
and set up the partition function (21.1) accordingly. The heat capacity is then 
calculated by equation (34.9). For most cases, except that of hydrogen below 
room temperature, one of the procedures outlined in Sections (36), (37), (38) 
and (39) can be used to evaluate the partition function. For hydrogen below 
room temperature the direct summation procedure is preferable. For the case 
of hydrogen it has been shown by Birge, Lyman and Jeppesen 1 from the band 
spectrum of hydrogen that the rotational and vibrational energy can be repre- 



Fig. 5.* The Heat Capacity C v °/R of Hydrogen at Constant Volume in the Ideal Gas State 


sented by an equation of the form (35.11). For para-hydrogen the partition 
function is given by equation (35.12) summed over the even values of J (in¬ 
cluding zero) while for ortho-hydrogen the sum is taken over the odd values 
of J using the same equation. 

The procedure in calculating the heat capacity of ordinary hydrogen is then 
the same as above, except for the use of the exact partition function for rotation 
and vibration instead of the simple rotational one. The calculation has been 
carried out by Giauque. 2 

* (o) Cornish and Eastman, J. Am. Chem. Soc., 50, 627 (1928). (6) Scheel and Heuse, 

Ann. Phyaik, 4D, 473 (1913). (c) Giacomini, Phil. Mag., 50, 146 (1925). (d) Eucken, Verh. 

d. Phy8. Ge8., 18, 4 (1916). (e) Dennison, Proc. Roy. Soc., [A], 115, 483 (1927). 

1 See Giauque, J. Am. Chem. Soc., 52, 4816 (1930). 

* Loc. cit. 
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By substituting equation (42.6) for the vibrational partition function into 
equation (34.7), the energy per mole associated with a single vibrational 
mode is 

RTx 

E - E 0 = --r, (43.7) 

e x — 1 


the zero-point energj* level being taken as zero. By substitution into (34.8) 


Rx*e x 


(43.8) 


where x ~ hv 0 /kT was substituted before differentiation in obtaining both 
(43.7) and (43.8). 

Tables for (E — Eo)[T from (43.7) and C from (43.8) are given in Ap¬ 
pendix I. These are called “Einstein functions.” 1 This treatment is valid 
whenever the rotational and vibrational partition functions are separable. 

It is of interest to evaluate C at high temperatures. When T is large x is 
small and e x can be replaced by the first two terms of its power expansion, 
namely (1 + x); thus, 


C = 


Rx' 2 ( 1 + x ) 
x 2 


= R{ 1 -f- x)* 


(43.9) 


However, since x is small it can be neglected compared with unity so C = R, 
a result which has already been obtained from the principle of equipartition. 

Methane has five atoms corresponding to fifteen degrees of freedom: the 
translation and rotation of the molecule account for six of these, leaving nine 
degrees of freedom, all of which are vibrational in character. The nine degrees 
of freedom, in this case, give rise to only four fundamental frequencies or modes 
of vibration. One of these ( v x ) corresponds to one of the degrees of freedom, 
a second ( 1 * 2 , 3 ) corresponds to two of the degrees of freedom while the remaining 
two (** 4 , 5.6 and ** 7 , 8 , 9 ) each correspond to three degrees of freedom. 

The frequencies have the values: *q = 2915, ** 2 , 3 = 1520, ** 4 , 5(6 = 1304, 
**7,8,9 = 3022 cm.- 1 . 2 Equation (43.8) is applied to each degree of freedom and 
all the values are added. To obtain the total heat capacity at constant pressure 
of the gas at low pressure ( C p °) t 6R/2 must also be added for the translation and 
rotation, which are both classically excited, and R for {C p — C v ). If the heat 
capacity is required at higher pressures the value of ( C v — C v ) must be ob¬ 
tained from the data of state, thus 

Values of C p ° for methane at various temperatures calculated by this method 

1 Einstein, loc. cit. * 

* For discussion see Kassel, J. Am. Chem. Soc ., 55, 1357 (1933). 
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are shown by the curve in Fig. 6 in which circles are experimental points. A 
somewhat better agreement can be obtained if allowance is made for interaction 
of rotation and vibration. 



(44) The Entropy of Gases—Effect of Isotopic Composition: The entropy 
of a gas is the sum of the translational entropy as given by equation (32.13) 
and the entropy due to other degrees of freedom as given by equation (32.18). 
These equations strictly should be applied to only one of the isotopic species 
present in a gas. The total entropy of the gas is then obtained by calculating 
the entropy of the gas due to each isotope and adding these together. 

S' « £ X&, (44.1) 


where Xi and Si are respectively the mole fraction and entropy of each isotopic 
species. To the total S' must be added the entropy of mixing 

A S rn = — RlL x i In X i' (44.2) 

* (a) Eucken and Fried, Phyaik, 29, 41 (1924). (6) Heuse, Ann. Physik, 59, 86 (1919). 

(c) Eucken and Elide, Z. phys. Chem., B, 5, 413 (1929). (d) Millar, J . Am, Chetn . Soc ., 

45, 874 (1923). (e) Void, ibid., 57, 1192 (1935). 
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Since the isotopic composition of compounds is normally constant the 
entropy of mixing as given by (44.2) is constant and is only manifest in processes 
involving the separation of isotopes. In the crystal the isotopic crystals form 
a perfect solution. It is therefore evident that the entropy of mixing may be 
left out of consideration except in processes involving the separation of isotopes. 

Where homonudear molecules are involved, the rotational and vibrational 
entropy of the symmetry varieties is essentially the same for all gases except 
hydrogen and deuterium. The practical entropy may therefore be computed 
for each isotopic species as described above. However, the sum in the rotation 
-vibrational partition function of equation (32.18) can be taken over energy 
levels which are averages of the levels of the isotopes, weighted according to 
composition. This gives an average value of the practical rotational and 
vibrational entropy of the isotopes and combined with a translational entropy, 
calculated from (32.13) using the average molecular weight, gives a result 
differing only minutely from that calculated using equation (44.1). The 
average over the energy levels can be obtained directly from averages taken 
over the spectroscopic multiplets weighted according to intensity. The com¬ 
putation of the entropy due to nuclear spin 1 is a complicated process, as, in 
general, the isotopes have different nuclear spins and symmetry requirements. 

The translational entropy under all cases is given by the equation 

S t = RV )2 In T - In P + ?2 In M + In p. - 1.104], (44.3) 

which is equation (32.13) with the numerical values of the constants substituted; 
P is the pressure in atmospheres and M is the weight per mole of the isotopic 
mixture. The quantity p 8 which is the number of spin states of equal energy 
may be taken to include the nuclear spin if desired. 

(45) The Entropy of Hydrogen Chloride and of Oxygen: As an example of 
the computation of the entropy by the method of direct sums where only a 
single electronic state is involved we shall compute the entropy of hydrogen 
chloride directly from the spectroscopic data. 

At 298.15° K and 1 atm. pressure, the entropy of hydrogen chloride in the 
ideal gas state due to translation is obtained by substitution in equation (44.3) 
with p 8 equal to unity and M = 36.46. This gives the result 36.715 cal. per 
degree per mole. To obtain a final value of the entropy it is necessary to add 
the entropy due to rotation and vibration as given by equation (31.7). To 
substitute in equation (31.7) one needs to know the energy levels due to rotation 
and vibration for the hydrogen chloride molecule. For these we shall take a 
weighted average of those for the two isotopes, using the data of Colby, Meyer 
and Bronk. 2 The energy levels for the first two vibrational states v = 0 and 
v = 1 are given by a formula like equation (35.11) with no electronic states 
above the ground one (i.e., e e = 0). Column 1 gives the value of J; the values 
of the energy (in cm.” 1 ) are given in column 2 of Table VII. The latter were 

1 Giauque and Overstreet, J. Am. Chem. Soc., 54, 1731 (1932). 

» Antrophys. .7., 50, 251 (1919). 
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TABLE VII 

Contribution of Energy States to the Entropy of Hydrogen Chloride at 298.15° K 


J 

cm. -1 

p = 2J -fl 

e —t/kT 

v - 0 

pe l 

pee */kT 
cal. X10 1& 

0 

0.0 

1 

1.0000 

1.0000 

0.00 

1 

20.9 

3 

0.9041 

2.7123 

11.26 

2 

02.8 

5 

0.7387 

3.6935 

46.95 

3 

125.7 

7 

0.5453 

3.8171 

95.27 

4 

209.3 

9 

0.3043 

3.2787 

136.27 

5 

313.3 

11 

0.2206 

2.4266 

150.96 

6 

438.9 

13 

0.1204 

1.5652 

136.40 

7 

584.1 

15 

0.0597 

0.8955 

103.86 

8 

750.0 

17 

0.0208 

0.4556 

67.90 

9 

937.5 

19 

0.0109 

0.2071 

38.55 

10 

1143.9 

21 

0.0040 

0.0840 

19.08 

11 

1372.0 

23 

0.0013 

0.0299 

8.15 

12 

1018.4 

25 

0.00041 

0.0103 

3.30 

13 

1880.1 

27 

0.00011 

0.0030 

1.12 

14 

2172.5 

29 

0.00003 

0.0009 

0.38 

15 

2451.3 

31 

0.00001 

0.0003 

0.12 





20.18 

818.72 


p = 1 


0 

2886.1 

1 

0.00000 

0.0000 

0.000 

1 

2906.5 

3 

0.00000 

0.0000 

0.000 


obtained directly from the centers of the lines in the P and R branches of the 
v — 0 to v — 1 band. This band is shown schematically in the lower half of 
Fig. 7; the upper half of Fig. 7 shows the rotational energy levels for v — 0 
and v — 1. Above each line is shown the transition which produces it. A 
line in the R branch corresponds to an increase of unity in J while one of the 
P branch represents a decrease of unity; in both cases v increases from zero to 
unity. Thus one can always find a line in the P branch and a line in the R 
branch that correspond to transitions ending in a common level. The first 
line R1 of the R branch (v — 2906.5 cm." 1 ) corresponds to J going from zero 
to unity. The second line of the P branch, P2(v — 2843.7 cm. -1 ) begins with 
J — 2 and ends with J — 1. The difference between these lines 62.8 cm." 1 gives 
the energy of the level, v — 0, J = 2. The selection rules do not admit the 
transition = J = 0 to v = 1, J — 0 but a value for the missing line 
(v = 2886.1 cm." 1 ) can be obtained by extrapolating the R branch. Sub¬ 
tracting from this the first line of the P branch, Pl(J — 1 to J = 0) {v = 2865.2 
cm.'" 1 ) an energy of 20.9 cm." 1 is found for the level, v — 0, / = 1. In this 
way the rest of the rotational levels for v = 0 were obtained: the rotational 
levels for v = 1 can be derived in a similar manner. Pairs of lines in the P 
and R branches beginning in a common level are taken to obtain differences 
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between the rotational levels for v — 1. Finally these differences are com¬ 
bined with the energy of the v — 0, ./ = 0 to v = 1, J — 0 transition. To 
convert these energy levels from cm." 1 to ergs requires multiplication by 
he — 1.9856 X 10 ~ 16 where r is the velocity of light. Column 3 gives the value of 
p (the number of levels with energy e differing only in orientation) while column 
4 gives e~ f,kT . To obtain the exponent the energy in cm. -1 is multiplied by 



Spectrum 


6-4 4-8 3-2 2-1 1-0 0-0 0-1 1-2 2-3 3-4 4-6 

P branch JC branch 

Fig. 7. Energy Levels of Hydrogen Chloride (Schematic) 

hcjkT — 1.4383/7 7 . In the fifth column the values of column four are multi¬ 
plied by p and in the sixth they are multiplied by pe. The sum of the values 
in column five gives Q; that of the values in column six gives the other sum 
involved in the calculation of the entropy. These sums are substituted into 
equation (31.7) with the result 

[ 10 / 818 7 \ T 

1 .380.5 X 298.15 ( ioTii ) + 2303 2018 J ' 7 928 - 
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Combining this value with the translational entropy one obtains 44.643 cal. 
per degree per mole for the entropy of hydrogen chloride at 298.15° K and 1 
atm. This calculation was first made correctly by Giauque and Wiebe, 1 using 
a thorough but more intricate interpretation of the infra-red data, but their 
result does not differ essentially from that given above. The procedure used 
here has been employed because it demonstrates clearly the relation of the final 
value to the spectroscopic lines. 

As an illustration of the use of equation (31.7) in a rather complicated case 
we shall, very briefly, consider the entropy of oxygen. The paramagnetism of 
the oxygen molecule is due to two electrons with unpaired spins; the spin 
quantum number 8 is therefore unity. The angular momentum due to the 
spin of the electrons may be at right angles to the nuclear angular momentum 
and therefore the component of S in the direction of the nuclear angular 
momentum, with quantum number K t is zero; the two may be parallel in 
which case K and S are additive, or the two may be antiparallel in which case 
S subtracts unity from K. In this way, for a given value of K, three distinct 
energy levels are produced. If J represents the vector sum of K and S, these 
levels in order of decreasing energy have 7 values of K + 1, K and K — l 
which is the quantum number governing the total angular momentum vector. 
This vector has 27 + 1 orientations with respect to an arbitrary field so that 
27 + 1 = p levels of the same energy correspond to each value of 7. The 
set of energy levels with 7 = K + 1 are called the F i levels while those with 
J — IC and K — 1 are called the Fi and F z levels respectively. The energy of 
these levels is largely determined by K 2 The F« rotational levels can be 
represented by a formula similar to (35.16) with K replacing J while the F i 
and F 2 levels lie closely on either side. 

Because the nucleus of oxygen has an even number of protons, the wave 
function must be symmetrical in the nuclei (hydrogen and nitrogen have an 
odd number of protons in their nuclei). The symmetry requirements limit 
the values of K to 1, 3, 5, 7, 9, etc. The energy levels involved have been 
obtained from the data of Dieke and Babcock 3 and the entropy has been 
calculated by Giauque and Johnston. 4 

The entropy of oxygen is obtained by adding together the translational 
contribution as given by equation (44.3) and the contribution due to the 
electronic, vibrational and rotation energy levels as given by equation (31.7). 
The values of € to be used in (31.7) are due to vibration and rotation together 
with the effect produced by the three relative orientations of the spin angular 
momentum, namely the three groups F i, F z and F z . The values of p have 
already been discussed. Table VIII gives the totals of the terms in the sums 
pe~ tfkT and k~ l T~ l ?.pe~ tlkT due to the levels F h F 2 and F 3 respectively corre¬ 
sponding to the vibrational quantum number v = 0 and v =*= 1 , The contri- 

1 J. Am. Chem. Soc„ 50, 101 (1928). 

* Mulliken, Phys . Rev. f 32, 880 (1928). 

s Proc. Nat. Acad. Sci ., 13, 670 (1927). 

4 J. Am. Chem , Soc ., 51, 2300 (1929). 
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TABLE VIII * 



Sums in the Entropy 

Equation for Oxygen at 

298.16° K 



2 P e-«/*r 

jL-2'pe-tlkT 

Fu 

v — 0. 

. 83.831 

77.959 

Ft, 

v = 0. 

. 72.882 

72.628 

Fz, 

r = 0. 

. 63.155 

67.363 



219.868 

217.950 

(Fx 

+ A + F,), v = 1. 

. 0.125 

1.055 

(Fx 

+ F,+F,), v=2 . 

.000 

.000 



219.993 

219.006 


butions for v > 1 are negligible. The sums are obtained by adding the parts 
due to F i, F 2 and Fz and are then substituted in (31.7). 

The entropy of oxygen at 298.10° K obtained in this way is 49.03 cal. per 
degree per mole. The reader will find it of value to check this result as well 
as the entries of Table VIII. 

(46) The Entropy of Hydrogen and the Third Law of Thermodynamics: As 

has already been seen, when the nuclear spin varieties of hydrogen (? = l /> y 
n = 2) are brought to equilibrium at high temperatures, one quarter of the 
hydrogen consists of molecules with the single antisymmetric nuclear spin wave 
function (para) and three quarters consists of molecules with equal parts of 
the three symmetric nuclear spin wave functions (ortho). There are thus 
2 2 = 4 nuclear spin wave functions among which the molecules are equally 
divided. Since ordinary hydrogen is formed under these conditions this 
situation exists in ordinary hydrogen. In the absence of a magnetic field the 
nuclear spin functions cannot change, one into the other, as the temperature 
is lowered into regions where the distribution can no longer be regarded as 
classical: hence, the nuclear spin states are still in equal ratios and no longer 
in equilibrium as the gas is cooled. The molecules of ordinary gaseous hydro¬ 
gen must be considered as equally divided between four kinds, and the entropy 
of each must be calculated separately. Let the molal entropies of the gases 
be Si t $ 2 f $3 and the total entropy of a mole of mixture will then be 1 

S = \\ -f- S 2 Sz -f- S 4 ) -f- R In 4. (46.1) 

Let Si be the molal entropy of the molecules with the antisymmetric nuclear 
wave function. The translational entropy is given by equation (44.3) with 
p, * 1, and the rotational and vibrational entropy by equation (31.7) in which 
the sums are taken only over even rotational states. The entropies S 2 , S$ 
and Si are respectively the molal entropies of the molecules with the three 

* The values given in this table are given in terms of earlier values of the fundamental 
constants. (See Giauque and Johnston, J. Am. Chcm, Soc ., 51, 2300 (1929)). 

1 Giauque, J. Am. Chem. 80 c. } 52, 4S16 (1930). 
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kinds of symmetric wave functions. The translational entropy of each is again 
given by equation (44.3) with p 9 equal to unity, but the rotational and vibra¬ 
tional entropies are now given by equation (31.7) with the sums carried out over 
the odd rotational levels. The entropy of hydrogen in the ideal gas state is, 
therefore, given by 


f Tupte~ tlkT 1 

8 = + K* [ Ype-^r ~ '~Pc-" kl J 

+ /iH £ 


2 P V‘^-- h '* pe _ 


+ R In 4, (46.2) 


where the second and third terms of the right-hand side are respectively the 
rotational entropies due to the para and ortho rotational states, and the last 
term is the entropy of mixing. Only at temperatures where the distribution 
may be regarded as classical clo the two bracketed quantities in equation (46.2) 
become equal: such temperatures are reached at about 300° K. 

In this way the entropy of hydrogen at 298.16° K in the ideal gas state at 
1 atm. is found to be 33.98 cal./deg./mole, the entropy due to nuclear spin being 
included. 

If the situation in the crystal of ordinary hydrogen is that pictured for the 
general case, the value for the entropy of hydrogen just obtained should exceed 
the third law value by R In 4 = 2.75 cal./deg./mole, which would be the entropy 
of the crystal at very low temperatures due to nuclear spin. However it 
appears that ortho-hydrogen rotates in the crystal at low temperatures (10° K), 
and is in the rotational level with J = 1. Thus there are 2.7 + 1 = 3 rota¬ 
tional states of ortho-hydrogen of approximately the same energy but differing 
in their orientation in space. Each of the three varieties of ortho-hydrogen 
distinguished by their nuclear spin wave functions may have any one of these 
three rotational levels, so that nine kinds of molecules are possible all with the 
same probability. In other words nine wave functions correspond to ortho¬ 
hydrogen. These constitute three quarters, i.e., nine twelfths, of the total, 
so that each kind forms one twelfth of the total. The para-hydrogen is in the 
lowest rotational state and, therefore, has only one rotational wave function, 
viz., that corresponding to no rotation at ail. Because there is only one nuclear 
spin wave function, the antisymmetric, only one wave function corresponds to 
the para-hydrogen which forms one quarter, i.e., three twelfths, of the total. 
The entropy of mixing of the different kinds of hydrogen is then 


s = — R [}{2 111 J 12 4“ 9(Ml2 l n K 2 )] 

= — R[}i In l /i + % In H 2 J = 4.39 cal./deg./mole. (46.3) 


Since any one of the kinds of hydrogen would be assigned zero entropy at the 
absolute zero, this is the entropy of the crystal instead of the R In 4 (2.76 
cal./deg./mole) which would be present if the ortho-hydrogen was limited to one 
kind of rotational level. Thus the entropy measured using the third law and 
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the calorimetric data from 12° K to 298.15° K should be 38.98 — 4.39 = 29.59 
cal./deg./mole at 298.16° K. The value actually found is 29.74 cal./deg./mole. 

At 10° K the crystal of hydrogen with its nine kinds of ortho-hydrogen 
behaves as though the three rotational energy levels had the same energy. 
They are present in equal amounts and the heat capacity shows nothing to 
indicate that there will eventually be a reorientation to a single rotational level 
with .7—1 due to a slight energy difference between the three rotational levels. 
Thus extrapolation is made on this basis so that the whole third law calculation 
is based correctly on the situation given. From measurements on solid 
hydrogen (25 per cent ortho, 75 per cent para) in the region 2° K to 10° K, 
it has been found 1 that at 2° K the heat capacity of hydrogen is many times 
that predicted on the basis of the theory of the heat capacity of crystalline 
solids, and that the effect persists up to almost 10° K. The results are shown 
in Fig. 8 (curve />). This discrepancy is undoubtedly due to the fact that the 



Fia. 8. Heat Capacity of Solid Hydrogen: Curve 6—Ordinary Hydrogen; Curve a —50% 
Para-hydrogen; Curve c —80% Para-hydrogen; Curve d —100% Para-hydrogen 


three rotational levels of ortho-hydrogen with J =* 1 do not have exactly the 
same energy in the crystal. In the region below 10° K this energy difference 
between the three quantum states belonging to the rotational level J = 1 causes 


1 Mendelssohn, Ruhemann and Simon, Z. physik. Chem ., B, 15, 121 (1931). 
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the Boltzmann law to favor the lowest of these levels because now the tem¬ 
perature is very low and we are dealing with a ratio of numbers in the states 
given by e~ AB/kT . In other words the three rotational levels are tending to line 
up and at 2° K this process is occurring to a marked degree. The additional 
heat capacity, over that predicted by the Debye theory of crystalline solids 
(cf. p. 620), is due to the energy required to raise the lowest of the three rota¬ 
tional levels into the other two of higher energy with increasing temperature, 
as the Boltzmann distribution law requires. 

It has already been pointed out, that, if hydrogen is cooled down to 10° K 
in the presence of a catalyst which allows the molecules to change their spin 
wave function, practically all the molecules end up in the lowest (J — 0) 
rotational level which has the antisymmetric wave function for the nuclear 
spins. If the catalyst is removed while the temperature is low, and the gas 
is allowed to warm up, the antisymmetric wave functions cannot change into 
symmetric ones and the gas has only even rotational levels; in other words it 
is para-hydrogen. Mendelssohn, Huhemann and Simon measured the heat 
capacity of pure solid para-hydrogen between 2° K and 10° K and found a 
heat capacity curve in agreement with the Debye theory. This is to be ex¬ 
pected as the solid contains only molecules which can assume the rotational 
energy level with J — 0 which has no degeneracy (2 J + 1 — 1). At these 
temperatures, therefore, practically all the molecules are in the lowest rotational 
level since the level with J — 2 has a much higher energy; hence, only the 
elastic vibrations of the solid determine the specific heat. The results for 
pure para-hydrogen are shown on curve d of Fig. 8 in which (a) and (c) are 
for 50 per cent and 20 per cent ortho-hydrogen respectively. The deviation 
from the curve for para-hydrogen, as would be expected, is proportional to 
the percentage of ortho-hydrogen. 

If curve (5) which is for ordinary hydrogen could be extended to the abso¬ 
lute zero the entropy increase from 0° K to 12° K could be obtained from it 
and used in place of the value obtained by extrapolation of the results which 
only extended to 12° K to obtain the entropy of hydrogen at 298.16° K. At 
12 ° K the rotational levels with J = 1 have not yet started to line up so that 
extrapolation was made to a solid at the absolute zero with these three levels 
of different orientations of ortho-hydrogen present in equal amounts. This 
solid has an entropy given by equation (46.3). On the other hand the solid 
obtained by experimental cooling to 0° K has 25 per cent of para-hydrogen in 
the level J = 0 and 75 per cent of ortho-hydrogen in only one of the levels 
with J = 1 namely that of lowest energy but equally distributed among the 
symmetrical nuclear spin wave functions. Thus there are four kinds of hydro¬ 
gen present in equal amounts and the entropy of the solid is 

S « - R(H In H). (46.4) 

This is just exactly the entropy due to nuclear spin; hence, the entropy of 
ordinary gaseous hydrogen obtained using experimental heat capacity data 
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down to well below 2° K would be the entropy of gaseous hydrogen less that 
due to nuclear spin namely 33.98 — R In 4 — 31.23 cal./deg./mole. 

(47) Entropy of Molecules Having Classical Excited Rigid Rotation—Sulfur 
Dioxide: The application of equation (32.18) to the rotational entropy of a 
classically excited diatomic molecule and to rigid polyatomic molecules is 
easily made by substitution of the respective partition functions as given by 
equations (41.1) and (41.2). In this manner the following equations are ob¬ 
tained for rotational entropy. 

Diatomic Molecules: 

T 8t r 2 IkTl 

+ a7 J 

or, inserting the numerical values of the constants, 

S r - RZ In IT — In <r + 89.408]. 

Rigid Polyatomic Molecules: 


(47.1) 

(47.2) 


Sr = *‘>R + R In ' (8 t PABCy^kTf 1 * (47.3) 

oh. 

or, with the numerical values of the constants substituted, 

Sr = fl [?2 In T 4- HR In ABC - In <r 4* 134.687]. (47.4) 

These values must be combined with the translational entropy as given by 
equation (44.3) and the vibrational entropy in order to obtain the total entropy. 

The vibrational entropy for a single mode of vibration is simply computed 
by substituting the vibrational partition function into equation (32.18); thus 

[ d In q „ 1 Rx 

In q» 4- T— L J - —~ - R In (l - <r*). (47.5) 

Values of the quantities involved in this equation are tabulated in Appendix I. 

As an example of the method of computation we shall consider the entropy 
of sulfur dioxide at 298.15° K; this is a nonlinear polyatomic molecule and 
equation (47.4) applies. Combining equation (47.4) with equation (44.3), 
taking p, equal to unity and R as 1.9869, we obtain for the total entropy 

S - H X 4.575 log M 4- 4 X 4.575 log T - 4.575 log P 

4- H X 4.575 log ABC - 4.575 log <r 4- 265.289 + £ S v , 

where S P is the entropy of the mode of vibration of fundamental frequency v 
and the summation is extended over three such modes in this case. 

The distance between the sulfur and oxygen atoms in sulfur dioxide is 
1.46 rb 0.02 A and the bond angle is 122 db 5°; 1 using these data ABC is 
1 Cross and Brockway, J. Chem . Phya 3, 821 (1935). 
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found to be 9.819 X 10 -116 g.cm. 2 ; the symmetry number <r is 2, and the 
molecular weight is 64.06 g. 

Sulfur dioxide has three atoms and therefore 3X3, i.e., 9, degrees of free¬ 
dom. Six of these are for translation and rotation so that the remaining three 
are vibration: the fundamental vibration frequencies are v x = 525, v 2 ~ 1152 
and v z = 1361 cm. -1 . 

Table IX summarizes the calculation of the entropy at 298.15° K based on 
these molecular data. 1 

TABLE IX 

The Entropy of Sulfur Dioxide from Spectroscopic and Molecular Data 
at 298.15° K and 1 Atm. 


Entropy 
Cal./Dog./Mole 

% X 4.575 log M . 12.40 

4 X 4.575 log 298.15. ... 45.28 

—4.575 log P . 0.00 

l /2 X 4.575 log ABC. . . —263.08 

-4.575 log 2. -1.38 

265.289. 265.289 


58.51 


for 525 cm." 1 . 0.000 

S v for 1152 cm~ l . 0.051 

Sy for 1301 cm. -1 . 0.022 

Total. 59.18 

(48) Entropy Due to Electron Degeneracy: At high temperatures equation 

(47.2) with a — 2 can be used to calculate the entropy of oxygen; to this must 
be added the translational contribution, as calculated from equation (44.3), and 
the vibrational contribution. In this calculation we assume that the three 
states of oxygen, differing in the orientation of the two unpaired electron spins, 
have the same energy. Thus p 8 must be placed equal to three in equation 

(44.3) . 

THE THIRD LAW AND STATISTICAL MECHANICS 

(49) The Comparison of Third Law Entropies with Those from Statistical 
Mechanics: According to the discussion of the previous paragraphs the third 
law of thermodynamics is a direct result of statistical mechanics and the second 
law of thermodynamics if it states that the entropies of “perfect” crystals at 
the absolute zero are zero. By a “perfect” crystal is meant one that has an 
ordered arrangement. That the law thus stated is true is demonstrated by the 
number of cases in which entropies of gases as obtained from the calorimetric 
data down to low temperatures (“calorimetric” entropies) agree with those 
obtained from the spectroscopic and molecular data (“ spectroscopic ” entropies). 

Table X compares the “spectroscopic” entropies of a number of gases, with 

1 Giauque and Stephenson, /. Am. Chem. Soc ., 60, 1389 (1938). 









588 


A TREATISE ON PHYSICAL CHEMISTRY 


TABLE X 

Entropies from Spectroscopic Data Compared with those from the Third Law 
of Thermodynamics at 298.15° K and 1 Atm. 


Ideal Gas 

Practical Fntropy 
(Ideal tins at 1 Atm.) 

Cal./Deg./Mole 

Discrepancy 
Speet. — Cal. 
Cal./Deg./Mole 

Notes on the Discrepancy 

Spectroscopic 

Calorimetric 

«HC1 

44.64 

44.5 



t HRr 

47.48 

47.6 



'HI 

49.4 

49.5 




45.78 

45.9 



'(>2 

49.03 

49.1 



/Cl, 

53.31 

53.32 



«H, 

31.23 

29.74 

1.49 

—R0 4 In4* In Y\ 2 —In 1 4 ) = 1.63 

h CO 

47.31 

46.2 

1.11 

R In 2 =1.38 

*II 2 () 

45.10 

44.28 

0.82 

R In J 4 =0.806 

J'HaS 

49.10 

49.15 



*co s 

51.07 

51.11 



'cos 

55.37 

55.27 



**n 2 o 

52.58 

51.44 

1.14 

R In 2 = 1.38 

n HCN 

48.23 

47.92 



°XH 3 

45.94 

45.91 



*PH« 

50.5 

50.35 



«(CN)a 

57.88 

57.64 



*"(''! I 4 

44.35 

44.30 



•SO, 

59.18 

59.24 



'C 2 H 4 

52.47 

52.48 



«CH.iBr 

58.74 

58.61 



•CH,G1 

55.98 

55.94 




° Giauque and Overstreet, J. Am. Chern. Soc., 54, 1731 (1932); Giauque and Wiebo, ibid., 
50, 101 (1928). 

6 Giauque and Wiebe, ibid., 50, 2193 (1928). 
c Giauque and Wiebe, ibid., 51, 1441 (1929). 
d Giauque and Clayton, ibid., 55, 4875 (1933). 

6 Giauque and Johnston, ibid., 51, 2300 (1929). 

i Giauque and Overstreet, ibid., 54, 1731 (1932); Giauque and Powell, ibid., 61, 1970 
(1939). 

* Giauque, ibid., 52, 4816 (1930). 

h Clayton and Giauque, ibid., 54, 2610 (1932); Clayton and Giauque, ibid.., 55, 5071 (1933). 

* Giauque and Ashley, Phys. Red., 43, 81 (1933); Giauque and Stout, J. Am. Chem. Soc.., 
58, 1144 (1936); Giauque and Archibald, ibid.. 59, 561 (1937); Giauque, ibid., 59, 1157 (1937). 

1 Clusius and Frank, Naturwiss,, 24, 62 (1936); Giauque and Blue, J. Am. Chem. Soc., 58, 
831 (1936). 

k Giauque and Egan, J. Chem. Phys. 5, 45 (1937). 

1 Kemp and Giauque, J. Am. Chem. Soc., 59, 79 (1937). 
m Blue and Giauque, ibid., 57, 991 (1935). 
n Giauque and Ruehrwein, ibid., 61, 2626 (1939). 

0 Giauque, Blue and Overstreet, Phys. Rev., 38, 196 (1931); Overstreet and Giauque, 
J. Am. Chem. Soc., 59, 254 (1937). 

v Stephenson and Giauque, J. Chem. Phys., 5, 149 (1937). 


Continued on next page, 
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the “calorimetric” entropies. In all eases the “colorimetric” values were 
obtained from (lata down to at least 14° K and have been corrected to the 
ideal gas state at one atm. The “spectroscopic” entropies are the “practical” 
entropies at 1 atm. obtained by subtracting the limiting high temperature value 
of the entropy due to nuclear spin from the total entropy. Except for hydrogen, 
this is the value obtained by neglecting the effect of the nuclear wave functions 
altogether. Column four of Table X gives the discrepancy between the 
“spectroscopic” and “calorimetric” entropies. We have already seen the 
cause for the discrepancy in the case of hydrogen, namely, that more entropy 
exists in the solid state considered (extrapolated) than the nuclear spin entropy 
of R In 4. This excess is due to the rotation of the ortho-hydrogen. The clean- 
cut explanation of this discrepancy is a strong indication of the correctness of 
the third law. The discrepancies in the case of carbon monoxide, nitrous 
oxide and water can now be considered. 

(50) The Entropy of Imperfect Crystals at the Absolute Zero: Suppose that 
a crystal does not have its molecules in a completely ordered array due to the 
fact that the molecules are differently oriented. Let us suppose that there are 
p possible orientations of equal energy. We can consider the crystal as a solid 
solution, perfect in nature, of p possible molecular species differentiated by their 
orientation. The additional entropy in the solid is then the entropy of mixing 
of these species. If there is a mole fraction Xi of the ith kind of molecule, this 
entropy of mixing is 

Am = - R f XiAuxi . (50.1) 

i" i 

In carbon monoxide the oxygen atom is surrounded by the same number of 
electrons as the carbon atom so that a rotation of the molecule through 180° in 
the crystal will produce little change in energy. Thus, by the Boltzmann 
distribution law there will be no discrimination between the oxygen and carbon 
ends of the molecule in the crystal until the temperature is sufficiently low to 
make appreciable the small energy difference produced by rotation of the 
molecule through 180°. If the energy difference were truly zero, there would 
be two types of carbon monoxide molecule at the absolute zero, differing in 
their orientation by 180°, randomly distributed throughout the crystal. The 
residual entropy would thus be R In 2 by equation (50.1). On the other hand, 
at very low temperatures it becomes increasingly difficult for the molecule to 
turn in the crystal as the temperature is lowered. Thus, at temperatures 
where the small energy difference between the two orientations tends to cause 


Ruehrwein and Giauque, J. Am. Chem. Soc .. 61, 2940 (1939), 
r Giauque, Blue and Overstreet, Phya. lien., 38, 196 (1931). 

* Cross, J. Chem. Phys., 3, 825 (1935); Giauque and Stephenson, .7. Am,. Chem,. Soc., 60, 
1389 (1938). 

1 Egan and Kemp, ibid., 59, 1264 (1937). 

« Egan and Kemp, ibid., 60, 2097 (1938). 

* Messerly and Aston, ibid., 62, 886 (1940). 
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all the molecules to be arranged in a regular manner throughout the crystal, 
it is likely that the rate of turning of the molecules would be inappreciable. 
In this situation the crystal would be cooled to the absolute zero in a non¬ 
equilibrium configuration which had a residual entropy of R In 2. In this 
manner the discrepancy between the calorimetric and spectroscopic entropies 
can be explained. 

The discrepancy with nitrous oxide, which is a linear molecule, NNO, is 
similarly explained. Figure 9 is a schematic diagram of the situation at low 
temperatures in the case of crystalline nitrous oxide. No matter how large 
the unit chosen is taken, it is not repeated in the crystal. 


NNO, 

NNO, 

ONN, 

NNO, 

ONN, 

ONN, 

ONN, 

NNO 
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ONN, 
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Fig. 9. Schematic Arrangement in One Plane of Molecules in Crystalline 
Nitrous Oxide at Low Temperatures 

The discrepancy in the case of water can be explained in a similar manner 
but here the arrangements to be considered are more complicated. Theory 
predicts a false equilibrium with a random orientation corresponding to an 
entropy at the absolute zero of R In % = 0.806 cal./deg./mole. 1 

If there are several states (say co 0 ' in number) of equal energy due to 
electron spin, corresponding to the lowest electronic level, these states may be 
mixed in equal quantities in the crystal down to the lowest temperatures used 
in third law work (usually 10° to 12° K). Thus extrapolation is made on this 
basis in obtaining the third law entropy, and the crystal form to which the 
extrapolation applies has an entropy of R In co 0 '. Crystalline oxygen does not 
belong to this class as the degeneracy of the lowest electronic state in the gas 
( 3 2) is removed in the crystal. However, certain salts of rare earths undoubt¬ 
edly belong to this class. In these cases the entropy R In «</ can be removed 
by going to sufficiently low temperatures. For example, oio 7 for gadolinium 
sulfate is eight but part of this degeneracy can be removed by cooling to 
about 0.1° K. Extrapolation of third law data down to 0.1° K gives an 
entropy only R In 2 too small but extrapolation of data down to 10° K gives 
an entropy for a gadolinium salt which is R In 8 too small. This subject is 
taken up in detail in a later paragraph. 

(51) The Classical Rotational Partition Function for Molecules With Free 
Internal Rotation: We shall assume that all the rotational degrees of freedom 
are separable from the vibrational but not necessarily from each other; thus, 

Q — Qr(qv)r(qr )2 * * * (qt>)fc> (51*1) 

1 Pauling, /. Am .. Chem . Soc. t 57, 2680 (1935). 
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where Q r is the partition function for all rotational degrees of freedom. We 
shall now evaluate Q r for the classical case on the assumption that no potentials 
Hinder the internal rotations. 

Let 0, 0 and \p (the Eulerian angles) which orient the molecule as a whole 
he denoted by q h and q$ and let the angles to,, o> 2 , • • •, which orient the 
internally rotating groups be denoted by q i} g 5 , • * •, q 8 . The classical rotational 
kinetic energy is given by 

T = X £ RiMh (51-2) 

i.y-i 

where the Rij contain the q’s. Let the momenta corresponding to q\, 
be given by p if * • p a ; there are then s equations of the form 

V ' d<ji 

The rotational kinetic energy is given in terms of the momenta by 

I ~ / 2 P Up ip it (51.4) 

i,j «*! 


* * • , <1* 

(51.3) 


where the Pn contain the q 's and may be obtained by solving equations (51.3) 
(after differentiating) for the q 's in terms of the p ’s and substituting in equation 
(51.2). The Pif s are thus expressed in terms of the determinant 


m = 


/t?n R u> • • * Ris 

R 21 Rvi • • • # 2 . 

Rs 1 Rtt'l * * * Rita 


(51.5) 


and its first minors. 

If the internal rotation is free there is no potential energy and the classical 
value of Q r is then given by 


Qr = 



It has been shown by Eidinoff and Aston 1 that the integration with respect to 
all of the momenta can be carried out for the general case giving 



( 2ttJcT V /2 

v ) 


If 


[i?] 1/2 dgr • -dq„ 


(51.6) 


>./. Chem. Phy.H., 3, 37fl (1935). 
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where <r is the number of equivalent positions of the molecule that can be 
produced by turning about axes of symmetry counting the <r' that can be 
produced by turning the whole molecule and the a" that can be produced by 
internal rotation, i.e., a = cr'a", or 

i / 2rkT \* /2 r r 

Q r = ■ ( ) I f ZRJ l2 ddd<t>dxPda>i • • • dcj s ^ (51.7) 

Kassel 1 has shown that the integration with respect to 6 , <j> and \p may be 
performed, giving 

1/2ttA:7 t Y /2 P' P t 

Qr “ , V “F" / 87r " Jo “Jo ‘ • * ^ 5L8 ) 

where is defined by 


[5] = 


A’„ • 

A 1,« —3 

7), 

7?, 

F, 

A\_,., 

' * * A*„3 iS -3 

7)«_3 

/A-3 

F,_ 

/>> •• 

• Z).-a 

.r 

-U;/) 

- !*-] 

A’t • • 

A«_3 — 

l* r z/l 

73' 

— 

F, •• 

• A fi _ 3 - 

M 

-1^1 

C" 


where Kij is the coefficient of the term cb t *coy in the kinetic energy expression 
and D{, Ei and Fi are such that the total contributions of the internal rotations 
to the angular momenta about axes AT, Y and Z fixed in the molecule are 
respectively 

i—s —3 i*r,s—Z t=»—3 

Z D^i, D and £ fW 

t -1 i -1 1=1 


The terms ^4', B f and C' are the moments of inertia of the whole molecule about 
these axes (external moments) while the terms { xy } etc., are the corresponding 
products of inertia, i.e., 

A' = X mkOjk 2 + Zk 2 ) 

k 


and 


[xy] = X m kXj c yk, 

k 


1 Ibid., 4 , 276 ( 1936 ). 



THE THIRD LAW OF THERMODYNAMICS 


593 


where x k , ijk and z k are the coordinates of the &th atom. The terms D if Ei 
and Fi consequently arise from the interaction of the external rotations with 
the internal rotations. 

If the rotations within the molecule are only those of rigid groups which 
are attached to a single atom or a rigid framework of atoms, [$3 may be 
further simplified: examples are tetramethyl methane, trimethyl ethylene, 
isopropyl alcohol (but not butane which consists of a methyl and an ethyl 
group which itself has an internal rotation, substituted in methane). Under 
these circumstances [>S] is given by 


[£] - KiK« • • • AV 3 


A' -{XX] 

-U.vl -{VI 

-M - {x*d 


-{•n/ j-{Xju) -{•rzl-fXvj 

B' -{mm) -\yA -Im*'! 
-\vA -VA c -{ w\ 


( 51 . 9 ) 


where K i, 7v 2 , X 3 , etc. are the moments of the (s — 3) rotating groups about 
the bonds joining them to the rigid framework of atoms and 


= E 


t'-.~ 8 —3 

{XX} = E X,x, Ki, 

i=*»l 


(51.10) 


in which X,;, ju» and Vi are the direction cosines of the axis of the ith top with 
respect to the axes X, Y and Z fixed in the molecule. Writing [123 for the 
determinant on the right-hand side of equation (51.9), this becomes 

D$0 = K.K2 • • • AV 3 [S2]. (51.10) 

The determinant [123 depends upon wi, cm 2 , * • •, to* because A', /?', C", \xy ), {yz J 
and \xz] depend on the phase of revolution of the rotating groups. 

If the rotating group is one, such as a methyl group, for which the axis of 
rotation is a principal axis, the value of 12 is independent of the phase of the 
rotation as given by the angle coi. Integration with respect to this variable 
merely produces multiplication of the integrand by 2t. If, therefore, all the 
rotating groups are of such a kind, equation (51.8) becomes 

1 /2TrkT\*i* 

Qf = A “xr ) ••• Av 3 mi l/2 * (5i.ii) 

It will be noted that equation (51.11) differs from equation (41.2) by the factor 
(27 t) ( *~ 3) times (2'rrkT/h 2 ) ( ' i, ~ 3)l2 times the square root of the product of the 
moments of the internally rotating groups about their axis of rotation, and 
also that [123 replaces, but is only slightly different from, ABC as given by 
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equation (41.3). The determinant [0] contains theterms X t , m etc., while ABC 
as given by equation (41.3) does not. These terms are due to the interaction 
between the external and internal rotations. 

If the terms in Xy, juy, etc. may be neglected from [ft], Q r takes on the form 


T 8 tt * / 2irkT V 2 1 ,= ; 7 3 T / 2irkT V' 2 1 

« j (5U2 » 


in whicli A, B, C are tlie principal external moments; hence, 


Qr = (Qroxt 


.) If Ti, 

f — J 


(51.13) 


where Q rC x t. is given by (41.2) with a' replacing cr, and 


Ti 



(51.14) 


is the partition function for the internal rotation of a group whose moment is 
Ki about its axis of rotation. This approximation is possible when the ex¬ 
ternal moments are large, as they are in tetramethyl methane, and the moments 
of the internally rotating groups are small. A better approximation is obtained 
by using the reduced moments of the rotation about the respective axis instead 
of These are defined by 


KI n 

Ire d. — jr _|_ ft j (51.15) 

where In is the moment, about the axis of rotation, of all the molecules except 
the group where internal rotation is being considered. In using equation 
(51.14) I rc d. is always employed instead of Ki. Even if the internally rotating 
groups are not symmetrical, as is the case with the hydroxyl group, equation 
(51.12) is valid if the groups have comparatively small moments. Evidently, 
then, for a rigid rotor, (51.G) reduces to (41.2) and the above treatment is a 
proof of the latter equation. 

By substituting equation (51.6) into equation (34.7) it is seen that 

E r = “ RT, (51.16) 

while substitution into (34.8) gives 

(51.17) 

Both of these results follow directly from the principle of equipartition. 

(52) The Entropy of Complex Molecules with Classically Excited Free 
Internal Rotation—Silicon Tetramethyl: The procedure differs from that used 
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in the case of a rigid rotor as exemplified by sulfur dioxide in that, in general, 
equation (51.6) replaces (41.2) for the rotational partition function. For sym¬ 
metrical internally rotating groups attached to a rigid frame (51.11) is used 
instead. In the latter case, the expression for the rotational entropy to be 
used in place of (47.3) is 

/ ”87r 2 (2 7 r Y»-* ) {KHU • * • AV 3 [a]j 1/2 - R In <x, (52.1) 

which, separating the constants, becomes 

S r = ; R i n T + Jin K x K t • * • 

L L * 

- R 111 cr - 0? - 3)45.292# + 134.687#. (52.2) 

As an example we shall outline the method of calculation of the entropy of 
silicon tetramcthyl; this substance has three external and four internal rotations 
making a total of seven. The Z axis is taken along the bond between the 
silicon atom and carbon atom number one, with the origin at the silicon atom. 
The A" axis is chosen so that the XZ plane is coincident with that determined 
by the silicon atom and carbon atoms one and four. Carbon atom number 
two is placed so that its ^-coordinate is negative. Silicon tetramethyl has 
been shown to have tetrahedral angles between the carbon-silicon bonds and 
thus is a symmetrical top. Therefore, any X, Y and Z axes are principal axes 
and { xy\ = \yz) = {zx} = 0. The moments A = B — C are found to be 
283.1 X 10“ 40 g.cm. 2 from the bond distances (C — Si, 1.93; C — H, 1.09 A). 

It is easily shown that v\ (the direction cosine of the bond between the 
silicon atom and carbon atom number one with the Z axis) is unity while 
V 2 = vz — — H . Further, 

X, = 0, X 2 = X 3 = 06) I/2 , = 2(H) m 

and 

Mi * 0, M 2 = - (Vs) 112 , Ms * m) l,2 f Mi = 0. 

Thus, 

{ X^} = (X-f X2^2 4- X;^3 + X^ 4 ) 

= 0X14 (%) m X 4- ( 2 {0 ,/2 h ~ 2 {H) m X 

= 0. 

Similarly 

{Xm! =0 and {yv} — 0, 

while 

{XX) = !mm! = \w\ = XK- 

The value of K is readily calculated to be 5.27 X 10"" 40 if the C — H distance 
is taken as 1.09 A and tetrahedral angles are assumed between C —H bonds; 


S r = Q # + # In 


/ 2irkT\ 

U / 
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thus 

MOO 

[&] = (5.27 X 10~ 40 ) 4 0 M 0 

0 0 M 

[where M = (283.1 - 4 a X 5.27) X 10 " 40 ] 
or 

[£] = (5.27 X 10“ 40 ) 4 (210.5 X 10~ 115 ) - 162.37 X 10~ 272 . 

The symmetry number is a = cr'cr" — 12 X 3 4 . The factor a" = 3 4 arises 
because for each of the twelve sets of exchanges of identical atoms produced 
by rotation of the molecule as a whole, there are three positions produced by 
rotation of each methyl group (3 4 in all) which merely differ by interchanges 
of atoms. 

The vibrational entropy is obtained as described before. The fundamental 
frequencies of vibration of the carbon-silicon skeleton are 598(1), 202(2), 
239(3), 800(3) cm. -1 where the numbers in brackets represent the numbers of 
fundamental frequencies of the value given. Thus the entropy obtained for 
a single fundamental frequency of 202 cm." 1 must be multiplied by two. The 
fundamental frequencies due to vibration within a methyl group are 1264(1), 
1427(2), 2905(1), 2963(2) cm. -1 There are four times this number of vibrations 
counting all methyl groups. Finally, there are eight modes of vibration in 
which methyl groups rock without changing their internal configuration. The 
fundamental frequencies due to these modes are missing from the Raman and 
infra-red spectra, but by analogy with other molecules we can guess that they 
are about 950 cm. -1 Thus we have forty-one modes of vibration or vibrational 
degrees of freedom; in addition there are three translational and seven rota- 

TABLE XI 

The Entropy of Silicon Tetramethyl at the Boiling Point (299.81° K) 
Assuming Free Rotation 


Entropy 

Cal./Deg./Molo 


Translational (From equation (44.3) = 39.37 

7 A X 4.575 X log 299.81 = 39.66 

A X 4.576 X log 162.4 X 10" 272 = -617.10 

4 X 1.9869 X 45.292 = 359.84 

134.687 X 1.9869 = 267.60 

- 4.575 log 972 = -13.67 

S t +r - 75.70 

S v - 12.00 


87.70 
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tional degrees of freedom making a total of fifty-one. This accounts for the 
three degrees of freedom for each of the seventeen atoms of the molecule and 
therefore all degrees of freedom have been included. 

The calculation is summarized in Table XI. 

(53) Experimental Tests of the Assumption of Free Rotation: A test of the 
assumption of free rotation of groups in organic molecules, that are not obviously 
sterically hindered, can be made by computing the entropy of the substance 
in the ideal gas state as outlined in the previous paragraph jind comparing the 
result with that obtained using the third law of thermodynamics. Table XII 
summarizes the results obtained for a number of substances; except for methyl 
alcohol, the comparisons are made at the normal boiling point given in Column 
2. Column 3 gives the difference (S/ — S c ) between the “ spectroscopic” 
entropy (S/) calculated on the assumption of free internal rotation without 
neglecting interaction and the “calorimetric” entropy ( S c ) from heat capacity 
data down to 12° K. 


TABLE XII 

COMPARISON OF “ C 'aLORIMETKIC M ANI) “ SPECTROSCOPIC ” ENTROPIES IN THE IDEAL 
Gas State of Non-Rio id Polyatomic Molecules 


Compound 

Temperature 
° K 

(8/~.Sr) 

Cal./Deg./Mole 

Potentials 

(keal.) 

Reference 

Methyl alcohol 

298.16 

1.75 

6.40 

a 

Tetramcthylmethane 

282.61 

8.6 

4.50 (4) 

b,c ,e 

Ethane. 

184.10 

1.55 

3.15 (1) 

J 

Methylamine. 

266.84 

1.64 

3.00 (1) 

e 

Propane. 

231.04 

3.4 

3.30 (2) 

f 

Ethyl alcohol. 

351.50 

3.2 

3.00 (1) 
10.00 (1) 

a 

Isopropyl alcohol. . . . 

355.50 

4.2 

3.40 (2) 

5.00 (1) 

h 

Acetone. 

329.30 

0.6 

1.00 (2) 

h 

Dimethylamine. 

280.04 

3.03 

3.46 (2) 

i 

Dimethylacetylene... 

291.00 

-0.3 

0.0 

i 

Silicon tetramethyl. . 

299.82 

1.55 

1.28 (4) 

k 


* Kassel, J. Chem. Phys 4, 493 (1936). 

b Aston and Messerly, J. Am. Chem. Soc 58, 2354 (1936). 
c Pitzer, J. Chem. Phys., 5, 473 (1937). 
d Kemp and Pitzer, J. Am. Chem. Soc., 59, 276 (1937). 
e Aston, Siller and Messerly, ibid., 59, 1743 (1937). 

* Kemp and Egan, ibid., 60, 1521 (1938). 

0 Schumann and Aston, J. Chem. Phys., 6, 480 (1938). 
h Schumann and Aston, loc. cit., p. 485. 

♦Aston, Eidinoff and Forster, J. Am. Chem. Soc., 61, 1539 (1939). 
i Osborne, Garner and Yost, J. Chem. Phys., 8, 131 (1940). 

* Aston, Kennedy and Messerly, J. Am. Chem. Soc., 63, 2343 (1941). 

Except for dimethyl acetylene, acetone and silicon tetramethyl the differ¬ 
ences per rotating group are quite large compared with the estimated error 
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(the calorimetric entropies are accurate to about 0.15 cal./deg./mole). In the 
absence of other information one could not say whether the differences are to 
be attributed to randomness in the crystal, as was found for N 2 0, CO, HUO and 
II 2 , or to potentials hindering internal rotation. In this connection it is note¬ 
worthy that the difference is zero for methyl chloride and methyl bromide 
(Table X) so that there was no randomness in these cases. 

It is possible to distinguish between the two alternatives by reference to 
the equilibrium in a reaction involving one or more of these compounds where 
there is a change in the number of internally rotating groups. Knowing the 
equilibrium constant from direct measurement, and the heat of reaction from 
thermal measurements at some convenient temperature, the value of AS can 
be calculated from equations (1.3) and (1.4). This value of AS can be com¬ 
pared with the one obtained from the “ calorimetric M entropies of the reactants 
and products or the one from the “ spectroscopic ” entropies calculated on the 
assumption of free internal rotation. Such comparisons have shown that the 
calorimetric data are correct and that potentials hindering internal rotation 
must be the cause of the differences in Table XII. In the next section we shall 
see how these potentials can be evaluated either from such differences as those 
in Table XII or from the measured heat capacities of the gaseous substances. 
Column 4 of Table XII gives the potentials calculated to give the best fit with 
the calorimetric data. 

(54) The Rotational Partition Function of Molecules with Restricted 
Internal Rotation: As a first approximation, we shall assume that the rotational 
partition function is separable into that for external and that for internal 
rotations, i.e., that it can be written as in (51.13) 

*«=>»—3 

Qr = (<?r«t.) II (rrr)i, (54.1) 

t=l 

where (Q re x t.) is given by (41.2) and (r rr )i the partition function for the hin¬ 
dered rotation of each internal group. 

The evaluation of r rr was first carried out by Teller and Topley 1 for the 
restricted internal rotation in ethane and their procedure has been applied 
to other molecules directly by Pitzer. 2 

Consider, as a simple example, the hindered rotation of one of the methyl 
groups relative to the other in ethane, and suppose that a repulsive force 
between hydrogen atoms causes the repulsion, although this supposition is not 
essential to the argument. As one group performs a single complete revolution 
with respect to the other, there will be three equally spaced maxima in the 
potential energy and three equally spaced minima, one midway between each 
pair of maxima. A potential function fulfilling these conditions is 

V = MV 0 (1 - cos 3 <fr). (54.2) 


1 J. Chem. Soc ., 885 (1935). 

4 J. Chem. Phya. t 5, 469 (1937). 
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This function is sinusoidal with minima at 0 — 0, 0 = 27T/3, 0 = 47r/3 and 
maxima at 0 = 7r/3, 0 = 7r, 0 = 57r/3. Because of the simplicity of this type 
of function and lack of any further specific knowledge, we choose it for further 
calculation. In the general case of n equal minima this function becomes 

V = K^o(l - cos ?i0). (54.3) 

The wave equation for a rotor with such a potential function will yield the 
necessary energy levels; this equation is 

d 2 0(0) 87T 2 / m l. ^ 

C Er ~ JiJ'oO — COS n0)]0 =0. (54.4) 

Substituting 2 x/n for 0, placing M(x) = 0(0) and 0 = 8T 2 I rcd Voln 2 h 2 with 

32tt */ red . 

= w 2 A 2 ~ (54.5) 


we obtain 

M(/) 

-f (« r -f 20 cos 2z)M = 0, (54.(5) 

ox* 

which is Mathieu’s differential equation. This equation has physically sig¬ 
nificant values of M for certain characteristic values (eigenvalues) of a r only, 
namely a i, a 2 , a 3f etc. From these values of a r we calculate the corresponding 
values of E r using equation (54.5). These values, E i, E 2 , E 3 , etc. are the 
energy levels of the system. To obtain the partition function, these energy 
levels are substituted into equation (21.1). They are non-degenerate so that 
p - 1 for each level; thus, 

rrr = E e-*'* kT . (54.7) 

r 

Provided all n minima are equivalent, values of E r corresponding to wave 
functions of the proper symmetry are obtained by -choosing only the even 
values of a r . Wilson 1 has tabulated the even values of a r up to seven levels 
for rounded values of 6 from 0 to 40. 

(55) The Thermodynamic Functions for Molecules with Restricted Internal 
Rotation: The energy, heat capacity and entropy due to restricted internal 
rotations are calculated by substituting the partition function into equations 
(34.7), (34.9) and (31.11). The values of the energy and heat capacity are 
given in Appendix II, Tables A and B. Instead of recording the entropy 
value the quantity tabulated is the difference between the entropy S rr and 
that ( Sf ) calculated using the free rotational partition function, ri, as given 
by equation (51.14) with a" equal to the number of equivalent minima. The 
values given in Table C of Appendix II, are thus the quantities S 7r — $/, with 

S f = R(- 0.775 + H In T + H In I red. X 10 40 - In n). (55.1) 


1 Chcm. Rev., 27, 17 (1940). 
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In the same way in Table D of Appendix II, instead of the free energy defined by 

FrrIT = - R In r rr , (55.2) 

there are tabulated the values of ( F / — F rr )!T y where 

- Ff/T = R(- 1.275 + H In T + H In /red. X 10 40 - In n). (55.3) 

The significance and use of F/T is discussed in Section (57). 

All values are tabulated as a function of Vo/RT and n 2 //] r 0 with W ex¬ 
pressed in cal. per mole and J re d. in e.g.s. units per molecule. 

As an example of the method we shall use the entropy of isobutane at 
298.15° K in the ideal gas state, as obtained from the calorimetric data down 
to 10° K and the third law, to evaluate the potentials hindering the internal 
rotation of methyl groups in isobutane. 1 The molecule is treated as rigid to 
obtain ABC , the product of external moments (about principal axes through 
the center of gravity) (A = 181.8 X10 -40 , B — C — 106.8 XI0” 40 ). The moments 
do not depend on the position of the methyl groups since these rotate about 
principal axes. Using equations (44.3) and (47.3) with a' = 3 substituted for 
a we obtain for the entropy due to translation and external rotation, 

St+r = 15.18 + 4R In T. (55.4) 

At 298.15° K, this yields the value S t+r — 60.45 cal./deg./mole. The modes 
of vibration due to the carbon skeleton in isobutane are 796 (1), 967 (2), 
372 (1), 436 (2) cm.' 1 . The internal modes of vibration for each methyl group 
are 2900 (3), 1355 (1), 1453 (2), while those due to the single hydrogen on the 
carbon atom are 2900 (1), 1167 (2) cm.' 1 . The number in brackets after each 
frequency gives the corresponding number of modes. The six modes of vibra¬ 
tion in which methyl groups rock without changing their internal configuration 
are each given the average value 950 cm. -1 by analogy with other molecules. 
The vibrational entropy at 298.15° K is then found to be 4.14 cal./deg./mole. 
The total entropy for translation, external rotation, and vibration is then 
64.59. The six degrees of freedom of rotation and translation together with 
the thirty-three of vibration total thirty-nine. The fourteen atoms require 
forty-two degrees of freedom leaving three for the three internal rotations of 
the methyl groups. The “calorimetric” entropy is 70.43, so that 5.85 cal./ 
deg./mole are due to the rotations of three methyl groups, i.e., 1.95 for each. 
The reduced moment / re d. is found to be 5.2 X 10" 40 g.cm. 2 ; hence, by equation 
(55.1) (with n = 3) we obtain 3.59 for Sf , and Sf — S rr is thus 1.64 cal./deg./ 
mole. The hindering potential to produce this value of Sf — S rr is found from 
Table C of Appendix II, to be 3.87 keal. per mole. 

The potentials given in column 4 of Table XII have been obtained by the 
method outlined for isobutane. In cases where there is more than one kind of 
internally rotating group present in the molecule, the potentials hindering all 

1 See Aston, Kennedy and Schumann, J. Am. Chem. Soc., 62, 2059 (1940). 
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except one kind of group were estimated by analogy with other molecules. 
The contribution of these groups to the entropy was then calculated and added 
to that of all the other degrees of freedom except the internal rotation whose 
potential was to be evaluated. Subtracting this total from the calorimetric 
entropy gave the entropy due to the group (or like groups) whose potential 
could then be evaluated just as it was for the methyl groups in isobutane. For 
example, in the case of isopropyl alcohol the potential due to the methyl groups 
was taken to be between the values in propane (3.30 kcal.) and in isobutane 
(3.87 kcal.) and given the value 3.4 kcal. On this basis, information was avail¬ 
able to calculate all but the entropy contribution of the OH group. To obtain 
agreement with the calorimetric entropy it was necessary to take the potential 
hindering the internal rotation of the OH groups as 5 kcal. When potentials 
are thus determined to fit the calorimetric data and then used to calculate 
thermodynamic functions at higher temperature any error due to estimated 
(or guessed) frequencies in the vibration spectrum is largely eliminated. 

It is evident that if the vibration spectrum and moments of inertia are 
known for a polyatomic molecule with hindered internal rotations, it is possible 
to evaluate the hindering potentials from the measured gaseous specific heats 
corrected to the ideal gas states. To do this the heat capacity contributions 
due to all the degrees of freedom except the internal rotations are computed. 
The total is subtracted from the corrected measured heat capacity to obtain 
the contribution due to the hindered internal rotations. Using the appropriate 
reduced moments for the internal rotations the potentials can then be obtained 
from Pitzcr’s tables. In this way Kistiakowsky and co-workers have obtained 
the hindering potentials for certain molecules. Some typical results thus 
obtained are summarized in Table XIII. The first two values are in excellent 
agreement with the values in Table XII. 

TABLE XIII 

Potentials Hindering Internal Rotations from Gaseous Heat Capacities 

V Reference 

Ethane. 2.75 kcal. 

Propane. 3.40 b 

Propylene. 2.12 c 

Dimethyl acetylene.<0.50 d 

a Kistiakowsky, Lacher and Stitt, J. Chern. Phys ., 7, 289 (1939). 

h Kistiakowsky, Lacher and Ransom, ibid., 6, 900 (1938). 

e Crawford, Kistiakowsky, Rice, Wells and Wilson, ./. Am. Chem. Soc ., 61, 2980 (1939). 

d Crawford and Rice, J. Chem. Phys., 7, 437 (1939). 

Another verification of the potentials in Table XII is obtained by employing 
the thermodynamic functions, calculated using the methods already described 
for compounds with restricted internal rotations, to calculate the equilibrium 
constant in a chemical reaction. The value thus obtained is compared with 
the measured value. Details of the method are given in paragraph (58). 
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For the comparison to be significant, the number of internal rotations must 
change during the reaction: four such comparisons are shown in Table XIV. 

The case of n unequal minima would be extremely complicated to solve 
exactly; to obtain an approximate solution the method just outlined is assumed 
to be applicable. However, the considerations that led to the term — R In n 
in equation (55.1) started with the postulate that n was the number of equally 
spaced equal minima and that this was an indication of an n-fold axis of 
symmetry. If all n minima are not equal, no rotations produce interchanges 
of identical atoms so that — R In n is replaced by — R In 1 = 0 and this term 
drops out. Thus the entropy calculated by adding equation (55.1) to S — Sf 
is R In n greater, as it should be, than if the n minima were equal. In de¬ 
termining the S — Sf values for the tables, both S and Sf were originally 
calculated assuming equal minima. Therefore S, as obtained by summing 
over the energy states, was also R In n units smaller than if the minima were 
unequal because of the reduction of the number of states to meet symmetry 
requirements. It is perhaps the approximate method of solution which causes 
the barrier for ethyl alcohol to appear to be as high as 10 kcal. (cf. Table XII). 

There remains to be considered the important case where V r 0 is large. This 
case is of interest because if V 0 is sufficiently large there are only a small 
number of molecules in which the rotating group has sufficient energy to allow 
it to pass over the potential energy maximum. Consequently in most of the 
molecules the “rotating” group cannot rotate at all but oscillates about its 
position of minimum energy. In keeping with this the values of E r and the 
eigenfunctions M r s 0 r (0) for low values of r are those of a harmonic oscillator. 
Consider the potential function 


V = ^F 0 [l — cos 3</>]. 


(55.5) 


The force torque (F 0 ) acting on the rotor at the angle 0 from its equilibrium 
position is 

F 0 = dVld4> = y 2 nV 0 sin (w0). (55.6) 

For small displacements from the equilibrium position 

sin n<f> — 

F 0 = Hn 2 V 0 <t>. (55.7) 


For a body executing simple angular harmonic oscillations 

F $ — — & 0 0 

and the frequency is 



(55.8) 

(55.9) 


Hence, equation (55.7) represents a circular simple harmonic oscillation with 

k = ^n 2 F 0 



TABLE XIV 
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c Schumann and Aston, ibid., 6, 480 (1938). 
d Idem, ibid., 6, 485 (1938). 
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and 


and energy levels 



l i UTT 



Cp = (v + l i)hv 0 . 


(55.10) 


(55.11) 


Thermodynamic functions for this case can be obtained from the tables in 
Appendix 1. For the case of n equal minima there is no longer any necessity 
to introduce a term — R In n. This is because only the vibration occurring 
about one of the n positions of minimum energy is considered; the number of 
states is thus automatically reduced by the factor 1 In. 

It should be noted that if all n minima are not equivalent, isomeric com¬ 
pounds arise. In any one of the positions of minimum energy about which 
harmonic oscillation can occur the molecule has definite external moments and 
a definite vibration spectrum for all the other internal modes. In some other 
position of minimum energy these quantities, in general, w ill not be the same 
because the minima are not equal; and distinct molecular forms will arise. 
An experimental illustration of this fact is provided by the vibration spectrum 
of w-butane. 1 This molecule has unequal minima in the potential function for 
the relative internal rotation of the two ethyl groups about the central bond. 
The Raman spectrum and infra-red absorption spectrum show lines due to 
both forms; as a general rule, these forms will be in equilibrium. 

The frequency v 0 , given by (55.10), is different for the vibrations about the 
non-equivalent positions of minimum energy. The forms of the molecule in 
these different positions must be considered as separate chemical species and 
the entropy of each species computed separately. To obtain the entropy of 
the equilibrium mixture the entropy of mixing of the species must be added. 
Such a situation has been discussed by Pitzer 2 for the case of n-butane. Un¬ 
fortunately it is not possible to evaluate all the constants for the two forms 
made possible by the non-equivalent minima. If S rr — &/is added to (55.1) to 
obtain the entropy due to the restricted internal rotation, in each of the forms, 
the term — R In n must be included in (55.1). This allows for the fact that 
only l/n of a revolution is considered. 

(56) Rigorous Treatment of Restricted Internal Rotation for Symmetrical 
Groups Attached to a Rigid Frame: In case the potential is small, the interaction 
between internal and external rotation may be significant when the external 
moment is small. Crawford 3 has discussed the problem, in detail, where 
several symmetrical tops, such as methyl groups, are attached to a rigid frame. 
This situation corresponds to that for which a partition function has already 
been derived when the internal rotation is free (equation 51.11). Examples 
are methylamine, methyl alcohol, dimethyl ether, etc. (but not ethyl alcohol). 


1 Kohlrausch and Koppl, Z. physik. Chem ., B, 26, 209 (1934). 

2 J. Chem . Phys., 5, 473 (1937). 

2 Ibid., 8, 273 (1940). 
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The potential function assumed for the hindered rotations is that given by 
equation (54.3); however, the wave equation is applied to the whole molecule 
to obtain the energy levels. The results for a single internal rotor are: 


Srr « In G + (///£)], 

Ftr/r = R£(Vo/2RT) - In <7], 

ErrlT = ^[(Fo/2/?T) + (///(?)], 

Crr = i2[(//(7) - (lim, 

which must be added to the values for external rotation, with 

G = (tt ll2 Gji + Gy ), II = (0 1 '*//* + J/ K ), 

J = S2 1 ' 2 /* + J v 


Gy = Z ^ r '\ 

G r = Z '’~ 8rr , 

V 

it 

3? 

II 

M 

‘T* 1 

-t 

Hr = Z 

V 

R 

J V = Z Yr-C~ y r; 

Jr = Z WY r -c 


V R 


if 12 > 0.5 (i.e., invalid for methyl alcohol) where 
Y r - (n 2 h 2 l32w 2 DQRT)a r , 

$2 = 1- /)[(X,t 2 M) + (X* 2 /tf) + (Xc 2 /C)]. 


(56.1) 

(56.2) 

(56.3) 

(56.4) 

(56.5) 

(56.6) 

(56.7) 

(56.8) 

(56.9) ' 

(56.10) 

(56.11) 


As usual A, B and C are the principal moments of inertia of the whole molecule, 
D is the moment of inertia, about its axis, of the symmetrical group under 
consideration, \a, \b and Xc are the cosines of the angles between the group 
axis and the principal axis, n is the number of minima of depth F 0 . The a r 
are the characteristic values of equation (54.6) with D12 in place of / re d.; the 
lower values of a r correspond roughly to vibrational levels and the upper ones 
to rotational levels. Lines drawn across Wilson’s table indicate roughly the 
point of transition. 1 The sums over F are to be taken over the vibrational type 
of levels only, and the sums over R are to be taken over the rotational levels 
only. The values of a r tabulated by Wilson have the correct symmetry 
properties for cases where n is the symmetry number of the rotating group. 
Where this latter condition is not fulfilled, the minima would probably not be 
equal in any case and the treatment would not apply. 

Convenient tables of the quantities involved in the calculation are given 
in Appendix III. 

J E. B. Wilson, Jr., Chem. Rev., 27, 17 (1940). 
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HEAT CONTENT, FREE ENERGY AND EQUILIBRIUM CONSTANTS 

(57) The Heat Content and Free Energy from Statistical Mechanics: We 

shall consider as the heat content, the difference in heat content of a compound 
at the temperature in question, H> and at the absolute zero (II 0 ). For perfect 
gases Ho is equal to E 0 , the energy at the absolute zero, while for solids and 
liquids this is approximately true; hence we shall use (II — Eo). For ideal 
gases and solids and liquids in their standard state this is denoted by (IP — Eq°). 
For gases, 

r'T 

(IP - Eo°) = I C V HT - (E° - Eo°) + RT } (57.1) 

Jo 

while for solids and liquids far below the critical temperature 

(H° - Eo°) « (IP - Eo°), (57.2) 

The free energy, F°, and the entropy, S° f for gases, refer to the ideal gas 
state at 1 atm. pressure and for solids and liquids to the pure substance at unit 
activity; these quantities are related by 

F°/T = H°/T - S\ (57.3) 

so that, 

(F° - Eo°)/T = (IP - E 0 °)/T - S°. (57 A) 


Consideration of the terms (IP — E 0 °)/T and S° makes it possible to write 
down expressions for (F° — Eo°)/T corresponding to the various types of degree 
of freedom. The general expression in terms of the partition function is 


Qtot. 

7’ 


/ F° - Eo° \ < 

~ ( T / = ^ ln 

= Rln^Qu,^ 


(57.5) 


For the three translational degrees of freedom of a perfect gas 
' F° - E 0 ' 


( F° - E„°\ 

- ( -- ) = « R ln T + % R In m 


_ ( F ° ~ E °° j 


( (2r) 3ll k* /2 \ 

ft -) (57-6) 

R\}A In T 4- % ln M - ln P - 3.664], (57.7) 


For the two classically excited rotational degrees of freedom of a diatomic 
molecule 




flln 


r Sv^IkT "1 

L AV J 


(57.8) 
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or 




R (In IT — In o' -f- 88.408). 


(57.9) 


For the three classically excited rotational degrees of freedom of a poly¬ 
atomic molecule 


/ F° - Eo° \ ( F \ 8t r 2 

- y - f - J - - [ T ) = R In ^ (8t *ABCy'*(kT)** (57.10) 

or 

= R{% In T + H In ABC - In <r + 133.186). (57.11) 

For a vibrational degree of freedom 

/ F° — Eq° \ / F — Eo\ 

- (— ). - - ). - - r "> <■ - < 57 i2 > 


in which x — hcp 0 /kT (pq in cm. -1 ). This quantity is tabulated in Appendix I. 
For the 3 N elastic inodes of a monatomic solid the corresponding expression is 
given in Table C of Appendix IV. For a classically excited free internal rota¬ 
tion where there is no interaction with the external rotations of the polyatomic 
molecule 




R In (27r) 3/ W) 1/2 / r ed. l/2 A - R In n, 


= R(~ 1.275 + *2 In 3T + } 2 In 7 red . X 10 40 - In n), 


(57.13) 

(57.14) 


where n is the number of equivalent positions of the rotor and 7 red . has the 
significance defined already. 

If the rotation is hindered and the potential function is given by equa¬ 
tion (54.3) 




where the last term on the right, tabulated in Appendix II, represents the differ¬ 
ence between the true quantity and that for free rotation while the first term 
is calculated from (57.14). For $ rotational degrees of freedom of which three 
are the external rotations and the remaining (s — 3) are completely free rota¬ 
tions of rigid groups about an axis of symmetry attached to a rigid frame 

/'F»-Eo 0 \ (F\ ^ 1 / 2irkT V /2 

~\ T )r~ ~\T) r - R]a *\ ¥ ) 

X 8ir J (2 7 r)- a [A’ I «: ! • ■ • (57.16) 
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where K t K 2 and AV- 3 and £2 have the significance given for equation (51.11). 
In case the groups which rotate freely are non-rigid we must replace equation 
(57.16) by 

/A°-AV\ (F\ 

-(■ ■— (57J7) 

with Q r given by (51.8). If asymmetrical groups are attached to a rigid frame 
we must also use equation (57.17). 

The total (A 0 — E o°)/T is obtained for the molecule by adding the contribu¬ 
tions for all the external and internal degrees of freedom. Table XV gives 
the value of — (F° — AV) /T for a number of the simpler gases. In most cases 
equation (57.5) was used to calculate the translational, rotational and vibra¬ 
tional contribution. The values for graphite were obtained from the experi¬ 
mental heat capacities down to low temperatures. 

(58) The Calculation of Equilibrium Constants: For a chemical reaction 


aA + &#+••■ = mM + nN + • • • 


A A 0 - AAV + A 


(^)r. 


(58.1) 


where A E 0 ° is the energy change in the reaction at the absolute zero and 


where the bracketed quantities with the subscripts A, B, • ■ M, N, • • *, etc. 
are the total (A 0 — Ao°)/7 7 values respectively for the reactants and products. 

The quantity AAV can be obtained from the A7/° of the reaction using the 
relation 

A// 0 - AAV + A (AT 0 - AV), (58.3) 

where 


A (77° - AV) = m(H° - AV)m + n(AT° - AV)n 

- • • • a(77° - A 0 °)a - 5(77° - A 0 °)b • • •. (58.4) 

Inasmuch as A(77° — A 0 °) and A (A 0 — E 0 °)/T can be calculated if the complete 
mechanical behavior of the molecules of a system is known, it is evident that 
equation (58.1) can be used to calculate the equilibria in a chemical reaction 
when the heat of reaction is known. We shall illustrate the method by 
computing 

AA° = — RT In K &tm . (58.5) 

for the reaction 

C(graphite) + (g.) = CO (g.) ATTWis = — 26,407 cal./mole, 
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where A//° 298 .i 6 is taken from the data of Rossini and co-workers. 1 The value 
of 77° — Eo° for CO is 2070.9 cal. per mole at 298.15° K while for oxygen and 
graphite the values are 1035.2 cal. for half a mole and 251.4 cal. per atom 
respectively. 2 Thus A(77° — E 0 °) — 783.3 cal. and A E 0 ° = — 26,407 — 783 
= — 27,190 cal. By adding this value divided by 298.15° K to the value 
of A( F° - Eo°)/T at 298.15° K we obtain AF°/T at 298.15° K. The value of 
A(F° — Eq°)/T obtained from Table XV is — 18.776 and AAY/298.15 is 
— 91.13, so that A F°/T is — 109.91 cal. per degree. It follows, therefore, 
that 

A'atm. = pcolpo, 112 = 1.0 X 10 24 . 


If Eo° for the elements is taken as zero, we may define quantities for com¬ 
pounds 

F° = (F° - E 0 °) + AE 0 °, (58.6) 

IP = (IP - Eo ®) + AEq°, (58.7) 


where AAV is the energy of formation at the absolute zero. The quantities 
defined by equations (58.6) and (58.7) may be called the free energy and heat 
content of a compound and are the quantities tabulated by Rodebush. 3 They 
refer to the process: elements in standard states at 0° K —> compound in 
standard state at T° K. The.se quantities may be used like AT" 0 and A IP of 
formation to compute free energy and heat content changes for a chemical 
reaction. The only difference is that whereas in using AT 70 and A77° the values 
for the elements are always zero, the F° and IP values for the elements are not 
zero but respectively equal to the (F° — E 0 °) and (77° — TV) values that we 
have previously considered. These quantities are particularly convenient for 
computing free energies and equilibrium constants in reactions involving or¬ 
ganic compounds; A7V is then obtained from the heat of combustion. 

(59) The Chemical Constants: We have just described a method which is 
sufficient to calculate the equilibrium constants of chemical reactions from 
thermal data alone. This is based on the third law of thermodynamics, but 
sometimes the system proposed by Nernst is used. The two methods differ 
considerably in formal development but the exact application of Nernst’s 
method is equivalent to the one just treated. 

Consider a chemical reaction involving the chemical compounds A, B, • • •, 
M, N, etc. 

aA -f- bB + • • • = mM + nN + • • •. 


For this reaction 


In K 


AF° _ ATT® A^® 
RT RT + R ’ 


(59.1) 


1 Rossini, J. Res. Nat. Bur. Stand., 6, 37 (1931). Rossini and Jessup, ibid., 21, 491 (1938.) 

2 Clayton and Giaque, J. Am. Chem. Soc., 54, 2623 (1932). 

* Rodebush and Rodebush, International Critical Tables, Vol. 5, page 89 (1929). 
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TABLE XV 

/ F° — /?o°\ 

The Functions jS° and ^—-— J in Calories per Degree per Mole for Substances 
in the Ideal Gas State and Graphite (Nuclear Spin Not Included) 




f. 




Temperature, 0 I\ 




Refer- 











enee 

298.15 

300 

400 

GOO 

800 

1000 

1200 

1500 


iS’ 0 

( F° — Fo° \ 

a 

31.230 

31.269 

33.267 

36.101 

38.115 

39.721 

41.053 

42.739 

h 2 ~ 

K ~T ) 

b 

24.436 

24.480 

26.438 

29.218 

31.204 

32.752 

34.027 

35.605 


s« 

{ F° — Eo° \ 

1 

49.018 

— 

51.121 

54.117 

56.381 

58.214 

— 

61.680 

02 — 

\ T ) 


42.081 

42.125 

44.127 

46.984 

49.062 

50.715 

52.095 

53.826 

cu- 

( \ 










\ T / 

d 

45.951 

45.997 

48.148 

51.298 

53.614 

55.453 

50.979 

58.876 

Ni- 

S* 

( F°~Fo° \ 

• 

45.788 

45.828 

47.833 

50.701 

52.815 

54.527 

— 

57.807 

\ T ) 

/ 

38.834 

38.876 

40.877 

43.705 

45.729 

47.322 

48.646 

50.301 

HCl — 

( F« \ 










~ T ) 

0 

37.734 

37.778 

39.771 

42.588 

44.597 

46.171 

47.472 

19.096 

HjO — 1 

So 

F° — En c \ 

h 

45.101 

45.151 

47.472 

50.864 

53.425 

55.542 

57.380 

59.783 

< T ) 

h 

37.179 

37.230 

39.513 

42.765 

45.121 

46.999 

48.579 

50.586 

CH,-I 











< T ) 

i 


36.654 

39.006 

42.546 

1 1 

45.372 

47.826 

50.035 

53.026 


S° 

j 


47.357 

49.366 

52.254 

54.396 

56.133 

— 

— 

59.455 

co-( 

f F° —Eq° \ 

< T ) 

k 

40.364 

40.408 

42.408 

45.238 

47.271 

48.876 

50.210 

51.880 


So 

l 

— 

51.140 

53.842 

58.141 

61.543 

64.370 

66.787 

09.917 

co 2 -( 

' Fo~Ev" ^ 

l 

— 

43.620 

45.848 

49.261 

51.921 

54.137 

56.049 

58.513 

NO — ^ 

S° 

’ Fo-E o° \ 

m 

50.350 

51.494 

52.449 

55.408 

57.607 

59.392 

— 

62.780 

. r ) 

m 

42.985 

43.033 

45.141 

48.100 

50.314 

51.878 

53.259 

54.979 

Graph- _ / 

’ F° —Eo° \ 


0.545 

0.551 

0.854 

1.510 

2.164 

2.798 

3.391 

4.206 

ite \ 

T / 


< 'Si - ( 

SO 

F°-E<P\ 

0 

56.84 

— 

60.19 

65.24 

69.08 

72.16 

74.74 

77.97 

T / 

0 

48.28 


50.90 

54.89 

57.97 

60.51 

62.67 

65.44 

HsS-^ 

So 

Fo-EqO \ 

P 

49.151 

— 

51.58 

55.14 

57.92 * 

60.25 

62.29 

64.92 

T ) 

P J 

41.174 

— 

43.53 

46.83 

49.27 

51.24 

52.92 

55.06 
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where AH 0 and AS 0 are the heat of reaction and entropy changes for the sub¬ 
stances in their standard states; hence 


In K 


All 0 (mS M ° + nS N * + • • • - aS A ° - bS B °) 
RT + R ' 


(59.2) 


where *S A 0 , &b°, etc. are the entropies of the chemical substances involved in 
the chemical reaction in their standard states. From the relationship 


integration gives 



S A ° = 


f 


C° 

rji dT -h /A, 


(59.3) 

(59.4) 


where the integral is an indefinite one and / A is constant; hence from (59.2) 

(ml m “h nl n * • • — (il a — 57b) 


All 0 1 C ACjf 

hlK =-RT + Rj-t dT + 


R 


(59.5) 


This equation can be written 


where 


In K 


A IP 
RT + 



A C p <> 

dT A- iRy 


Rin = I r = ml m -f* nix • * • — clIa — 5/g. 


(59.0) 

(59.7) 


It is quite evident that the constant in equation (59.0) (in — Ir/R) needs to 
be known before the equation can be used to calculate the equilibrium constant 


° Davis and Johnston, J. Am. Chem. Soc., 56, 1045 (1934). 
b Ciauque, ibid., 52, 4816 (1930). 
c Johnston and Walker, ibid., 55, 172 (1933). 
d Giauque and Overstreet, ibid., 54, 1731 (1932). 

* Johnston and Davis, ibid., 56, 271 (1934). 

f Giauque and Clayton, ibid., 55, 4875 (1933). 

0 Giauque and Overstreet, ibid., 54, 1731 (1932). »S° 2 # 8 .i& = 44.658 cal./deg./mole. 

h Gordon and Barnes, J. Chem. Phys., 2, 65,549 (1934). 

*Kassel, J. Am. Chem. Soc., 55, 1357 (1933). Aston, unpublished. *S°»8.n = 44.66 
cal./deg./mole. 

; Johnston and Davis, ibid., 56, 271 (1934). 

* Clayton and Giauque, ibid., 55, 5071 (1933). 

1 Kassel, ibid,, 56, 1838 (1934). 

m Johnston and Chapman, ibid., 55, 153 (1933). 
n Clayton and Giauque, ibid., 54, 2610 (1932). 

* Cross, J. Chem. Phys., 3, 825 (1935). 

* Cross, ibid., 3, 168 (1935). 
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of a chemical reaction from thermal data alone, and this requires evaluation of 
I in equation (59.4) for each chemical substance. 

For a crystalline solid 


ncj f re; ~\ T rcy 

1 f dT = [Jf dT \rJf dT ’ (59 - 8) 


since C p approaches zero asymptotically at the absolute zero and therefore at 
T = 0, C v lT — 0 and the lower limit is zero: hence for the crystalline solid A 


J <* T 

(C p °IT)dT + U (59.9) 

o 


and since the entropy of a perfect crystal is zero at the absolute zero 7 a is 
zero for a perfect crystalline substance. It remains to evaluate 7 a for gaseous 
substances. 

Consider the reaction, 

A (crystal) = A (gas), 

involving a perfect crystal and apply equation (59.6) to it. In this case, K is 
simply the vapor pressure of the crystal; hence equation (59.6) becomes 


In P a = 


A77_° i r 
RT + rJ 


A<7,» 


dT -f 


(59.10)* 


Since 7 a( crystal) for the perfect crystalline substance is zero. 


i\ ~ Ia(k&b)/R- (59.11) 

The problem of obtaining I a is thus the same as that of evaluating i’a in 
equation (59.10). 

Before continuing further with the problem in this form let us investigate 
the connection between equation (59.6) and the empirical expression for In K 
based on the integrated free energy equation. To do this we substitute 

J r% T 

AC P °dT (59.12) 

o 

* Strictly speaking Pa is the pressure of vapor in equilibrium with the crystal when the 
crystal is under a pressure of one atmosphere (unit activity) whereas the vapor pressure is 
the pressure of vapor in equilibrium with the crystal under its own vapor pressure. At vapor 
pressures of the order of 1 atm. the two are identical for practical purposes. Actually, 
Nernst obtained equation (59.10) from the approximate Clapeyron equation 

d In P AH 


dT RT 2 
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in equation (59.6) which gives 


Ai/o° 1 F T 1 C A C 0 

>" K - - Sf - StJ. iC ’ dT + - K J-Y Ljt + 

where A H 0 0 is the heat of reaction at the absolute zero. In (59.13) the first 
of the integrals is definite and the second indefinite, the lower limit of the 
former being zero. On introducing the upper limit and dividing by 7\ a con¬ 
stant term, r, is introduced if A C v contains a constant term. If the definite 
integral is differentiated as a product and then reintegrated we obtain 





(59.14) 


(59.15) 


Substituting for the definite integral in (59.13) by use of (59.14) 



in which 

J = r + i R 

and r is determined by (59.15). 

The equilibrium constant can be expressed as 


(59.16) 

(59.17) 


In K = - 


A F° 
RT 


A/i 0 u do. m 
RT + R lnT 


d 2 


d\ 

-f — T 4- 
T 2 R t 2X3 R 


T 2 + 


+ 


a n T n 


n(n 1)# 


+ 


+ £• (59.18) 


The quantity AH 0 ° is the heat of reaction at the absolute zero if and only if 


ACjp = cto 4* d\T 4” a^T 2 4* a$T 2 4" • • * 4* d n T n 4* • • • (59.19) 

expresses the difference in heat capacity for all values of T (i.e., A C p can be 
expressed as a convergent power series in T by a MacLaurin expansion). 
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When (59.19) is convergent, equation (59.18) is identical with equation 
(59.16) and 

I/R - r + i R * r + Ir/R = /. (59.20) 

Thus the connection between the integration constant (/) of the usual free 
energy equation and ir is readily seen. 

Applying equation (59.16) to the process 


A (crystal) — A (gas) 


In P A « 



where A// 0 ° is the heat of vaporization at the absolute zero and 

j a = 4 " i\. 


(59.21) 


(59.22) 


ta is the value of r obtained by applying (59.15) to the process of vaporization. 

Suppose that the vapor pressure of the crystal can be represented by the 
equation 


In P A 


Mil 

RT 


+ b 0 log T + b x T + b*T 2 + * • • + b n T n + const. 


(59.23) 


If the last terms form a convergent power series in T and the equation is strictly 
true for all values of T ,* i.e., the equation is an analytic representation of In P A , 
then and only then 

const. = r A -f »a - j a. (59.24) 


The quantity j a is termed the “true” chemical constant to distinguish it from 
the “conventional” chemical constant which is the constant of a formal and 
approximate equation like (59.23). It is to be noted that j a is the constant 
of a perfectly exact equation, providing the pressures are lower than 1 atm. 

Just as there is a simple relation between i# and i*a, etc. so there is a simple 
connection between J and j\. It has already been seen that the heat capacities 
of solids and the vibrational heat capacities of gases (including the part due 
to restricted rotation) are zero at the absolute zero. Therefore in a power 
expansion for these quantities the constant term is zero. Thus only the 
classical translational and rotational heat capacities of the gases at constant 
pressure contribute to r. Let C p ( 0) A , C p (0)b, •••, C p (0)m, P?>(0)n be these 
quantities which are the heat capacities of the gases at the absolute zero 


r 


gp(0)M + C P (0 )n ■ ■ • - C P { 0) A Z C p ( 0) b 
R 


Agp(O) 

R 


(59.25) 


* Values of T which lead to vapor pressures much greater than 1 atm. excepted. 
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Referring to equation (59.21) it is evident that 


and we see that 


or 


ta 


C P ( 0)a 
R 


r = r M -h r N - • • - r A - r B 

J ~ j M + * * * — j\ ~ j B* 


(59.26) 

(59.27) 

(59.28) 


Hence, r, and therefore alsoj, is zero for crystalline substances. 

(60) Vapor Pressure of Crystals at Low Temperatures—Theoretical Values 
of the Chemical Constants: Let us apply equation (59.21) to a perfect crys¬ 
tal in equilibrium with its vapor under circumstances when the latter may 
be treated as a perfect gas with classically excited translation and rotation 
over all temperatures of interest. As the constant j will not change with 
temperature we shall find j for circumstances where the temperature is low 
and the heat capacity of the crystal, which is proportional to T 3 , may be 
neglected. The temperature is also sufficiently low that we may neglect the 
vibrational heat capacity of the gas (proportional to ( d/T) 2 e ~ eiT ). At the 
same time we consider that the gas continues to have classically excited transla¬ 
tion and rotation. The fact that this situation is a hypothetical one makes no 
difference as it was devised simply to aid in evaluating the constant jx of 
equation (59.21) which if carried to low temperatures on the basis of classical 
translational and rotational heat capacity applies to just such a situation. 

In this case— 


(a) A C p = 5R/2 when the vapor is a monatomic gas 

(b) AC P = 7R/2 when the vapor is a diatomic gas or a linear rigid poly¬ 

atomic molecule 

(c) A C p = SR/2 when the vapor is a rigid nonlinear polyatomic molecule 

(d) ACp — (s -b 5)R/2 when the vapor is a nonrigid polyatomic molecule 

with (s — 3) internal free rotational degrees of freedom. 

We shall not limit ourselves to the case where the crystal is perfect but 
consider the case where there may be a number of orientations (a></) of molecules 
in the crystal and there may be a number of quantum states (o> 0 ") corresponding 
to the state of lowest energy in the crystal. This last situation may arise as 
a result of different orientations of the nuclear spins and electronic spins with 
the same energy. Let m' X wo" be denoted by o> 0 . The entropy of the crystal 
at the absolute zero is R In co 0 . Moreover for each rotational state, in the gas, 
of a definite orientation (quantum numbers J and M) let there be v 0 states of 
essentially equal energy due to different orientations of the nuclear spins (of 
equal energy) and to the number of electronic states of lowest energy (i.e., for 
which A te/kT -► 0). 
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(a) Crystal yielding monatomic vapor: 

Applying equation (59.1) to the process 

A (crystal) = A (gas) 

In P = - A H°/RT + A S°/R, 

where 

A S° ~ S°( Kas ) >S°(crystal)* 

At low temperatures 

^(crystal) — R In U)Q t 


(60.1) 

(60.2) 

(60.3) 


while S °( gll8 ), the entropy of the ideal gas at 1 atm., is given by the Sackur- 
Tetrode equation (32.13) with P — 1 and p s = v {) . Since 


ft follows that 


A H° = A// 0 ° + HRT, 


(60.4) 


In P 


A HI 
RT 


-h ^2 l n T 4“ In 


( 


(. 2Tmy ,2 k bl2 v 0 

4 3 co 0 


)■ 


Comparing (60.5) with (59.23) and (59.24) 


j 


/ (2tt mY‘ 2 k m 

V h* 



(60.5) 


(60.6) 


( b ) Crystal yielding diatomic vapor: 

The procedure is similar to the previous one and the entropy of the ideal 
gas is the sum of the translational entropy as given by equation (32.13) and 
the rotational entropy by equation (47.1). 


A IP = A// 0 ° + %RT (60.7) 

and so 


A Ho 0 

InP = - ~rjT + U In T + In 


(2t m) zn k : ' n "j 

. ~h' J 


/ SirHk \ 

+ In ( ' I + In v 0 — In o> (60.8) 


and 


j = In 


[ Sr 2 I (2wmy i2 k 712 Vo 
<rh> 


Wo J 


(60.9) 


(c) Crystal yielding rigid polyatomic vapor: 

By a procedure analogous to that for diatomic vapors, 


j = In 


T 87r 2 (87r 3 ABC) 1/2 (27rm) 3/2 ^ 8/2 »o ' 

L oa* w o. 


(60.10) 
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(d) Crystal yielding vapor whose polyatomic molecules have (s — 3) free internal 
rotational degrees of freedom: 

Using the same procedure and making use of equation (31.11) for the total 
rotational entropy, 


(2wmy i2 k bl2 VQ Q 

L oath* ' " ' T** _ 


( 60 . 11 ) 


with Q given by (51.8), or 


(2xra) 3/2 & f,/2 (27r&)* /2 87r 2 J 

r** . 

0 •' 

^2 IT 

[*S] 1/2 do>i* * m da)i s_3 

0 

1 <rA 9 +* 


£o 
o?o _ 


(60.12) 


where <r is the number of equivalent positions which can be produced by both 
the external and internal rotations of the molecule. This expression is simpli¬ 
fied when the special conditions apply which simplify the determinant [aSJ. 

For the conditions to which the above values of j apply, equation (59.2) 
may be written 


In 1\ 



where C f is the part of the specific heat of the gas due to vibration and any 
restricted internal rotation and C 8 is the heat capacity of the crystal. Here 
also s is the number of degrees of freedom of rotation which are entirely free. 

For reactions in which all the gases have classical translation and rotation 
equation (59.16) may be written in the following form for practical purposes 


In K 



where AC p (0) is the difference between the heat capacities at constant pressure 
of the gases on the right and left of the chemical equation exclusive of the 
vibrational and restricted internal rotational contributions and the first integral 
involves AC' which is the difference between the vibrational and restricted 
internal rotational contributions for the gases on the right and for the gases 
on the left. The second integral is the corresponding quantity for the total 
heat capacities of the solids. Evidently the quantity AC P (0)/# is some integer 
times one half from its very nature. 
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TABLE XVI * 

Chemical Constants of Gases 


Formula of 
Vapor 

Electronic 

Normal 

State 

A 

<TW 0 

Moment of 
Inertia 

I X 10« 

j 

calc. 

j 

oba. 

Hg 

'S 

1 


1.866 

1.83 ±0.03 1 

Cd 

l S 

1 


1.488 

1.50 ±0.07 m 

Zn 

'S 

1 


1.135 

1.21 ±0.15 7 

Pb 

AS 

1 


1.887 

2.00 ±0.3 1.6 

Mg 

AS 

1 


0.49 

0.47 ±0.2 7 

Ne 

AS 

1 


0.37 

0.39 ±0.04 8 

A 

bS 

1 


0.813 

0.79 ±0.04 1 

Na 

AS’ 

H 


0.756 

0.78 ±0.1 

K 

AS 

H 


1.10 

1.0 2 3 

T1 

2 Pl/2 

X 


2.18 

2.37 ±0.3 7 

H2 Para 

^4 Ortho 

IV 

IV 

(H) 3U x'A 

0.463 

0.463 

-3.72 

-3.68 ±0.03 9 

Na 

IV 

X 

13.8 

-0.18 

-0.16 ±0.03 9 

o 2 

3V 


99.15 

0.53 

0.55 ±0.02 9 

HOI 


H 

2.765 

-0.42 

-0.40±0.03 9 

HBr 

IV 

h 

3.35 

0.20 

0.24 ±0.04 9 

HI 

'2 

h 

4.31 

0.61 

0.65 ±0.05 9 

Cl* 

IV 

X 

116. 

1.35 

1.66 ±0.08 9 

Bra 

IV 

X 

445. 

2.47 

2.59 ±0.10 9 

la 

IV 

i-2 

820. 

3.03 

3.08 ±0.05 9 

CO 

IV 

X 

15.0 

-0.141 

-0.07 ±0.05 9 

nh 3 


H 


-1.55 

-1.50 ±0.04 9 

OH 4 


h 

5.3 

-1.94 

-1.97 ±0.05 9 


* Fowler, Statistical Mechanics, Cambridge University Press (1930), pages 218 and 223. 

1 Egerton, Proc. Phys. Sor.., 37, 75 (1925). 

2 Edmonson and Egerton, Proc. Roy. *S oc., [A], 113, 533 (1927). 

* Zeidler, Z. physik . Chem 123, 383-(1926). 

4 Lange and Simon, ibid., 134, 374 (1928). 

6 Harteck, ibid., 134, 1 (1928). 

6 Ladenburg and Thiele, ibid., B, 7, 161 (1930). 

7 Coleman and Egerton, Phil. Trans. Roy. Soc., [A], 234, 177 (1935). 

8 Clusius, Z. physik. Chem., B, 4, 1 (1929). 

9 Euckon, Physik. Z ., 31, 361 (1930). 


It is apparent that the entire right-hand sides of equations (60.13) and 
(60.14) omitting — AH 0 °/RT are exactly the quantity — A(F° — Eo°)/T, which 
we have discussed earlier, divided by R. Moreover, it can be seen readily 
that the chemical constants j a etc. from which J is calculated are the constants 
in the expressions for — (F° — E 0 °)\IT etc. due to translation and rotation 
divided by R y and that the temperature dependent parts of these expressions 
are used in forming AC p (0) In T. 

From the relation 


d(F/T) H 

-:-5: — — 


( 60 . 15 ) 


dT 
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it is evident that the two integrals are differences between the quantities 
— (F° — E 0 0 )/T due to the vibrational degrees of freedom of the gases and for 
the solids respectively for the substances on the right and left of the chemical 
equation. Thus we see that the method of chemical constants is exactly 
equivalent to the earlier method but considerably more complicated. 

The comparisons in Table X can be taken as a check of the accuracy of 
the method of chemical constants because the same principles are involved. 
However, it is evident from this table that although, in calculating vapor 
pressure, a chemical constant must be used with a value of o> 0 appropriate to 
the solid, in calculating equilibrium constants the factor in w 0 due to random 
orientation must be omitted. 

In Table XVI, column 5, are given calculated values of the chemical con¬ 
stants for certain gases named in column 1 whose normal electronic state is 
given in column 2; column 3 gives the value of v 0 /u used in the calculation, 
while column 4 gives the moment of inertia. 

The chemical constants given in column 5 are those of equations (60.6) 
(60.9) and (60.10) divided by 2.303 so that they are constants for use in equa¬ 
tions (60.13) and (60.14) rewritten in terms of the common logarithm. Column 
6 gives observed values of the constants determined from the measured vapor 
pressures and equation (60.13). The agreement between the calculated and 
observed values of j is all that could be desired and constitutes an excellent 
confirmation of the third law. In the case of hydrogen o; 0 for the crystal is 
taken as (4) 1/4 (12) 3/4 . The quantity v 0 /cr for the gas is taken as This is 
in accord with our previous discussion. Thus Vo/uocr is equal to (%) Z,A X M- 
However, it is to be noted that before use in calculation of J the value of jn 2 
must have % log 3 added to it. The terms in Vq/c o Q a are given explicitly except 
for the part due to nuclear spin which has been cancelled. 

In Table XVII are given values of the constant J in equation (60.14) for 
certain gas reactions recorded in column 1. Column 2 gives the calculated 
values of J obtained from the chemical constants while column 3 gives the 
observed value obtained from equation (60.14), the equilibrium constant and 
the measured heats (or temperature coefficients of In I\), The chemical con¬ 
stants used in deriving the results of column 2 were the calculated values in 

TABLE XVII * 

Comparison of Observed and Calculated Values of J 


Reaction J calc. J obs. 

H 2 + C1 2 =2HC1. 1.17 1.12 db 0.2 1 

H 2 + Br 2 = 2HBr. 1.29 1.25 ± 0.45 1 

H 2 -f I 2 = 2HI. 1.55 1.51 ± 0.12 1 

2NO = N 2 + 0 2 .- 1.31 - 0.95 ± 0.3 >•* 


* Taken from Fowler, op. cit., page 228. 

1 Eucken, Physik. Z ., 30, 818 (1929). 

2 These values refer to high temperatures at which ro for NO is 4 and i C aic. is 0.84, i.e., 
the energies of the levels 2 IIi/ 2 and 2 ns/ 2 are considered equal. 
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column 5 of Table XVI with R In co 0 added to them. Because of the cancella¬ 
tion of nuclear spin effects the part of co 0 due to nuclear spin is not included 
when calculating this term. The experimental data used for calculating the 
values in column 3 are not always all that could be desired from a modern point 
of view. The agreement between the observed and calculated values of J is 
a further confirmation of the third law. 

SOLIDS 

(61) The Energy and Heat Capacity of a Simple Monatomic Crystalline 
Solid: Space will not permit a discussion of the early attempts to calculate 
the heat capacity of crystalline substances nor will it permit us to follow all 
the modern work.* We shall content ourselves by giving the theory for simple 
monatomic crystalline substances as originally formulated by Debye. Con¬ 
sider one mole of the crystal containing N atoms: we shall treat this crystal as 
an isotropic elastic solid whose elastic constants are X and p. 1 The velocities 
of the longitudinal waves (c/J and transverse waves ( ct) } as sound is propagated 
through the crystal, are given in terms of these elastic constants by 

cl = and c T = , (61.1) 

where p is the density of the crystal. 2 When the crystal is in thermal motion 
there will be three sets of standing (acoustical) waves set up in the crystal, one 
of them longitudinal, in which the atoms move parallel to the direction of 
motion (say x direction), and two transverse at right angles (corresponding y 
and z directions). The former have the velocity cl and the latter cr. The 
number of modes of vibration with frequencies lying between v and v + dv is 

4:TrVv 2 dv 8irVv 2 dv 

dz --(61.2) 

cl 3 c t 3 

where V is the volume occupied by the crystal. The first term gives the num¬ 
ber of longitudinal modes and the latter the number of transverse modes. The 
number of transverse waves is obviously twice that of the longitudinal waves 
since there are two sets of the latter to one of the former. 3 

It is seen from equation (43.7) that the average energy of a mode of vi- 

* For a full discussion see Fowler, Statistical Mechanics, Cambridge University Press, 
1936. 

1 See Haas, Introduction to Theoretical Physics, Vol. 1, page 176, Van Nostrand Co., 
New York, 1928. These two fundamental elastic constants are such that Young’s modulus 
is E * p(3\ H- 2ju)/(X + fx) and Poisson’s ratio is ij » \/2(A 4* m)* 

8 Haas, op. cit ., page 180. 

8 For derivation see Jeans, Dynamical Theory of Gases, Cambridge University Press 
(1925), Chap. XVI. 
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bration is 


N e hvlkT - 1 


+ Hhv, 


where hv/2 is the zero-point energy. The total energy is then given by 

E = fldz. (61.4) 

The limits of integration in equation (61.4) are such that the integral is taken 
over all modes of vibration. Since there is no limit on the frequency v there 
would be an infinite number of modes and consequently an infinite energy and 
specific heat. However, each mode corresponds to one degree of freedom 
and the total number of degrees of freedom is 3 jV. 

The artifice used by Debye, to obviate this difficulty, was to assume that 
there was a maximum frequency, v m , such that 

f lh -8 r yf(^- + ±)^-3N, (61.5) 

or carrying out this integration, 


/ 9iV V /3 ( 
•“\87rV7 \S 


'2cl 3 + ct 3 


Substituting from (61.2), (61.3) in (61.4), 


/i i \ r* m ( v 3 \ 

(&"— + Hr, ) dr - mJ) 

The last term of the integrand in equation (61.7) is the zero-point energy of 

the crystal. Substituting for -—- + —- its value in terms of v m as obtained 

2c i? or' 

from equation (61.6), for v m — kdjh and for v — xkT/h 


( f \s reir 

E - 9 NkT {o)J. 


dx + %Nkd, 


The last term is the zero-point energy which is often considered as zero. The 
symbols defined by 

hv m , hv 

o = ~r an<1 Tjt = x ( 61 - 9 ) 


are used for convenience. It will be noted from equation (61.6) that 


_ h (ML\ n ( 


2c x, 3 + c r 3 


(61.10) 
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The expression for the heat capacity at constant volume is obtained by 
differentiating equation (61.8) with respect to temperature 

/ dE \ r T 3 ( T Y dl 1 

c --W)„- w *l 4 S' + J, U) er\- < 8III > 

where I stands for the integral in (61.8). Now 

dl dl d(9/T) dl e 

dT ~ d(6/T) dT d(6/T ) ' 2 12 ' (61.12) 

To evaluate dI/d(9IT) in (61.12) it is noted that the lower limit of the integral 
is not a function of 6/T so that it is only necessary to differentiate the upper 
limit which is the indefinite integral with 9/T replacing x. The result is the 
integrand with 6/T replacing x ; thus 

T (T\ r e ' T x 3 /6\ 1 "1 

c ’ = 9 H 4 wJo ^ri dx -\Th^\- <«•«»> 

Equations (61.8) and (61.13) are not very convenient for calculation but 
tables of (E — Eo)/T and C have been computed as functions of 0/T which allow 
the ready application of the equations. These tables are given in Appendix 
IV,* Table B and Table A respectively, together with values of (Eo — F)/T 
(Table C). 

Table XVIII illustrates the agreement between theory and experiment 1 
for crystals of metallic elements. Column 1 gives the element, column 2 the 
density, column 3 the compressibility K , column 4 Poisson’s ratio a. With 

TABLE XVIII 


COMPARIHON OF THE VALUES OF 6 FROM SPECIFIC HEAT DATA AND DIRECT 
Calculation from the Elastic Constants 


Substance 

p 

K X 10« 

a 

.... 

0 calc. 

d exp. 

A1. 

2.71 

1.36 

0.337 

398 

402 

Cu.... 

8.96 

0.74 

0.334 | 

315 

332 

As. 

10.53 

0.92 

0.379 

215 

214 

Pb. 

11.32 

2.0 

0.440 

88 

73 


these elastic constants 


cl 2 


3(1 - a) , , 3(1 - 2a) 

(1 + a)Kp and CT 2(1 + <r)K P 


(61.14) 


♦These tables, unlike the others, are based on R = 1.9857; in the rare cases where 
accuracy warrants, the necessary corrections can be made. 

1 Born, “Atomtheorie des festen Zustandes,” Encycl. Math. Wiss., Vol., V, part,3, No. 
25, 27 (1923). 
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Column 5 gives the value of 6 calculated from the elastic constants and column 
6 that calculated from equation (61.13) to give the best fit with the heat capacity 
curves. 

Figure 10 shows a graph of C v against T/8 for certain substances. The 
points, as designated below the figure, represent experimental data, while the 
solid curve is calculated from equation (61.13). In plotting the experimental 
points, the value of 0 used for each substance was chosen to give the best fit 



0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0 U 1.2 1.3 U 1 .B 1.6 1.7 1.8 1.9 2.0 

T/e 


Fig. 10. The Heat Capacity of Various Solids as Functions of T/6 


with this curve. At low temperatures 0/T is large; therefore, because of the 

exponential in the denominator of the second term of equation (61.13) this term 

r QO 

x*/(e x — 1 )dx because 

6/T is very large on account of the smallness of T } but 




(61.15)' 


so equation (61.13) becomes 

C v 


12ir*NkT* 
5 0 3 


= aT\ 


(61.16) 


Similarly it can be shown that 

E - #o 


WNkT* 

5 0 3 


= bT\ 


(61.17) 
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where E 0 is the zero-point energy. We thus see that at low temperatures the 
heat capacity of the postulated crystal becomes proportional to the third power 
of the temperature, a fact which is important in extrapolating heat capacities 
to 0° K. At high temperatures equation (61.13) becomes 


C v = 9 Nk 


[<0T 


x 2 dx — 1 


(61.18) 


because 6/T and x are small and by expansion in series it can be shown that 
c x equals (1 + x); thus, 


C v = 9NklH - 1] - SNk « 3 R. 


(61.19) 


This result could have been predicted from the principle of equipartition. At 
high temperatures the crystal consists of N atoms each with three classically 
excited vibrational degrees of freedom. In the same way it can be shown that 

E - Eu =* 3 RT. (61.20) 

The entropy of a perfect crystal is given by 

J *t rr r*T 

C p d In T = I C v d In T + (C p - C v )d In T, (61.21) 
0 Jo Jo 

since the entropy at the absolute zero is zero. The last term of equation (61.21) 
is evaluated, approximately, by making use of the rule of Lindemann and 
Magnus 1 that 

C p - C\ = aP /2 , (61.22) 

whence 


(C p - C v )d In T 


iT m dT « %aT m « %(C P - C v ). (61.23) 


For a monatomic crystal the integration of the first term of (61.21) is made 
taking C v as given by equation (61.13). The values of the integral ($Debye) 
have been obtained and tabulated in Appendix IV. The tabulation is in two 
parts, viz., 

(E - E 0 )IT and (E 0 - F)/T, such that 


(F - E 0 )!T = 3 R In (1 - *~»' T ) - 1 ( ) , 

S = (E - E 0 )/T + (E 0 - F)/T. 


(61.24) 

(61.25) 


Equation (61.24) can be obtained directly from an appropriate partition 
function. 2 


1 Z, Elektrochem ., 16, 269 (1910). 

8 See Tolman, The Principles of Statistical Mechanics, Oxford University Press (1938) 
page 591. 
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(62) The Energy and Heat Capacity of a Crystal Composed of Molecules: 

In general each molecule has six external degrees of freedom, throve of angular 
oscillation or rotation and three of vibration. In the case of crystals composed 
of molecules it is necessary in the above treatment to replace 3A 7 by 6Af in 
equation (61.10) for calculating 9 and in the equations for C v and E (61.13) 
and (61.8). 1 Thus we obtain the energy and heat capacity due to the transla¬ 
tional and rotational degrees of freedom of the molecules which together make 
up the elastic modes of vibration (Debye contributions). Suppose that the 
molecules have s degrees of freedom; in general, the internal thermal motion of 
the molecules will consist of (s — 6) distinct modes of vibration, some of which 
may have the same frequency. The energy and heat capacity due to each of 
these is given by equations (43.7) and (43.8). Thus we obtain for the total 
heat capacity at constant volume 


C v = 18 R 



/ 6 \ 1 "1 Rxre Tl 

V T ) ^ ijr -1J + ^ '(e*‘ — ~iy ’ 


(62.1) 


where the sum in the last term is taken over all degree of freedom and 
Xi — hvJkT with v{ the frequency of the ith mode of vibration. This equation 
can be written in the abbreviated form 


Cv = (\ (acoustical) C v (internal). (62.2) 

The thermodynamic relation required to convert the C v to C p for comparison 
with experiment is 

C p - C v = a*VT/0, (62.3) 

where a is the coefficient of expansion and (3 the coefficient of compressibility. 
It has been shown by Nernst and Lindemann 2 that an approximate form of 
(62.3) is 

c P - c v = o.o2i4(r/r m )cv (62.4) 

and Lord, Ahlberg and Andrews 3 have derived the relation 

C p - C v = clKVT, (62.5) 

where the constant a is to be determined empirically. 

In Table XIX equation (62.1) has been used to calculate the heat capacity 
of crystalline benzene. The value of 6 was chosen as 150 to give the best agree¬ 
ment with experiment below 50° K. The vibrational modes of benzene in cmr 1 
were taken to be: 4 *u(l) - 992.6, v 2 (l) = 3061.5, ?.(2) = 608, p 7 (2) = 3107, 
v $ (2) = 1645, *(2) = 1.170, v lQ ( 2) = 849.7, ^„( 1 ) - 783, v u (2) - 1030, 

1 Lord, Ahlberg and Andrews, J. Chem. Phys ., 5, 649 (1937). 

*Z. EUktrochem ., 17, 817 (1911). 

3 Loc. cit. 

4 Lord and Andrews, J. Phys. Chem., 41, 149 (1937). 
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* w (2) = 1480, *2 o( 2) = 3080, [*.(1) = 1190, * 4 (1) = 538, * 6 (1) = 1520, 
*i 2 (l) = 1008, *i,(l) = 3063, *j 4 (l) - 1854, * 15 (1) = 1145, *i 6 (2) = 406, 
vn( 2) = 1160], The frequencies in square brackets are calculated values; the 
others are observed in the Raman or infra-red spectra. To obtain the value 
of C v *— C v the constant a in (62.5) was obtained empirically from the difference 
between the experimental C p values and the calculated C v values for tem¬ 
peratures above 50° K. Columns 2 and 3 respectively give the values of the 
first and second terms of equation (62.1) at the temperatures given in column 1. 
Column 4 gives the value ( C p — C r ); column 5 gives the calculated C p value 
(sum of columns 2, 3 and 4) while column 6 gives the experimentally observed 
C p value. 

TABLE XIX 

Heat Capacity of Benzene * 


Temperature 

Acoustical 

C P 

(Debye) 

Internal 

Or 

(Einstein) 

C P - 

Calc. 

Cp 

Observed 

Cp 

4 

0.018 

■ 


0.018 

0.0195 

10 

.270 



.270 

.346 

20 

1.932 



1.932 

1.84 

30 

4.41 


.04 

4.45 

4.24 

40 

6.45 


.11 

6.56 

6.47 

50 

7.90 


.20 

8.10 

8.14 

60 

8.90 

0.02 

.31 

9.23 

9.32 

80 

10.07 

.17 

.54 

10.78 

10.85 

100 

10.70 

.51 

.81 

12.02 

11.99 

150 

11.32 

2.31 

1.80 

15.43 

15.49 

200 

11.58 

4.95 

3.53 

20.06 

20.02 

270 

11.74 

9.46 

7.83 

29.03 

29.70 


* Taken from Lord, Ahlberg and Androws, J. Chem. Phys., 5, 649 (1937). 


In the case of crystals of the alkali halides, which are really made up of ions 
the calculation is made on the basis of 30 rather than 60 (three acoustical modes 
for each pair of ions) and three Einstein modes are assumed for each pair of 
ions. For such salts the frequency of these Einstein modes of vibration can 
be obtained from the infra-red absorption spectrum of the crystal (Reststrahlen). 
In Table XX are tabulated the molal heat capacities of potassium chloride due 
to the elastic (Debye) modes (col. 2) and the three equal Einstein modes of 
vibration (col. 3). The remaining columns correspond to those of Table XIX. 

At low temperatures x becomes sufficiently small for all values of v x that 
the last term can be neglected and the heat capacity becomes 


2\iPNkT z 
Cv ~ 5 0> 


= cT\ 


(62.6) 


This is the result we have anticipated earlier in connection with the experi- 
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TABLE XX 

Heat Capacity for Mole of KC1 * 


T 

»K 

Debye 

Term 

C\ 

Einstein 

Term 

C 

C P - Cv 

Calc. 

C P 

Observed 

C v 

22.8 

1.04 

0.046 

— 

1.086 

1.16 

26.9 

1.48 

0.13 

_ 

1.61 

1.52 

30.1 

1.87 

0.25 

— 1 

2.12 

1.96 

33.7 

2.25 

0.43 

— 

2.68 

2.50 

48.3 

3.52 

1.43 

— 

4.95 

5.70 

57.6 

4.06 

2.13 

0.02 

6.21 

6.12 

70.0 

4.57 

2.89 

0.04 

7.50 

7.58 

86.0 

4.97 

3.66 

0.06 

8.79 

8.72 

235 

5.81 

5.55 

0.32 

11.68 

11.78 

416 

5.91 

5.83 

0.68 

12.42 

12.72 

550 

5.93 

5.87 

0.90 

12.70 

13.10 


* Taken from Nernst, “Kinetische Theorie Fester Korper,” Wolfskchl Kongress Gottingen, 
4, 81 (1914). 

mental aspects of the third law. With a T z law, C v approaches zero asymp¬ 
totically as T approaches zero as required. 

To obtain the entropy of a crystal composed of molecules it is merely 
necessary to obtain the entropy due to the lattice modes from the tables of 
Appendix IV as outlined at the end of the previous paragraph but using a 
value of 6 compatible with (62.1) (i.e., based on 6 N) and to add the entropy 
due to the internal modes of vibration of the molecules. 


MAGNETIC COOLING 

(63) Paramagnetism: The theory to be developed applies strictly to gases 
only, but it may also be applied to solutions of the paramagnetic substance and 
to solids in which the magnetic particles are widely separated. 

Any substance with an appreciable number of elementary particles (atoms, 
ions or molecules) with a non-zero value of the inner quantum number J * will 
be paramagnetic. This paramagnetism is the result of a diamagnetic effect 
and a paramagnetic effect. The diamagnetic effect is due to the second order 
interaction of the orbital motion of the electrons with the field. The para¬ 
magnetic effect is present whenever J is not zero and is due to a magnetic 
moment which is the resultant of the “equivalent magnetic shells” associated 
with the electronic orbits or spins or with both. In general the diamagnetic 
effect of each atom is small compared to the paramagnetic effect. Diamagnetic 
effects can make an appreciable negative contribution to the susceptibility 
when there are a number of diluting atoms or groups without magnetic mo¬ 
ments. The susceptibility can be corrected for this effect by adding the nu- 

* In the following discussion J always refers to the vector sum of L and S. It is not to 
be confused with J used for the rotational quantum number in earlier paragraphs. 
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meric,ai value of the diamagnetic susceptibility of a similar system but without 
the paramagnetic effects. Thus a susceptibility, due only to the magnetic 
moments of the particles, is obtained. It will be assumed that all experimental 
susceptibilities have been corrected in this manner. 

Let €j,m denote the energy of a particle in a magnetic field of strength H; 
the subscripts denote that this value of the energy is not only affected by the 
inner quantum number J, but also by the usual magnetic quantum number M 
which expresses the orientation of the resultant, electronic angular momentum 
with respect to the field; M can have all the values J, J — 1, • • •, 0, • • •, 
— (./ — 1), — J. The component of the magnetic moment of the particle 
parallel to the field, H, is related to the energy in the field by 


M./.V = “ d€j,i\r/dYL. 


(03.1) 


The total magnetization per mole of substance (magnetic moment per gram 
mole of substance) is obtained by summing the individual contributions of the 
quantum states 


N VJ,M? * J ' AIi, ' T 

J , M 

f> * J, MI kT 

J , M 


(63.2) 


The denominator of this expression is the partition function Q ; thus we obtain 


I m - NkTd In Q/d II 


(63.3) 


as can be seen hy direct differentiation and substitution of (63.1). 
The total magnetic moment of a particle is 

M = T), 

where g is the Land6 splitting factor given by 

• /(■/ + 1) + 8(8 + 1) - UL + 1) 

9 1 + . 2J(J +1) 

and p is the Bohr magneton defined by 

\e\h 

P = ——- = 0.917 X 10~ 20 ergs/gauss. 

47rm 6 >c 


(63.4) 


(63.5) 


The component of the magnetic moment parallel to a field of strength H is 

g H = Mgp -f &H, (63.6) 

where the term bll is a result of the perturbation by the field. Thus, by 
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reference to (63.1), the energy in a field of strength II is seen to be 

e j,m = ej° - Mgtill - (63.7) 

where ej° is the energy in the absence of the field which is of course inde¬ 
pendent of M . 

(64) The Langevin-Debye Theory of Paramagnetism: 1 Consider a particle 
with its lowest state having a non-zero value of J. In general, states with 
higher values of J result by changing the orientation of the vector J with 
respect to the vector S. As a rule these states will be of sufficiently higher 
energy than the ground state that the number of particles in them is negligible. 
The energy of any particle in a field is given by (63.7) and the moment by 
(63.6); the value of b is sufficiently small that the terms involving it can be 
neglected. The total magnetization per mole is then obtained by means of 
(63.2); since there is only one state in the absence of the field (one value of J) 
the summation of J may be omitted and the equation becomes 

Ne-'j' ,kT L gMpe' M * n ' kT 

M —— J 

I m — * ( 1 ) 4 . 1 ) 

A/«.f J 

e -*j°nr £ e aMfiHikT 
M**-J 

Because the exponents are small compared to unity, the exponentials can be 
replaced by the first two terms of their power expansion; thus, 


A r *£ J gMpl 1 + gM0R/kTl 

M*~./ 

Im =-• (64.2) 

* £ (I + gMim/kT) 

AT**— J 

Since 

M*~+J 

E gm = o, 

Af=- J 


while, in the denominator, the terms gM01I/JcT cancel, and unity appears 
(2 J + 1) times, 


Y M 2 

7 = H Yj = J(J + !WgH 
m kT ' 2J + 1 3 kT 


(64.3) 


1 For an excellent discussion of the subject of paramagnetism see Van Vleck, Theory of 
Electric and Magnetic Susceptibilities, Oxford (1932). 
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The total magnetic susceptibility per mole is then 

= Im = J(j + 1 )N(PP = fPN 
Xm ~ II " 3 kT ~ 3kT ‘ 

We have thus obtained a theoretical justification of Curie's Law 


(G4.4) 


Xm = CilT, 

where 6\ is called the Curie constant, which is given by 

_ J(J + 1 )AW 2 _ n 2 N 

' 3 k ’ _ 3 k 

Introducing a new quantity, the magnetic moment per mole 


(64.5) 


(G4.G) 


Urn = liN = NgffvJ (J + 1 ), 

(64.7) 

C, = 

(64.8) 

Xm = Mm73 RT. 

(64.9) 


Theoretical values of fi m can be calculated from (64.7). Experimental values 
can be obtained from the measured susceptibility and equation (04.9) or by 
finding the Curie constant from the temperature coefficient of susceptibility 
and then using equation (64.8); then 

Hm = (3 RT X m) 112 = (3 RC,yi\ 


Table XXI compares the theoretical and measured values of fi m for a number 
of rare earth ions in terms of the molal Bohr magneton ( B ) as the unit, where 
B = Nfi = 5589 e.m.u. per mole. The measured quantity 



is called the “effective Bohr magneton number”; its theoretical value is /*/#. 
It is to be noted that if Curie's law is not obeyed (i.e., if C\ is dependent on 
temperature) fi e u. is temperature dependent. The theoretical values in the 
eighth column are those calculated by Hund using (63.4). Those in the ninth 
column will be discussed presently. The observed values in column ten were 
obtained from values on solution and on the solid state; they agree with the 
theoretical values of Hund 1 except in the case of Sm +++ and Eu +4 " f . The 
reason for this has been attributed to the incorrectness of the assumption that 
the levels with higher J values are present in inappreciable quantities; i.e., 


1 Z . Physik, 33, 85 (1925). 
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TABLE XXI 

Calculated and Observed Effective Bohr Magneton Numbers for the Ions 
of the Rare Earth Metals * 


Ion 

No. of 

4/ 

Electrons 

N ormal 
State 

5 

L 

J 

a 

Effective Magneton Numbers 

Calc. 

llund 

Calc. 

Van 

Vleck 

Obs.f 

La +++ 

0 

J *So 

o 1 

0 

0 

_ 

0 

0.00 

0 

Ce ++ + 

1 

2 F&/2 

1 

3 

/2 


2.54 

2.56 

2.4 

Pr* ♦ ' 

2 

Hh 

1 

5 

4 

42 

3.58 

3.62 

3.5 

Nd + + ^ 

3 

A Iq 2 

?2 

G 

o.; 

8 0 

3.G2 

3.68 

3.5 

Il*- + + 

4 


o 

0 

4 

ll ' 

' .) 

2.G8 

2.83 

— 

Sm + f+ 

5 ' 

6 7/6/2 

*2 

5 


? 7 

0.84 

1.55, 1.65 

1.5 


<> 

‘Fa 

3 

3 

0 

— 

0 i 

7.94 

3.6 

Gd + * 1 

7 


h 

0 

7 ,j 

2 

7.94 

7.94 

8.0 

Tb + + + 

8 


3 

3 


3 o 

9.72 

9.7 

9.5 

Ds f f + 

9 

*Hw 2 

/ 2 

5 


4 :i 

10.65 

10.6 

10.7 

Ho f+ f 

10 

r ‘7s 

2 

0 

8 

5 i 

1 10.61 

10.6 

10.3 

Er + + + 

11 

*1 ID 2 

H 

0 


. .) 

9.58 

9.6 

9.5 

Tu ♦' + + 

12 

Hh 

i 

5 

G 

Jo 

7.56 

7.6 

7.3 

Yb f + ♦ 

13 

“F 7/2 

M 

3 

7 .; 

8 7 

4.54 

4.5 

4.5 


14 

hSo 

0 

0 

0 

— 

0 

0.00 

0 


* Taken from Fowler and Guggenheim, Statistical Thermodynamics, Cambridge Uni¬ 
versity Press, 1939, page 622. 

t These values are averages given by Stoner, Magnetism and Matter, Methuen (1934), 
of various experimental values, some on solid hydrated sulfates, others on aqueous solutions 
of sulfates or nitrates. For more detailed values, sec Van Vleck, op. til., p. 243. 


that e° j+i — €°j ^$>kT . If this condition is not fulfilled equation (03.2) must 
be used in the calculation and terms in b can no longer be neglected. Such 
values have been calculated by Van Vleck and Frank 1 and are given in 
column nine. 

(65) Quenching of Orbital Angular Momentum: It can be shown that, in 
the case of the transition elements, the orbital angular momentum (as repre¬ 
sented by L ) is quenched by interaction with the field of the surrounding ions. 
The orbital angular momentum can no longer be oriented by the field. The 
spin moment, however, is unaffected; thus, L = 0, J = S, g = 2 so that in 
place of (63.4) we use = gp\ f S(S + 1), 


4 S(S + l)iV/3 2 H 
3 kT 


The Curie constant is given by 

C , 


4 S(S + 1 )Np* 
3 k 


(65.1) 


(65.2) 


Van Vleck and Frank, Ph.ys. Rev., 34, 1494, 1625 (1929); Frank, ibid., 39, 119 (1932). 
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and 


(3RT Xm \ m _ V3ft<7, 
V 5 2 ) ~ B 


2 Vs(« + 1). 


(65.3) 


Table XXII compares the theoretical and measured value of n m /0 for the ions 
of a number of transition elements. Columns eight and nine were calculated 
by the methods used for the rare earth ions by Hund and Van Vleck respectively. 


TABLE XXII 


Calculated and Observed Effective Bohr Magneton Numbers of Ions of the 
Transition Elements of the Iron Group * 


Ion 

No. 
of 3d 
Elec¬ 
trons 

Normal 

Stato 

s 

L 

J 

(l 

Effective Magneton Numbers 

Gale. 

Hand 

Calc. 

Van 

Vleck 

Calc. 

Stoner 

Obs.f 

K 4 , V 54 . . 

0 

hSo 

0 

0 

0 

“ 

0.00 

0.00 

0.00 

0.00 

Se M ) 








2.57] 



Ti + ++ .. 

1 

2 L >*/2 

U' 

o 

3 

4 5 

1.55 

2.18 > 

1,73 

1.75 

V 44 * . j 








1.78 j 



Ti 4 * | . . . . 

2 


1 

3 

2 

2 3 

1.63 

3.361 

2.83 

2.76-2.85 

v *• + ■* / 








2.73 / 



v++ ) 








3.60 ] 


3.81-3.86 

Cr +++ 

3 

* 1 * 1 , 

s 

3 

*2 

2 i 
- 0 

0.77 

2.97) 

3.87 

3.68-3.86 

Mn 44 44 J 








2.47 J 


4.00 

Or 4 4 1 . . . 

4 

*Do 

2 

2 

2 

0 

0.00 

4.251 

4.90 

4.80 

Mn 444 / 

■ 








3.80 J 



Mn 44 1 . . . . 

5 

V?*/* 

?* 

o 

w 

o 

5.92 

j 5.921 

5.92 

5.2-5.96 

Fo 441 J 








| 5.92/ 


5.94 

Fe 44 . 

6 

8 7>4 

2 

2 

4 


6.70 

6.54 

4.90 

5.33 

Co 44 . 

7 

4 F»/2 

3 2 

3 

?* 

« 

6.64 

6.56 

3.87 

4.6-5.0 

Ni 44 . 

8 

3 f< 

1 

3 

4 

Pi 

5.59 

5.56 

2.83 

3.23 

Cu 44 . 

9 

2 />5/ 2 

H 

2 

« 

6^ 

/ o 

3.55 

3.53 

1.73 

1 . 8 - 2.0 

Cu 4 , Zn 44 . 

10 

l »S 0 

0 

0 

0 

— 

0.00 

0.00 

0.00 

0.00 


* Taken from Fowler and Guggenheim, Statistical Thermodynamics, Cambridge Uni¬ 
versity Press, 1939, page 625. 

f The experimental values are from Van Vleck, up. cit., p. 285; they are for aqueous solu¬ 
tions. Values for the solid salts do not differ greatly from those for solutions. 
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The results in column ten were calculated by Stoner using equation (65.3) 
The experimental values in column 11 show that the last is the correct procedure. 

(66) Magnetic Saturation at Low Temperatures: In the application of 
equation (64.1) it was tacitly assumed that /3HJkT < 1. At low temperatures 
or high field strengths or both, this may not be the case and, in general, it is 
not possible to expand the exponentials as a power series. The partition func¬ 
tion for a 2S+1 $ state is 


and then 


Q = 


M*m + S 

£ e iM(jiljkT = 
Af—S 


sinh {(2 S + 1)/3H /kT\ 
sinh {(3H/kT\ 


( 66 . 1 ) 


I m = NkTd In O/dH 

r I (2 s + i)/m l 

= fiN (2S + 1) coth j --) 

For large values of fiYLjkT this becomes 

I m = 2 NpS, 


coth {m/kT\ 


( 66 . 2 ) 

(66.3) 


(66.4) 


which corresponds to saturation, with each magnetic particle lined up with 
the field. The considerations of this paragraph also apply to ions of the 
transition elements such as Cr+ ++ which are effectively in S states due to the 
“freezing in” of the orbital angular momentum. 

(67) Entropy of Ideal Paramagnetic Salts: It is convenient to consider the 
entropy of a paramagnetic salt at low temperatures as made ug of a contribu¬ 
tion due to the orientation of the electronic angular momentum (/) and a 
contribution due to all the other degrees of freedom. Nuclear spin is not 
considered. Apart from the orientations of /, the degrees of freedom of lowest 
energy are the acoustical (Debye) modes of vibration of the lattice and, since 
even the contribution of these is small, all others can be neglected. 

Only paramagnetic ions in S states (J = S) such as Gd +++ , or those that 
are effectively in S states, as is the case for the transition elements, will be 
considered. Denoting the entropy due to the orientation of the spins (spin 
system) by S Sp and that due to the lattice by S Ac , then 

S = S s » + S Ac . (67.1) 


Assuming ideal conditions the partition function for the spins in a magnetic 
field H is 


Q( H, T) = 


sinh j (2 S + 1)0H /kT] 


sinh {/3H//C7 7 } 


S s * = R 


r 


T 

LQ(H, t) 


dQ(H, T ) 
dT 


+ In Q(H, T) 


(67.2) 

(67.3) 


» Stoner, Phil. Mag., 8, 250 (1929). 
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From (67.2) and (67.3) it follows that 
sinh { (2S + l)z} 


S 8 * - R\ In- 


sinh x 


( 2S + l)x coth {(2$ + l)x} + x coth ^ , (67.4) 


where x = (311/JcT. If H is small, i.e., x is small, (67.4) becomes 
S s * = R f In (2 S + 1) - n 


x ,4 S(S + 1)/3 2 H 2 1 

_ U J - 


and in the absence of a magnetic field 

S Sp = Rln (2 S + 1). 


(67.5) 


(67.6) 


This is the expected result since there are 2 S + 1 positions of the spin of equal 
energy. The entropy of mixing of these is just (67.6). It is to be noted that 
(67.6) shows the heat capacity of the spin system in the absence of a field 
to be zero, and predicts an entropy of R In (2$ + 1) at the absolute zero. In 
the next section we shall see what causes the removal of this entropy in any 
real case. 

(68) Heat Capacity and Entropy of Paramagnetic Salts with Crystalline Stark 
Effect: It should be noted that (67.2) is true only when the external magnetic 
field effect is ^rge compared with the crystalline Stark effect and the inter¬ 
action between spins. This is generally the case, but at zero field and low 
temperatures the crystalline Stark effect and the interaction between spins 
become appreciable, and equation (67.6) is no longer true. We shall discuss 
only the crystalline Stark effect in detail. 

The energies of the 2/8 + 1 spin orientations of an S S state (e.g., Gd ++4 ) 
have been deduced by Van Vleck and Penney. 1 They assumed an electric 
field of cubic symmetry and deduced that the eight degenerate levels of the 
field-free ion are split into three levels of different energy, viz., two doubly 
degenerate and one quadruply degenerate, the latter having an energy lying 
between the energies of the two former. The appropriate partition function 


is then 




Q = 2 + 4e- 3S ' atr + 2e~ s,kr 

(68.1) 

or 




Q = 2 + 4e~ lSnkT + 2e~ tlkT , 

(68.2) 


corresponding to energies 0, %8, and 5, or 0, %8 and 8, where 8 is the total 
separation. There is no theoretical means of deciding between the alternatives. 


i Phil. Mag., 17, 961 (1934). 
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Hebb and Purcell 1 favor the partition function (68.1), because it agrees 
better with experiment, and from it have derived the entropy in the customary 
manner, namely 

(68.3) 

The value of 8 is taken to give the best fit with the experimental data which 
are obtained by a method which will be discussed presently. The important 
thing to notice is that, at the absolute zero, the entropy remaining is R In 2 
instead of R In 8. There is no doubt however that the interaction between 
spins, neglected in the treatment just outlined, will remove even this entropy 
in a manner analogous to that by which the crystalline Stark effect removes 
R In 4 units. 

The heat capacity as a result of the crystalline Stark effect can be obtained 
through its usual connection with the partition function. 

To obtain the total entropy the lattice entropy (a 8 Ac ) must be added to S Sp . 
The lattice entropy is given by 


S Sp = R 


2 kTQ 


(3e~ 3li '« kT + 4 + In Q 


S Ac 


const. 
- rpz 

3 


(68.4) 


at the temperatures under discussion; below 4° K this is negligible. 

The lattice heat capacity is given by 

C Ac = const. XP = 3 S Ac . (68.5) 

(69) Thermodynamic Relations in a Magnetic Field: It has already been 
noted that the intensity of magnetization induced by a magnetic field bears a 
relation to the partition function as is also the case for the entropy. A 
relation between the latter and the intensity of magnetization can be derived 
by purely thermodynamic reasoning which is quite independent of any theory 
of paramagnetism. 2 

Whenever the intensity of magnetization of matter changes reversibly as 
the result of the application of a magnetic field the work, — $W, done * by the 
field, H, is 

— 8W = dA = Hdl, (69.1) 

where I is the intensity of magnetization. Applying the first and second laws 
to a reversible system at constant temperature where the only forces acting 

1 J. Chem. Phys 5, 338 (1937). 

2 See Giauque, J. Am. Chem. Soc., 49, 1864 (1927). 

* It is to be noted that by definition the work (5 IF) is positive when work is done by 
the substance on the field. 
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are an external pressure and an external magnetic field 

dE = TdS - PdV + lidl. (69.2) 

In view of this equation it is convenient and consistent to define the heat 
content (enthalpy) as 

H = E + PV - HI (69.3) 

and 

F = II - TS = E + PV — H/ — TO. (69.4) 

Using (69.3), equation (69.2) becomes 

7US = dtf + IdH - VdP. (69.5) 

For the special case of constant pressure and magnetic field 

TdS - dll, (69.6) 

so that, 

(dIIIdS) P ,n « T (69.7) 

or 

(dS/dT)p. n « (llT){dH/dT) P§n = U P , H /r, (69.8) 

where <7 />,h is the heat capacity at constant pressure and constant field. Since 
equation (69.5) applies at constant temperature, by considering a process in 
which the field is changed at constant pressure 

T(dS/dH) T ,p = (■ dH/dH) T .p + I. (69.9) 

Differentiating with respect to temperature at constant pressure and magnetic 
field 

(dS/dH) T ,p + T(d*SfdHdT) P = (d 2 /7/dHd7> + (cH/dT)p tlh 


In view of equation (69.8) the last term on the left and the first on the right 
are equal so 

0 dS/dlDr.p « (dI/dT) P , H (69.10) 

or 

(dS/dH) T .p « H(d x /dT) Pt n. (69.11) 

Integrating (69.11) between two values of the field 

s,-s,.r 

*^Hi 


H(d x /dT)p. B dH. 


( 09 . 12 ) 
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If Curie’s law is obeyed 

C llt const. 

S* - S\ = - const. (H/T 2 )dH - —^(Hi 2 - H 2 2 ). (69.13) 

J Hl 

Finally it is evident that 

(dFldU) P ,r = - / (69.14) 

and 

(■ dF/dT)n,r = - S. (69.15) 

It will be shown later how equation (69.7) is used to determine the thermo¬ 
dynamic temperature scale at low temperatures. 

(70) Cooling by Adiabatic Demagnetization: The principles underlying 
magnetic cooling were first enunciated by Giauque 1 and independently by 
Debye. 2 When a paramagnetic substance in an S state or an effective S state 
is magnetized at low temperatures, equation (67.4) shows that the spin entropy 
decreases below the field-free value. The heat evolved may be conducted 
away to a bath of liquid helium evaporating under reduced pressure and finally 
the substance thermally isolated. The reduction of the field then constitutes 
a reversible isentropic process. When the field is reduced the entropy must 
stay constant; consequently the temperature must fall. 

Ordinarily the entire entropy is due to the spins. Thus during the de¬ 
magnetization 

S Sp — constant. t (70.1) 

The application of equation (67.4) to Gd +++ ( 8 S state) shows that, by applying 
a field of 20,000 gauss and at a temperature of 4° K, the entropy per gram-ion 
is reduced from 2.09 R to 1.40 R. After removal of heat and thermal isolation, 
if the field is reduced to 8000 gauss equation (67.4) shows that T must fall to 
1.6° K in order to keep S Sp constant. Since equation (67.4) shows that S Sp is 
a function only of H /T it is seen that for the adiabatic demagnetization of any 
ideal paramagnetic substance in an S state with negligible lattice entropy 

H./T = constant. (70.2) 

Thus, in a perfectly general way, the temperatures during adiabatic demagnet¬ 
ization of any ideal paramagnetic substance in an S state are proportional to 
the field strength. 

If equation (67.4) were applicable at the very lowest temperature, reduction 
of the field to zero would result in attainment of the absolute zero. However, 
long before this temperature is reached the effect of splitting of the 2$ + 1 
levels becomes appreciable. Returning to the previous example, the spin 
entropy of Gd ++ +, at low temperatures with zero field, is determined by (68.3). 
If 8 could be calculated theoretically this equation could be used to calculate 

1 Address by W. M. Latimer, California Section American Chemical Society, April 9, 1926; 
Giauque, /. Am. Chem. Soc., 40, 1864, 1870 (1927), 

* Ann. Phyaik , 81, 1154 (1926). 
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the temperature reached at zero field. In practice, however, the measured 
temperatures attained in such experiments on reduction of the field to zero 
allow the value of 8 to be determined. In other words the entropy before de¬ 
magnetization (in the example cited, 1.40 R per mole) is the value of the en¬ 
tropy for zero field at the final temperature attained after adiabatic demag¬ 
netization. Thus it is possible to construct an experimental curve of entropy 
versus temperature in the absence of a magnetic field. It should be noted 
that the effect of splitting is usually negligible in the presence of the field; it is 
for this reason that equation (67.4) can be used. If the effect of splitting is not 
negligible, a correction must be applied. 



Fia. 11. The Molecular Entropy for Zero Field 
of Gd(0 3 SC«H4N0 2 )3*7H 2 0 


Hebb and Purcell chose a value of 8/k of 1.4° K to obtain the best fit with 
the experimental zero field entropies for gadolinium nitrobenzene sulfonate 
heptahydrate as determined by MacDougall and Giauque. 1 The values of 
S/R for zero field calculated by Hebb and Purcell are given in Fig. 11. The 

1 J. Am. Chem. Soc., 58, 1032 (1936), 
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horizontal bars represent the experimental entropies of MacDougall and 
Giauque; the length of each bar indicates the uncertainty in the temperature 
scale. The curve shows that starting with gadolinium nitrobenzene sulfonate 
at 4° K and a field of 20,000 gauss (entropy of 1.40 R per gram ion), adiabatic 
demagnetization to zero field produces a temperature of 0.27° K. 

At the low temperatures attained it is not possible to use helium gas ther¬ 
mometers or helium vapor pressure thermometers. The most convenient 
method to measure the tempera¬ 
ture is to make use of the mag¬ 
netic susceptibility of the par¬ 
amagnetic substance used in 
cooling. If the substance obeys 
Curie’s law, 

T = CilXrn, (70.3) 

the absolute temperature is in¬ 
versely proportional to the sus¬ 
ceptibility. The proportionality 
constant can be obtained by 
determining the susceptibility 
at the temperature of the liquid 
helium bath as indicated by its 
vapor pressure. Usually the sub¬ 
stance does not exactly follow 
Curie’s law so that the tempera¬ 
tures calculated from (70.3) and 
denoted by T * are not true 
Kelvin temperatures. The man¬ 
ner in which values of T* are 
related to T will be discussed 
below. 

To measure the susceptibility, Fiq. 12 . Apparatus for Attainment of Low Tem- 
the sample tube is surrounded peratures by Adiabatic Demagnetization 

with a closely fitting solenoid 

which is coaxial with it. The inductance of this solenoid measures the mag¬ 
netic permeability from which the susceptibility can be calculated. 

A schematic diagram of the apparatus used in adiabatic demagnetization 
experiments is shown in Fig. 12, labelled in such a way that its operation is self 
explanatory. 

Figure 13 is a graph of the entropy of iron ammonium alum plotted 
against temperature. The solid curve is for zero field, whereas the circles 
represent the entropy at the indicated value of the field. To find the tempera¬ 
ture reached on reduction to zero field starting at a given temperature and field 
strength, it is merely necessary to draw a line parallel to the temperature axis 
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through the point corresponding to the initial conditions. The temperature 
where this line intersects the curve of zero field is the temperature reached 
when the field is reduced to zero. 



Fig. 13. Molecular Entropy of NILFeCBCMa* I 2 H 2 O. Magnetic field strength in kilogauss 
are represented by numbers scattered over the diagram 

For any paramagnetic substance 

dS = (dSldT)p.ndT + (dS/dB)p tT dH. (70.4) 

For an isentropic process dS — 0; thus 

(dT/dR) PtS = - (dSm) PtT l(dSldT) P ,n « - (TR/Cp,n)(dxldT) Pt n, (70.5) 

after using (69.8) and (69.11). This relation for the temperature change on 
adiabatic demagnetization is independent of any theory of paramagnetism. 
Table XXIII shows the temperatures attained in experiments, the first of 


TABLE XXIII 

Temperatures Obtained by Adiabatic Demagnetization of GdaCSCMs-SEbO 
from 1.36° K and Field H 


H, gauss. 

4575 

6200 

0R00 

7920 

7920 

7920 

T, °K. 

0.492 

0.346 

0.315 

0.258 

0.260 

0.258 


their kind, in which the magnetic field surrounding a sample of gadolinium 
sulfate octahydrate initially at 1.36° K was reduced adiabatically to zero. 1 
1 Giauque and MacDougall, Phys. Rev,, 43, 768 (1933); J. Am. Chem . <Soc. ( 57, 1175 (1935.) 







THE THIRD LAW OF THERMODYNAMICS 


641 


TABLE XXIV 

Temperatures Attained by Adiabatic Demagnetization of Various 
Paramagnetic Salts * 


Experimenters 

Date 

Halt 

Initial 

Field 

(Gauss) 

Initial 
Temp. 
(° K) 

Final 

Temp. 

(° Curie) 

Giauque and MacDougall a . 

1933 

Gadolinium sulfate 

8000 

1.5 

0.25 

de Haas, Wiersma and 


[Cerium fluoride 

27600 

1.35 

0.13 

Kramers h . 

1933 

{ Dysprosium ethyl-sulfate 

19500 

1.35 

0.12 



(Cerium ethyl-sulfate 

27600 

1.35 

0.085 

de Haas and Wiersma c . . . . 

1934 

Chromium-potassium alum 

24600 

1.16 

0.031 




f Iron-ammonium alum 

24075 

1.20 

0.018 

de Haas and Wiersma d . 

1935 


J 1 chromium-potassium 

24075 

1.29 

0.0044 



] alum + 14.4 aluminum- 
( potassium alum 





de Haas and Wiersma *. . . . 

1935 

Cesium-t itanium alum 

24075 

1.314 

0.0055 




Gadolinium .sulfate 

5400 

1.15 

0.35 




Manganese-ammonium 

8000 

1.33 

0.09 




sulfate 

[14100 

1.23 

0.038 

Ktirti and Simon f . 

1935 


Iron-ammonium alum 

< 8300 

1.23 

0.072 





[ 4950 

1.23 

0.114 




1 manganese-ammonium 

— 

— 

0.05 




sulfate +20 magnesium- 
ammonium sulfate 




MacDougall and Giauque 0 . 

1936 

Gadol ini um ni trobenzen e- 

8090 

0.94 

0.098 



sulfonate 




Kurti, LainG Rollin and 






Simon h . 

1936 

Iron-ammonium alum 

32000 

1.08 

0.010 

Ktirti, Lain<§ and Simon *.... 

1939 

Iron-ammonium alum 

28800 

8.5 

0.36 

Ashmead ; . 

1939 


Copper-potasium sulfate 

35900 

1.17 

0.005 




* Taken from Burton, Grayson Smith, and Wilhelm, Phenomena at the Temperature of 
Liquid Helium, p. 227, Reinhold Publishing Corp., New York, 1940. 

° Giauque and MacDougall, Phys. Rev., 43, 768 (1933). 

b de Haas, Casimir and Kramers, Physica, 13, 175 (1933); ibid, (new series), 1, 1 (1933). 
c de Haas and Wiersma, ibid., 1, 779 (1934). 
d Idem, ibid., 2, 335 (1935). 

* Idem, ibid., 2, 438 (1935). 

f Ktirti and Simon, Proc. Roy. Soc., A, 149, 152 (1935). 

9 MacDougall and Giauque, J. Am. Chem. Son., 58, 1032 (1936). 
h Kurti, Lain£, Rollin and Simon, Compt. rend., 202, 1576 (1936). 

* Ktirti, Lain6 and Simon, ibid., 208, 173 (1939). 

’ Ashmead, Nature , 143, 853 (1939). 
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Table XXIV gives the lowest values of the temperature attained in other 
investigations of this kind. 

(71) The Thermodynamic Temperature Scale below 1°K: It has already 
been pointed out that the Curie law does not hold strictly at these temperatures. 
True thermodynamic temperatures can be obtained by using (69.7): this 
equation can be rewritten 

T = (dIIIdT*)pnl(dSldT*)rn (71.1) 

or since the PV effects are small 

T = {dEldT*)nl{d8ldT*)v, (71.2) 

where the partial differentiation is with respect to Curie temperatures. For 
the case of zero field the denominator can be obtained from the experimental 



Fig. 14. Comparison of Curie Temperature Scale for Iron-Ammonium Alum 
with the Thermodynamic Scale 

curve of entropy plotted against Curie temperature for zero field. The data 
are obtained by observing the final Curie temperatures produced by reducing 
the magnetic field adiabaticaily to zero with various starting conditions for 
which the entropy is calculated using (67.4). The numerator is simply the 
heat capacity at constant field (in this case zero); it can be found by measuring 
the small rise in the Curie temperature for various additions of energy. Giauque 
and MacDougall 1 use an induction heater for the introduction of energy, 

i Phys. Rev., 47, 885 (1935); J. Am. CJiem. Soc ., 60, 376 (1938). 
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whereas Kiirti, Lain£ and Simon 1 use y rays of known intensity for this purpose. 
In Fig. 14 the Curie temperature scale (ordinate) for iron ammonium alum is 
compared with the thermodynamic scale (abscissa). The solid curve gives the 
experimental results and the dotted line shows the behavior to be expected 
if the Curie law were strictly true for this substance. 

(72) The Entropy of Crystals at the Absolute Zero: At the absolute zero 
a perfect crystal consists of a definitely ordered state of matter represented by 
a single wave function such as 

= 0i( 1)</> 2 (2) 0.v(A), (72.1) 

where the wave functions 4> i, 0 2 , etc. can be regarded as the eigenfunctions of 
lowest energy for the single particles. The wave functions 0 1 are such that 
they correspond to a probability (0i0 1 *) of almost unity of finding the particle 
in a very narrow region in space, and zero probability of finding it elsewhere. 
This situation is entirely compatible with the principle of uncertainty which 
says that the product of the uncertainty in the position, 8q> and the uncertainty 
in the momentum, 8p t is given by 


8q8p = h , (72.2) 

because the particles are not at rest but have a momentum associated with their 
zero-point energy. 

It has been pointed out already that it is the fact that the perfect crystal 
can be represented by a single wave function at the absolute zero which explains 
why such crystals have zero entropy at this temperature. It was also noted 
that rearrangement of the identical (and indistinguishable) particles in the 
crystal is not considered to give rise to a new wave function. Nothing has 
been said about the value of the actual energy of the crystal at the absolute zero, 
or concerning anything that limits the crystal under consideration to one that 
is thermodynamically stable with respect to other crystalline forms which can 
be represented by a single wave function of lowest energy. Indeed, as has 
already been seen, metastable crystalline phases can exist at the absolute zero 
and according to the above discussion they will have zero entropy. 

If there is random orientation frozen in at the absolute zero, there will be 
an entropy of mixing of the molecules with different types of orientation. 
Suppose there are oj</ such orientations; this means that there are a></ wave 
functions for each molecule and ( coo') N wave functions for one mole of the 
crystal (N is the Avogadro number). Hence, the entropy in the crystal at 
the absolute zero is 

S = k In (a> 0 ') N = R In co 0 '. (72.3) 

If there are electrons with unpaired spins, the energy differences between 
the different orientations will always be appreciable at T = 0 so that the most 
stable orientation will result. We have seen that if there are molecules whose 


1 Compt. rend., 204, 675 (1937). 
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nuclei have unperturbed spin, several varieties of molecule are present de¬ 
pending on the relative orientation of spin in the molecules. At the absolute 
zero there will be an entropy of mixing due to the random distribution of these 
varieties in the crystal. 

(73) The Entropy of Solid Solutions at the Absolute Zero: When solid 
solutions are cooled to low temperatures the processes of diffusion are so slow 
that near the absolute zero the molecules must remain in the fixed posi¬ 
tions reached at higher temperatures. Thus the same entropy of solution 
(mixing) that existed in the solid solution at high temperatures persists down 
to the absolute zero. If the molecular species are sufficiently alike, these 
solutions may be nearly perfect and the entropy of mixing will be that calcu¬ 
lated from the laws of ideal solution, namely that of random mixing. Looking 
at the matter another way, let us consider a solid solution of A and B whose 
mole fractions are x\ and xb respectively. The molecules of A can equally 
well occupy any of l/x\ positions and hence have 1/xa wave functions associated 
with each instead of only one. There are thus (1/xa) xxN wave functions 
associated with the molecules of A in one mole; similarly there are (1 /xb) xbN 
wave functions associated with the molecules of B. The total number of wave 
functions is consequently (1/xa) xa ' v X (l/^i3) JhlV instead of unity. This 
corresponds to an entropy of 

S ~ k In 1(1/xa) xaX X (1/xb) XR/V ] = — R(x a In xa + xb In xb)- (73.1) 

On the other hand if the solid were cooled down to the absolute zero very 
slowly the energy differences due to position would arrange the molecular 
species in a definite order which would correspond to a single quantum state 
for the crystal as a whole, namely that of lowest energy. The entropy of such 
a crystal would be zero. It should be noted that the type of solid solution 
which would behave in such a manner as to produce zero entropy at the absolute 
zero would of necessity obey either the Einstein-Bose or Fermi-Dirac distribu¬ 
tion laws. Gravity is an example of a force creating appreciable energy differ¬ 
ences with molecules of different mass. At the absolute zero the crystal would 
separate into an upper half of the lighter type of molecule and a lower half of 
the heavier if the molecules were free to move. Practically such a situation is 
impossible. An actual solid solution, then, will have a residual entropy at the 
absolute zero which will be given by (73.1). 

Eastman and Milner 1 studied the entropy of a solid solution of silver chlor¬ 
ide (mole fraction 0.27) and silver bromide (mole fraction 0.73) From the 
third law they found an entropy 1.03 =fc 0.02 cal./deg./mole lower than from 
cell measurements; this difference is the entropy of mixing for which the 
calculated value using equation (73.1) is 1.16 cal./deg./mole. This agreement 
provides one of the best confirmations of the basic ideas concerning the Third 
Law of Thermodynamics. 


1 J. Chem . Phys 1, 444 (1933). 
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(74) The Entropy of Gases and Mobile Liquids at the Absolute Zero: At 

the absolute zero, a gaseous system or a mobile liquid system would be repre¬ 
sented by a single wave function or quantum state except for nuclear spin 
effects, and hence has zero entropy. It is interesting to see how the wave 
functions (quantum states) for the individual molecules give rise to such a 
situation. 

Gases and mobile liquids may be treated in the same way. Either the 
Einstein-Bose or the Fermi-Dirac distribution applies depending on the nature 
of the molecules. In both cases we use the relation 

S = k In P, (74.1) 

where P is the expression for the number of microscopic states (number of wave 
functions). All of the n molecules are in the state of lowest allowed energy; 
hence, 

n i = n while n> — n* ~ • • • n t = •••/?« = 0. 

For the Einstein-Bose distribution there is only one state of the molecules of 
lowest energy for any one nuclear spin wave function. In other words for 
the Einstein-Bose distribution pi — 1. For the Fermi-Dirac distribution p\ 
must be equal to or greater than nj in order that each of the states of lowest 
energy shall have a different wave function. We shall take p\ = rii = n, so 
that for the two cases: 

Einstein-Bose 

f ( n k -f- Pk — 1)! 1 n! 

S = k In P = k In II —~ = k j n = k \ n i = o. (74.2) 

L n*! (p k - 1)! J n! 0! 

Fermi-Dirac 

T pic! 1 n! 

S = k In P = k In II —rr~- -T. = k ln “777, = k In 1 = 0. (74.3) 

Lttfc! {Pk - nit)! J n\ 0! 

Where there is no degeneracy of the lowest level, if tlie Fermi-Dirac distribution 
law applies, each molecule must be in a slightly different lowest energy level 
with a different wave function for each: that is, U\ = 1, n 2 = 1, • • •, n n = 1 
and pk — 1. Under these conditions, 

1! 

S = k ln P = k ln II — = k ln 1 - 0. (74.4) 

It is of interest to examine what happens to the heat capacity and entropy 
of a gas as it approaches this state of zero entropy. We have already seen that 
the heat capacity of a highly degenerate Fermi-Dirac gas is given by 


(74.5) 





646 


A TREATISE ON PHYSICAL CHEMISTRY 


so that the heat capacity approaches zero as T approaches zero. For low 
temperatures an expression for the entropy of a Fermi-Dirac gas is simply 
obtained by use of the general relation 


F — — nkTa, 

(74.6) 

E 4 - PV 

S = ^ - + nka . 

(74.7) 


According to (27.11) for large negative values of a, 



with y given by (26.13). Noting that PY is equal to %E as can be seen from 
equation (26.22), 

R = 3 ‘ \ + nka (74.9) 

with E given by (27.3). 

For very large values of y (very large negative a) 




V 7 -' 

(74.10) 




Moreover, since 

V(a 9 X) 

2 / 3 Vt \ w 

15 it ' 12 ~*5\ 4 v ) V ’ 

(74.11) 

it follows that 




5 

E 

Vtt ^ 2/3 


3 * 

^ = %nk 

y ~ J = - nka 

(74.12) 


and hence the entropy approaches zero asymptotically. 

The corresponding treatment for an Einstein-Bose gas has been carried 
out by F. London . 1 It will be noted that equations (26.27) and (26.28) give 
the energy of an Einstein-Bose gas in terms of y defined by (26.13) and which 
may have any positive value. According to (26.15) and (26.24), however 


nh z 

y = Vp,(2TmkTyi* 


g—2 a £~3a 

U(a, M) = e ~“ + ' 


(74.13) 


The right-hand side has a maximum value for a = 0, since negative values of 
a are inadmissible in equation (22.14) as they would lead to a negative number 
of molecules in low energy states. The difficulty is due to the expression 


Phys. Rev., 54, 947 (1938). 
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(26.9) used for the number of states, p, based on a continuous series of energy- 
values and which gives an a priori probability of zero to the state of zero energy. 
This approximation is satisfactory at temperatures where most of the molecules 
are in high energy states but not at very low temperatures where the population 
of low energy states is high. 

The temperature, T 0 , for which 

y = y° = Vp,(2mnkT a ) w = 1 + 2« + + " ' 2-612 (74,14) 

is on the threshold of the high temperature region in which (26.27) and (26.28) 
will hold. 

The difficulty can be avoided by separating out the states of low energy 
(say about the ten lowest). The energy levels of the free particle in a cubical 
container with sides of length L are 

h 2 p 2 (v V /3 (v \ 2/ * 

«*,!.» = - 2.612 2A Vfc7 , 0 ( J ) p 2 - 5.97 ( ' * 1 kT 0 p 2 (74.15) 

with 

P 2 = k 2 A-l 2 A m\ (74.16) 

where k , / and m are integers. We separate out the group of p 0 levels with 


P < P o; 


c < to 


h 2 pg 2 
2 mV 1 


(74.17) 


According to (26.9) the average energy of this group of levels is given by 


Co 

Thus referring to (26.12) 

= _ P^__ 

n e ^+a _ 1 ' yT(Xi + 1 ) J Sta - 1 ’ 

noting that 

nh? ^ ^( T o\ m 

V = Vpl(2TrmkTy^ = 2-612 \ T ) ’ 

Po 2n / r y /3 r x z^dz 

n ~ e (i«o+a _ i + 2.612 t r 1/J \T 0 ) J Bt0 e 1+a - 1 ' 


£ 

J ^«0 

C 1/2 

0 


= «€o. 


f°° z m dz 


(74.18) 


(74.19) 

(74.20) 

(74.21) 


Then substituting 


a! = 0€ O 4- a = %j$€ 0 + a, 


(74.22) 
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when a' 0 in order that the first term of (74.21) he positive (it should be 
noted that /3e<, is always very small by definition), 

p 0 /n ( T Y /2 2 f 00 z ll2 dz 

1 = ,.»• _ i + \T a ) 2.G127r 1/2 X 0 «*••'*> - 1 ' ( 74 - 23 ) 

For 7 T > TV In this ease a' (approximately ecjual to a) turns out to be of 
the order of magnitude of unity (see 2(3.29). Thus the first term on the right 
of (74.23) is of the order of magnitude of 1/n and may be neglected compared 
with the second term. Further 3/?e 0 /o may be neglected compared with a !. 
Since the lower limit of the integral in the second term may be taken as zero, 
(74.23) is equivalent to (2(3.10) so that (2(3.28) is valid for the total energy and 
(2(3.27) for the pressure of the gas; or 


/ T , \ m ^ r(a' ? M __ U(a, )j) 

\ T) ~ T (o, 1 2) ~V(o, i,j * 


(74.24) 


For T < 7V The second term of the right-hand side of (74.23) must always 
be smaller than (T/ToY 12 since the upper limit of the coefficient is unity. 
For T < To the term is therefore smaller than unity and the first term must 
make up for the difference. Since the numerator is very small (of the order 
of 1/n) the denominator must also be small and a' must be close to zero; 
therefore a' may be neglected compared with 3/3e 0 /5 in the second term and e a ' 
may be represented by the first two terms of its power expansion. Under 
these conditions 


(74.25) 


(74.26) 

Remembering that a' is very small, the number of particles in the p 0 lowest 
states is 

_ _ 7>o_ 7 ; ° 

n ° “ e « T _ 1 ~ a > 

- n[l - (777\)) 3/2 U “ 0.173(/?€ 0 ) 1/2 +*••)] 

= n[l - (T/r 0 ) 3/2 ] + 0.422p 0 n 2/3 /; s 1/3 7 1 /7 T o + • * •. (74.27) 

It is to be noted that to a first approximation the second term in (74.27) can 
be neglected and, therefore, that the number of molecules in the group of lowest 
states chosen is independent of p 0 , which determines the upper limit of energy 


/x. / T \ 3/2 2 p z'^iz __ 

na' + V T n ) 2iil27r'^ r -1 

/>„ ( T Y- 

= ;- + ( r Cl - o.i730J«o)'« + •••] 

na \ 1 o / 

a ' = ^ [ 1 - ( “ )’ * ! 1 - O . 173 ( 0 e „)>' 2 ‘. 
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of the group. Thus the number of molecules, n„ f in the p 0 lowest states is 
independent of and 

«o = w[ 1 - (W) 3 ' 2 ] (74.28) 

can be taken to represent the number of molecules in the single lowest state 
accordingly. Now applying (22.14) to the lowest state 


7i 0 = . 

e a 


1 


Pj 

a 


P* __ Jh _ 

no “ nil ' 


(74.29) 


The number of molecules in any of the other lowest states is therefore given by 


P» 


Ul pft '*7U>',ln) 2l *(Ta/T)p 2 ) at _ j 

n(l - To/TY* 


1 4- 


■['^(?r(?)( 9 ] 

T 0 IT)*i *_ 

/«V'* / To \ r 7 \ n i 

597 (J (rJL 1 - U) J 


(74.30) 


(A* 2 + J* + m 8 ) 


It is evident that for T $ T 0 , « as defined by (74.29) approaches zero for very 
large n (n/T constant) while according to (74.13) and (74.24) for T ^ T 0f a is 
a finite function of T . It is found that a has a discontinuous second derivative 
at T = To; the temperature T 0 represents a condensation point in the distribu¬ 
tion as will be seen from the following discussion. 

Above To the energy is represented by (26.28) which after writing 
// ~ 2.612(To/7 T ) 3/2 becomes 


OXV i . 

E+ « — |1 - 0.462(7 T o/7 T ) 3/2 - 0.0225('/VT) 3 - 0.0114(To/T)" 2 ). (74.31) 


Below To the energy is 


E~ * £ 



2-7rrp, 

^ r ~ 


(2w) 3 ' 


e 3/2 df 
<*' - 1 


/** 27rV/> # 

= 1 

(74.32) 

or 



v S W r Y' 2f(2 - 5) 

f(l.S)’ 

where 


(74.33) 

f(4) "IwX .•-I''' : i ' <2 ' 5) -‘- 34,; 

f(1.5) = 2.612. 
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two 


Thus 


with 


A- 


■\;0.514/?T 



= \>0.514/?<7T V2 F 


c = 


2.012 / 2irmk V' 2 

" V h'J 


r,i for helium. 


(74.34) 


(74.35) 


The two branches E+ and A_ are continuous at T — T {) with a continuous de¬ 
rivative. The second derivative is, however, discontinuous, and C v exhibits 
a break. 

The expressions for C r are 


r, + = * 2 R |1 -f 0.231 (To/ T) 3/2 

+ 0.045(T 0 /T) S -f 0.040(T 0 /T) 9/2 + ■ • • j, (74.30) 


fV - iSj0.514^(T/T 0 ) 1/a . (74.37) 

Thus it is seen that at very low temperatures C v is given by (74.37) which pre¬ 
dicts zero heat capacity at the absolute zero. Figure 15 is a graph of C v plotted 
against T/T 0 ; the break in the heat capacity at T/7\ = 1 is quite apparent. 
Finally for the pressure at temperatures below T 0 


IS 


2 FS 

3 * T 


0.514/? <7T S/2 . 


(74.38) 


Evidently below the temperature T 0 the pressure is independent of the density 
and this temperature can be considered as a temperature of condensation in 
momentum space. The condensation has no meaning with respect to co¬ 
ordinate space. Since the energy of the particles is zero in the lowest state they 
must be regarded as having zero momentum and therefore, according to the 
principle of uncertainty, the position of the particles that condense to the 
lowest state cannot be known except to say that they lie somewhere in the 
container. 

Unfortunately at ordinary gas densities T 0 occurs at temperatures where 
even helium would be a liquid. However it is interesting to apply these results 
to helium gas for densities equal to those in the liquid and see if the results 
obtained have any parallel in the behavior of the liquid at low temperatures. 

The entropy at temperatures below T 0 is given on a molal basis by 

s-f.f+w.-;*+«’»(£+<) (».»> 

But at temperatures where almost all the molecules are in the lowest state p»/n 0 
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is negligible com pared with unity ;iml 
f> E 


S 


r> 2 0..514ft 


3 T 

so that at T — 0 the entropy is zero. 


ar- 


1.285W 



(74.40) 



r/T„ 1 


Fia. 15. Specific Heat ( C v ) of an Ideal Bose-Eins^ein Gas 

Liquid helium has a second order transition known as the lambda point 
between 1.2° K and 2.5° K; liquid helium I is stable above and liquid helium II 
below it. F. London 1 has suggested that this transition (the only liquid transi¬ 
tion known) is of a similar nature to the condensation effect occurring in the 
neighborhood of To for an Einstein-Bose gas. For helium gas with an atomic 
volume of 27.6 cc. (equal to that of the liquid at the lambda point) To calculated 
by (74.14) is 3.14° K. The accurate treatment of the problem requires a 

i Phys . Rev., 54 , 947 (1938); ./. Phys. Chem., 43 , 49 (1939). 
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knowledge of the energy levels in the liquid. F. London assumes that part of 
the wave functions are similar to those giving rise to lattice vibrations in a 
crystal while the others are like those attributed to free electrons in metals. 
The curve in Fig. 16 shows his calculated heat capacities ( C v /R ), plotted against 
T/T o, in the neighborhood of the lambda point; the circles are the experimental 
points. 1 



Fig. 10. Specific Heat ( C v ) for Bose-Einstein Statistics The circles ffive the 
experimental values for helium 

The fact that helium II obeys the T ] law at very low temperatures indicates 
that the very lowest energy levels are similar to those in a crystal. According 
to the entropy diagram of Keesom and Keesom the entropy of helium II (the 
form of liquid stable below the lambda point) is only a little higher than that 
of the solid and approaches it as the temperature is lowered. 

It should be noted that, while there is no doubt that gases and mobile liquids 
will have zero entropy at the absolute zero, the corresponding order is not one 
in space. The single lowest quantum state, in which all the particles are to 
be found corresponds to zero momentum and hence, according to the principle 

1 Keesom and Clusius, Leiden Comm 219e (1932); Keesom, W. H. and Keesom, A. P., 
Leiden Comm., 221d (1932); Phyeicn , 2, 557 (1935); 3, 359 (1936). 
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of uncertainty, to an unknown position. The situation is the direct opposite 
of that existing in a crystal. The important point in both cases is that the 
system is in a single quantum state. 

(75) The Entropy of Glasses at the Absolute Zero: A glass may be con¬ 
sidered as a number of localized microscopic liquid regions randomly distributed. 
The entropy of the glass at the absolute zero will be the entropy of mixing of 
these regions and will be considerably larger than zero. This has been verified 
for crystalline glycerol glass by Gibson and Giauque 1 and by Simon and Lange 2 
The entropy in glycerol glass at the absolute zero is 4.6 cal./deg./mole while 
that for ethyl alcohol glass is 2.6 cal./deg./mole. 3 The lower value for ethyl 
alcohol is perhaps due to the lower temperature at which it becomes glassy. 
For the lower temperature at which the degrees of freedom are frozen there are 
fewer wave functions (quantum states) among which the system is distributed, 
other things being equal, and so the number of randomly distributed micro¬ 
scopic regions is less. 

1 J. Am. Chem. Soc ., 45, 1)3 (1923). 

2 Z. Physik, 38, 227 (1920). 

3 Kelley, J. Am. Chrm. Soc., 51, 779 (1929). 
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APPENDIX I 

Harmonic Oscillator Contributions 

The contribution (in cal./deg./mole) of a fundamental vibration frequency 
v (wave numbers in cm." 1 ) to the heat capacity, heat content, and free energy 
are given as a function of v/T. 

F - E 0 

- R In (1 - e-0, 

Rx 2 

2 (cosh x — 1) ’ 


E - E o 

" T ~~ 


Rxe 


(1 - ,"*) 1 

kcu 
kT * 


The contribution to the entropy is given by S — 


All 


E — Eq F — E{) 

T “ ~ T 

constants are from the latest values of Kirge (1941). This table was obtained 
by Dr. E. B. Wilson, Jr., by interpolation from unpublished calculations of Dr. 
H. L. Johnston, and has been corrected to the basis of the new constants by 
Dr. S. C. Schumann and Mr. M. L. Schwartz of The Pennsylvania State 
College. 
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0.0000021 

7.20 

0.00674 

0.000651 

0.0000651 

9.70 

0.000335 

0.0000239 

0.0000018 

7.30 

0.00600 

0.000571 

0.0000565 

9.80 

0.000297 

0.0000209 

0.0000016 

7.40 

0.00534 

0.000502 

0.0000491 

9.90 

0.000262 

0.0000184 

0.0000014 


j 


1 

1 10.00 

0.000232 

0.0000161 

0.0000012 
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APPENDIX TI * 

Thekmodynamk: Functions for Molecules with Restricted 
Internal Rotation 

1’ — i^F 0 (l — cos n<f>). 

The functions (in cal./deg./mole) are tabulated with V in cal./mole and 1 in 
c.g.s. units per molecule. 

TABLE A 
FIT 


lQ-"n*IIV 


V/RT 

0 

1 

2 

4 

8 

10 

32 

04 

>» 

0.0 

0.99 

0.99 

0.99 

0.99 

0.99 

0.99 

0.99 

0.99 

0.99 

0.5 

1.43 

1.36 

1.34 

1.32 

1.28 

1.25 

1.19 

1.12 

1.04 

1.0 

1.24 

1.04 

1.60 

1.55 

1.48 

1.41 

1.30 

1.17 

1.02 

2.0 

2.09 

1.93 

1.86 

1.76 

1.63 

1.47 

1.26 

1.05 

0.89 

3.0 

2.18 

1.95 

1.86 

1.73 

1.54 

1.34 

1.07 

0.84 


4.0 

2.19 

1.87 

1.74 

1.58 

1.37 

1.12 

0.85 

0.64 


5.0 

2.17 

1.78 

1.62 

1.42 

1.20 

0.92 

0.66 



0.0 

2.14 

1.67 

1.49 

1.27 

1.02 

0.73 

0.49 



7,0 

2.10 

1.56 

1.36 

1.13 

0.87 

0.58 

0.36 



8.0 

2.08 

1.46 

1.24 

1.00 

0.73 

0.45 

0.25 



9.0 

2.06 

1.38 

1.14 

0.90 

0.63 

0.33 




10.0 

2.05 

1.31 

1.07 

0.81 

0.53 

0.26 




12.0 

2.03 

1.19 

0.90 

0.65 

0.59 

0.15 




14.0 

2.02 

1.07 

0.78 ! 

0.52 

0.28 

0.10 




10.0 

2.02 

0.95 

0.67 j 

0.40 

I 

0.18 

0.06 | 





TABLE B 


(' 


vmv 





10 ■*««// 

" v 





0 

1 

- 

4 

ir. 

32 

01 

128 

0.0 

0.99 

0.99 

0.99 

0.99 

0.99 

0.99 

0.99 

0.99 

0.99 

0.5 

1.06 

1.06 

1.06 

1.06 

1.06 

1.06 

1.06 

1.05 

1.04 

1.0 

1.22 

1.22 

1.21 

1.21 

1.21 

1.20 

1.19 

1.17 

1.14 

2.0 

1.69 

1.68 

1.68 

1.67 

1.65 

1.61 

1.54 

1.43 

1.22 

3.0 

2.10 

2.08 

2.07 

2.05 

2.01 

1.91 

1.73 

1.47 


4.0 

2.29 

2.27 

2.25 

2.21 

2.13 

1.98 

1.73 

1.34 


5.0 

2.33 

2.30 

2.27 

2.23 

2.12 

1.89 

1.56 



6.0 

2.32 

2.26 

2.22 

2.16 

2.01 

1.70 

1.31 



7.0 

2.27 

2.19 J 

2.12 

2.05 

1.85 

1.52 

1.09 



8.0 

2.22 

2.11 

2.04 

1.92 

1.68 

1.34 

0.91 



9.0 

2.18 

2.05 

1.94 

1.80 

1.53 

1.19 




10.0 

2.15 

1.99 

1.86 

1.68 

1.39 

1.03 




12.0 

2.11 

1.89 

1.73 

1.45 

1.15 

0.77 




14.0 

2.08 

1.81 

1.61 

1.24 

0.93 

0.55 




16.0 

2.06 

1.75 

1.51 

1.06 | 

0.72 

0.34 

: 





* Pitaer, J. Chem. Phys., 5, 409 (1937). 
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TABLE ( 

Sf - S rr 


V/RT 

to -»»*// V 

0 

1 

i 

| 2 

4 

8 

16 

32 

C4 

128 

0.0 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

o.5 ; 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

0.03 

1.0 

0.12 

0.12 

0.12 

0.12 

0.12 

0.11 

0.11 

0.10 

0.09 

2.0 

0.42 

0.41 

0.41 

0.41 

0.40 

0.38 

0.36 

0.29 

0.21 

3.0 

0.79 

0.77 

0.76 

0.75 

0.74 

0.68 

0.62 

0.47 


4.0 

1.13 

1.11 

1.10 

1.08 

1.05 

0.97 

0.84 

0.61 


5.0 

1.42 

1.39 

1.37 

1.35 

1.29 

1.18 

0.98 



6.0 

1.66 

1.62 

1.60 

1.57 

1.49 

1.34 

1.08 



7.0 

1.87 

1.82 

1.79 

1.74 

1.63 

1.44 

1.12 



8.0 

2.04 

1.98 

| 1.95 

1.88 

1.74 

1.50 

1.12 



9.0 

2.19 

2.11 

2.07 

1.98 

1.81 | 

1.54 




10.0 

2.32 

2.21 

2.16 

2.06 

1.86 

1.55 




12.0 

2.53 

2.37 

2.37 

2.17 

1.91 

1.53 




14.0 

2.69 

2.51 

2.42 

2.23 

1.91 

1.46 




16.0 

2.83 

2.63 

2.50 

2.27 

1.89 

1.36 





TABLE D 
(Frr - Ff)/T 



0 

1 

2 

i 1 s 

16 

:i2 

64 

128 

0.0 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.00 

0.5 

0.47 

0.40 

0.38 

0.36 

0.32 

0.29 

0.23 

0.16 

0.08 

1.0 

0.87 

0.77 

0.73 

0.68 

0.61 

0.53 

0.42 

0.28 

0.12 

2.0 

1.52 

1.35 

1.28 

1.18 

1.04 

0.86 

0.03 

0.35 

0.11 

3.0 

1.98 

1.73 

1.63 

1.49 

1.29 

1.03 

0.70 

0.32 


4.0 

2.33 

1.99 

1.85 

1.67 

1.43 

1.10 

0.70 

0.26 


5.0 

2.60 

2.18 

2.00 

1.78 

1.50 

1.11 

0.65 



6.0 

2.81 

2.30 

2.10 

1.85 

1.52 

1.08 

0.58 



7.0 

2.98 

2.39 

2.16 

1.88 

1.51 

1.03 

0.49 



8.0 

3.13 

2.45 

2.20 

1.89 

1.48 

0.96 




9.0 

3.26 

2! 50 

2.22 

1.89 

1.45 

0.88 




10.0 

3.38 

2.53 

2.24 

■ 1.88 

1.40 

0.82 




12.0 

3.57 

2.57 

2.23 

1.83 

1.31 

0.69 




14.0 

3.72 

2.59- 

2.21 

1.76 

1.20 

0.57 




16.0 

3.86 

2.59 

2.18 

1.68 

1.08 

0.43 
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APPENDIX III 

Thermodynamic Contributions from the Hindered 
Rotation of a Symmetric Top 

By Bryce L. Crawford, Ju. 

Directions for Use of Tables 

The tables are based on the treatment given by Crawford. 1 They consist 
of the six functions Gv , Gr, Hv , Hr, Jy, and Jr, and of the “zero-point'’ 
levels a 0 . The first six functions involve two parameters and are given in 
double-entry tables. 

The tables are to be used in the following way: First the contribution due 
to overall rotation is computed in the usual manner, using the moments of 
inertia of the molecule as a whole, h, 1 2 , /s, and a symmetry number obtained 
by considering the internal rotations to be frozen. To find the contribution 
of an internal top, of moment of inertia D, whose direction cosines to the 
principal axes of the molecule are X 1 , X 2 , X 3 , the parameter 

i! = 1 - L (/)//,)X, 2 

is first calculated. The parameters for the double-entry tables are next found: 
they are 

6 - (87 CDU/tfriOV, 

T v ' = (6407r 2 M2//? 2 n 2 ) RT, 

Tr' - (640t 2 D/A 2 m 2 )/£7 7 . 

In these expressions V is the barrier-height and ?i the number of minima in 
the potential, assumed to be of the form (K/2)(1 — cos ??<£), <f> being the angle 
of rotation. R is the gas constant, T the absolute temperature, and h is 
Planck’s constant. 

The “zero-point” level a 0 is a function of 6 alone (Table I). The functions 
Gy, IIy, Jy are determined from the 6 and Tv' (Tables 2.4, 3/1, 4.4), and the 
functions Gr, Hr, Jr (Tables 2 B, 3 B, 4 B) from d and Tr'. These functions 
are combined to give the following: 


G = (W*G h + Gv); II = (W 2 Hr 4- H v ); J = & m J R -F Jy) 

and the thermodynamic contributions to the entropy, free energy, energy 
content, and heat capacity of a single rotor calculated from the formulas: 

S « ft [In G + (///(?)], 

F/T = - ft [In G + (20/7V)«o], 

E/T « Rl(HlG) - (20/7V>o], 

c « «[(//<?) - (H/oyi 

* B. L. Crawford, Jr., J. Chem . Phys., 8, 273 (1940). 



662 


.1 TREATISE ON PHYSICAL CHEMISTRY 


(These give the contributions based on the lowest observable state rather 
than the bottom of the potential energy curve; they go over into the 
vibrational contributions from the ordinary vibrational partition function 
Cl — exp (— hvjkT)~]~ v .) 

The tables may be in error by one or two units in the last place given; the 
J functions may have slightly larger errors. For values of 8 above 16, the 
thermodynamic contributions at low temperatures may be obtained by treating 
the “internal rotation’* as a vibration. 

Two sets of values are given for certain values of 8. These mark the 
points where a change is made in the number of “vibrational” levels taken in 
the V-type functions; both values are given so that interpolation in 8 is 
facilitated. 

It should be remembered that the approximation on which the tables are 
based breaks down if 11 is very different from 1 as is the case for methyl 
alcohol. In most applications, this will not occur. For a given value of SI, 
the magnitude of the possible error may be estimated from the difference be¬ 
tween calculations with, e.g., 8 — 5 and 8 — 5' (different number of levels in 
the F-functions). For molecules in which two identical symmetrical tops 
rotate about an axis joining them, e.g., ethane, the tables of Appendix II 
give the correct thermodynamic functions as can be seen by considering the 
derivations in Section 54. 


TABLE 1 


0 j (to 0 ! «o 


0 

- 0.0000 

12 

- 17.3321 

1 

- 0.4551 

14 

- 20.7760 

2 

- 1.5140 

16 

- 24.2587 

3 

- 2.8344 

18 

- 27.7728 

4 i 

- 4.2805 

20 

- 31.3134 

5 

- 5.8000 

24 

- 38.4590 

6 

-- 7.3688 

28 

- 45.6734 

7 

- 8.9737 

32 

- 52.9422 

8 

- 10.6067 

36 

- 60.2556 

9 

- 12.2624 

40 

- 67.6062 

10 

- 13.9370 





TABLE 
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Cb ^ 

80 

100 

120 

140 

160 

180 

200 

1 220 
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260 
280 
300 
350 
400 
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700 
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900 
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o 

.001593 
.006193 
.01569 
.03114 
; .05285 
; .08058 
.1138 
.1517 
.1944 
.2410 
.2907 
.3430 
.4822 
.6302 
.7840 
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1.260 
1.575 
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2.174 
2.452 

© 

! .01651 
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APPENDIX TV* 

Debye Functions 

(in cal. per dec. per mole rawed on R ~ 1.9857) t 
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0.07045 

0.06869 

12 

0.0672 

0.0656 

0.0641 

0.0626 

0.0611 

0.0595 

0.0580 

0.0565 

0.0552 

0.0540 

13 

0.0526 

0.0514 

0.0502 

0.0491 

0.0481 

0.0471 

0.0461 

0.0451 

0.0441 

0.0431 

14 

0.0420 

0.0411 

0.0403 

0.0395 

0.0388 

0.0380 

0.0373 

0.0365 

0.0358 

0.0350 

15 

0.0343 

0.0335 

0.0328 

0.0320 

0.0313 

0.0308 

0.0303 

0.0298 

0.0293 | 

0.0288 
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TABLE c 

Eh ~~ F 

T 


OlT 

0.0 

0.1 

0.2 

0.3 

0, 

O.o 

0.0 

0.7 

(J.S 

0.9 

0 

SC 

15.925 

12.014 

9.815 

8.314 

7.195 

0.310 

5.001 

5.009 

4.505 

1 

4.079 

3.090 

3.300 

3.077 

2.820 

2.591 

2.385 

2.199 

2.032 

1.879 

2 

1.7422 

1.6108 

1.5025 

1.3975 

1.3017 

1.2134 

1.1325 

1.0587 

0.9893 

0.9259 

3 

0.8673 

0.8132 

0.7029 

0.7105 

0.0733 

0.0332 

0.5952 

0.5013 

0.5291 

0.4990 

4 

0.4709 

0.4449 

0.4204 

0.3970 

0.3702 

0.3503 

0.3379 

0.3200 

0.3037 

0.2884 

6 

0.2739 

0.2002 

0.2475 

0.2353 

0.2241 

0.2136 

0.2030 

0.1940 

0.1851 

0.1776 

(j 

0.1085 

0.1014 

0.1543 

0.1477 

0.1413 

0.1353 

0.1295 

0.1242 

0.1191 

0.1143 

7 

0.1097 

0.1054 

0.1012 

0.09730 

0.09357 

0.09002 

0.08000 

0.08342 

0.08033 

0.07737 

8 

0.07404 

0.07199 

0.00951 

0.00700 

0.06467 

0.00247 

0.00035 

0.05831 

0.05640 

0.05455 

9 

0.05273 

0.05114 

0.04944 

0.04783 

0.04038 

0.04494 

0.04357 

0.04220 

0.04098 

0.03977 

10 

0.03859 

0.03740 

0.03035 

0.03527 

0.03432 

0.03344 

0.03243 

0.03153 

0.03066 

0.02984 

11 

0.02909 

0.02820 

0.02751 

0.02085 

0.02009 

0.02541 

0.02477 

0.02414 

0.02353 

0.02294 

12 

0.0224 

0.0218 

0.0213 

0.0208 

0.0203 

0.0198 

0.0193 

0.0188 

0.0184 

0.0180 

13 

0.0175 

0.0172 

0.0107 

0.0164 

0.0160 

0.0157 

0.0154 

0.0150 

0.0147 

0.0144 

14 

0.0140 

i 

0.0137 

0.0134 

; 

| 0.0132 

1 0.0129 

0.0126 

0.0124 

0.0122 

0.0119 

0.0117 


* Taken from Landolt-Burnstein, Physikalisch-Chemische Tabellen, Vol. I, 1927. 
t To convert to the units adopted in this Treatise* (H = 1.9869) multiply by 1.00000. 




APPENDIX 

Values of Physical Constants (li. T. Bik<;k, Arc. 1941) 
TABLE A 
Basic Constants 

Atomic weights, chemical scale. (O = 1G.0000) 

A H - 1.007856 d= 0.000018 
2 H = 2.014182 ± 0.000021 
Velocity of light, c = (2.99776 ± 0.00004) X 10™ cm. see. -1 
Molar volume (0° C., 1 atm.), V „ — 22414.6 db 0.6 cm. 3 mole -1 
Normal atmosphere, A n - 1.018249 X 10 6 dyne ein." 2 

Mechanical equivalent, ./u = 4.1855 aha. joule calu. -1 

Faraday (chemical scale), F •» 96501 dt 10 inf. coul. g.-equiv. -1 

= 96487 db 10 aha. coul. g.-equiv. -1 

- 9648.7 d= 1 abs. e.m.u. g.-equiv. -1 
Fc ~ 2.89247 X 10 14 abs. e.B.u. g.-equiv. 1 
Electronic charge, e = (4.8025 ± 0.001) X 10 -10 abs. e.s.u. 

Specific electronic charge, f/?n o = (1.7592 =fc 0.0005) X 10 7 abs. e.m.u. g. -1 

c(e/mo) ■= (5.2736 ± 0.0015) X 10** abs. e.s.u. g. -1 
Rydberg constant for infinite mass, R^ = 109,737.30 d= 0.05 cm. -1 

Ratio of grating to Siogbahn system of X-ray wave lengths, X„/X* - 1.002034 ± 0.00006 
True grating space of calcite (20° C.), (ho = 3.03567 dt 0.00018A 
1 international amp. =0.99986 abs. amp. 

I international volt =1.00034 abs. volt 


TABLE B 
Derived ( 'onhtants 

1 abs. volt electron, 10F/./u = 23,055 cal. mole -1 
Molar gas constant, R — V t ,A n / 273.15 

= 8.31436 X 10 7 erg deg. -1 mole -1 
U)~ 7 R/Ju, = 1.9869 cal. deg. -1 mole” 1 
1.9869/logio c =4.575 

Avogadro number, A 7 = F cje = 6.0227 X 10 23 mole" 1 
Boltzmann constant, k = RjN ~ 1.38047 X 10 -16 erg deg. -1 
Kinetic energy per mole at To = 273.15, Eo — %Tu 

= 5.656 X 1()~ H erg 

Energy of 1 abs. volt electron, l()V/r = 1.60203 X 10 -12 erg 
Energy in electron volts correspond to Eo = 3.531 X 10“ 2 abs. volt 
Mass of electron, mo = ec~ l (cfmo) 1 = 9.1066 X 10 -28 g. 

Mass of atom J H, mu — 1.007857/JVo = 1.67339 X 10 -24 g. 

Mass of proton, ?n p = mu — mo — 1.67248 X 10 -24 g. 

Ratio, m p /mo — 1837.6 

Speed of V abs. volt electron, v = j2 X 10 8 (e/mo)F} l/2 

= 5.9314 X 10 7 VF cm. see. 1 

Temperature associated with 1 abs. volt electron, 10 *e/ck ~ 11,604 deg. K. abs. volt " 1 

™ , f 2 t 2 e 5 /wo\V /s 

Planck s constant, A = S — • —- • \ — 1 ( 

1 c 2 #«> \ e /J 

* (6.6242 db 0.0024) X 10 -27 erg see. 
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Bohr unit of angular momentum, h!2ir — 1.0542 X 10" 27 erg sec. 

Potential associated with unit frequency, V}v « hje *= 1.3793 X 10" 17 erg sec. e.s.u." 1 
Abs. volts associated with unit frequency, Vjv = (h/e)c X 10" 8 = 4.1349 X 10" 16 abs. volt see 
Frequency associated with unit abs. volt, 

v(V = (e/ft) (l0 8 /c) = 2.4185 X 10“ Bee .’ 1 abs. volt" 1 
Frequency associated with unit abs. volt, vfV — (e/Ji)(10 8 /c) = 2.4185 X 10“ sec." 1 abs. volt" 
Energy associated with unit wave number, Efv = tic = 1.9856 X 10“ 10 erg cm. 

Wave number associated with 1 abs. volt, vo - 10 8 e" 2 A/e = 8067.5 cm. -1 abs. volt -1 
Energy associated with R a , — 1.9856 X 10" l6 /2oo = 2.179 X 10" 11 erg 
= Rojvo = 18.60 abs. e.v. 

Wave length associated with 1 abs. volt, Xo = 1/vo = 12395.4 X 10~ 8 cm. abs. volt" 1 
Radius of normal Bohr orbit, ao = A 2 /47r 2 moc 2 = 0.5292 X 10" 8 cm. 

Magnetic moment of Bohr magneton, hr — (/»/47r)(e/w?o) = 9.273 X 10" 21 erg gauss" 1 
JV/jlr — 5585.2 erg gauss" 1 mole" 1 

Zeeman displacement per gauss, Ap/H. = (e/mo)/(4 ttc) ~ 4.6699 X 10" 6 cm." 1 gauss" 1 
Fine structure constant, a = 2 irtf/hc = 7.297 X 10"* 
a* = 5.325 X 10" & 

Spectroscopic doublet constant, Rooa 2 = 5.843 cm." 1 
Atomic specific heat, /S = h/k ~ 4.7979 X 10" u sec. deg. 

Compton shift, AX = h/tnoc = 2.4263 X 1C)" 10 cm. 

Radiation constants: 


d = 2vc l h = 3.7400 X 10" 6 erg cm. 2 sec." 1 
C 2 = chjk — 1.4385 cm. deg. 

.4 = \ m T = 0.28972 cm. deg. 

2 7T 6 /c 4 

a ■* —-- = 5.072S X 10" 6 erg cm." 2 deg." 4 sec.” 1 

15 cV i 3 

a — 4<r/c = 7.569 X 10" 1B erg cm." 3 deg." 4 
Schroedinger constants: 


<Sx 2 mo//i 2 = 1.639 X 10 27 erg" 1 cm." 2 ; (87r 2 mo/f//i 2 = 47r 2 /X 2 ) 

= 2.625 X 10 1E abs. volt" 1 cm." 2 
A 2 /8ir 2 w 0 = 6.102 X 10" 28 erg cm. 2 

= 3.809 X 10" 1C abs. volt cm. 2 
h z JHmo = 6.022 X 10" 27 erg cm. 2 ; (E k = ( k/LyhySmo ) 

= 3.759 X 10" 1B abs. volt cm. 2 
2mo//i 1 = 6.650 X 10 13 abs. volt -1 cm." 2 ; (2moE/k i = 1/X 2 ) 


De Broglie Wave Length, X * hjmv = h/^2moE - (12.263 X 10" 8 /VVolts) cm. 
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Absorption coefficient, of radiation, 355 
spectra, due to inner electrons, 396 
Actinium series of radioelements, 44 
Activity, 494-497 
definition of, 494 
and equilibrium, 494-495 
and pressure, 497 
and temperature, 495-497 
Adiabatic, demagnetization, 637-643 
temperature change in, 640 
measurement of, 689 
expansion of ideal gas, 462 
process, 444 

Alkali metals, critical potentials, 140 
spectra, 252 . 

Alpha (a:-) particles, charge on, 34 
disintegration by, 78-80 
range of, 34 

Ampere, definition of, 440, 441 
Anti-Stokes lines, 376 

Artificial disintegration, sec Disintegration 
radioactivity, see Radioactivity 
Assembly, 523 

microcanonical, 525 
Atomic number, 30-33 

and periodic table, 42-43 
and X-ray levels, 143 
orbitals, 426 

projectiles, production of, 86-89 
theory, 1 

weights, precision, 50-54 
Auger effect, and photoelectric emission, 159 
Avogadro’s hypothesis, 2 
number, 22 

Back-Goudsmit effect, 413 
Balmer formula, 123 
series, 122, 124 
Beta (j8-) particles, 35 
Bohr magneton, 273, 401, 628, 630 
numbers, 630, 632 
quantizing condition, 234, 235 
theory of energy levels, 128 
of hydrogen atom, 233 
Boltzmann, see Maxwell-Boltzmann 
Bomb calorimetry, 451-452 
Bonds, covalent, 419 
homopolar, 419 
ionic, 419 
polar, 425 
Brackett series, 124 
Bragg equation, 203, 211 

Calcium spectrum, negative terms, 313 
Calorie, definition of, 439-440 


Canonical equations of motion, 524 
Carbon isotope, production of, 73-75 
Carnot cycle, 463-465, 470 
Cascade transformer, for atomic projectiles, 
87 

Charge, nuclear, 28-30 
Chemical constants, 609, 615 
of diatomic gases, 616 
of monatomic gases, 616 
of polyatomic gases, 617 
theoretical values, 618 
Clapeyron-Clausius equation, 484-485 
Classical systems, heat capacity and energy, 
533 

Coefficient of absorption of radiation, 350 
of induced emission, 350 
of spontaneous emission, 349 
Collisions, cross-section in, 376-377, 381 
of electrons and atoms, 380 
of first kind, 373 

conservation of spin in, 379 
inelastic, 384 

of second kind, 362, 372-374 
Combining volumes, law of, 2 
Compton effect, 165-171 
Conservation of energy, law of, 441-443 
of mass, law of, 2 
Correspondence principle, 239-242 
and Stark effect, 283 
Coulomb, definition of, 440 
Coupling, jj, 322 
energy of, 344 
in weak field, 374 
LS, 267-270, 274, 322, 342 
in magnetic field, 275 
in weak field, 374 

Russell-Saunders, 267-270, 274, 322, 342 
Critical potentials, 135-143, 360 
Curie constant, 403, 630, 631, 632 
temperature scale, 642 
Curie’s law, 630 

for paramagnetic! atoms, 402 
Current, dimensions of, 441 
Cycles, reversible, 470 
Cyclic processes, 463-465 
Cyclotron, 87-89 

Davisson-Gerraer experiment, 24, 202 
De Broglie, hypothesis, 200 
wave length, 200-202 
Debye theory of heat capacity, 620-624 
Definite proportions, law of, 1 
Degeneracy, degree of, 256 
Degenerate state, 256 
Degeneration, gas, 540-545 
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Deuterium, heat capacity, 574 
separation by electrolysis, 65-69 
factors for, 66-68 

Diffusion-convection, separation of isotopes, 
58-65 

separation of isotopes, 55-58 
thermal, and isotope separation, 58-65 
Dipole radiation, intensity, 345, 347 
Disintegration, by a-particles, 78-80 
products of, 89-90 
type-reactions, 89-90 
Dispersion, anomalous, 357 
electrons, 357 

Distillation, separation of isotopes by, 70-71 
Distribution law, Einstein-Bose, 536, 539 
Fermi-Dirac, 539, 540 
for localized elements, 535 
Maxwell-Boltzmann, 498-503, 526, 528, 
531 

limit of applicability, 547 
Maxwell, for velocities, 503, 529, 531 
Dobereiner’s triads, 5 

Doublets, ion, in mass sport rography, 51-51 
levels, irregular, 298 

quantum mechanics, 301 
regular, 298 
relativistic, 298 
Sommer fold law, 299 
spin, 303 

Dulong and Petit's law, 3, 184 

Eigenfunctions, angular distribution of, 259 
antisymmetricab 229, 534 
for helium, 311 
normalized, 231 
odd and even, 348 
radial, 257, 260 
spherical, 258 
symmetrical, 229, 534 
Einstein-Bose distribution, see Distribution 
Einstein coefficient, of absorption, 350 
of induced emission, 350 
of spontaneous emission, 369 
mass-energy relation, 25-26, 81 82 
transition probabilities, 349 
Elastic impact, energy exchange in, 80-81 
Electrolysis, Faraday’s laws of, 5 
separation of isotopes by, 65-70 
Electromagnetic unit, 441 
Electron, 12-21 

charge of, 15-21, 161, 212 
indirect measurement, 19-21 
oil-drop method, 16-19 
collision with atom, 380 
diffraction, 24-25, 202-207 
application of, 210 
experiments on, 202-207 
excitation of inner, 393-394 
heat capacity in metals, 546, 547 
kinetic energy of, 156 
mass of, 22, 156, 212 


mean free path of, 381 
probability of scattering, 388 
reflection, 24 
size of, 23 
spinning, 301 

temperature for gas discharge, 369 
transfer between ions and atoms, 393-394 
transmission through films, 207-209 
velocity of, 13-15 
wave theory of, 23-25, 200 
Electronic configuration of atoms, 285-290 
energy, partition function. 509 
Electrostatic generator, Van de Clraaff, 87 
unit, 441 

Energy, definition of, 437-438 
dimensions of, 438 
exchange in elastic impacts, 80-81 
levels, 128 

and partition function, 560 
relation of mass and, 25-20 
relations in inelastic impacts, 81-82 
rotational, 560 
of solid, 620, 625 
translational, of gases, 559 
unit of, 438 
vibrational, 500 

Entropy, 470 -477, 479, 482-485, 511 
calorimetric, 512 

change in chemical reactions, 517 
in ideal gas, 473 

in irreversible processes, 471, 476-77 
in isolated system, 472-473 
with pressure, 475 
in reversible processes, 471 
with temperature, 475 
with volume, 474 -475 
of crystals, 643 

effect of isotopic composition on, 577 
and equilibrium, 482 
and free energy, 479-480 
of fusion, 485 
of gases, 577 

of hydrogen chloride, 513 
of imperfect crystals, 589 
of ions, 518-520 
of localized elements, 552 
of mixing, of forms of hydrogen, 582, 583 
of ideal gases, 474 
of isotopes, 577 
in solids, 589 
nuclear spin, 556, 558 
of paramagnetic salts, 634. 638 
and partition function, 507, 553-556 
of phosphine, 515-516 
practical, 558 
and probability, 548 
rotational, 552 

restricted, internal, 598-600 
of solid solution, 645 
third law and statistical, 587-588 
of transition, 485 
translational, 554, 578 



INDEX 


675 


of vaporization, 485 
vibrational, 552 

Equilibrium and activity, 494-495 
constant, 511 

and restricted rotation, 602-606 
and partition function, 504 
thermodynamic, 482-484 
Equipartition of energy, principle, 182-184, 
532 

Eulerian angle, 521 
Exchange energy, 419, 421 
Excitation, cumulative, 361, 362 
optical, function, 386-387 
probability of, 380, 383, 385 
thermal, 389 

Excited atoms, life of, 353 
Expansion of ideal gas, adiabatic, 462 
isothermal, 462 

Faraday, definition of, 440 
Faraday's laws of electrolysis, 5 
Fermi-Dirac distribution, wr Distribution 
Fine structure constant, 297 
First law of thermodynamics, m; Thermo¬ 
dynamics 

Fission, nuclear, sec Nuclear fission 
Fluorescence, of sodium vapor, 377 
Forbidden lines, in spectrum, 371 
Free energy, 477-484, 511 

change with pressure, 480 
definition of, 477 
and entropy, 479-480 
and equilibrium, 482 4S4 
of gases, 608, 610 
partial molal, 486-488, 491, 493 
and partition function, 504-506, 552, 
606-608 

Gamma C7-) rays, 36 
space, 522 

Gamow-Gurney-Condon theory, 38 
Gas constant (K), 441 
degeneration, 540-545 

Einstein-Bose, 540, 543, 544 
Fermi-Dirac, 545 
possibility of detecting, 544 
discharge, electron temperature, 369 
metastable atoms in, 368-370 
pressure and partition function, 509-510 
Gay-Lussac experiment, 455 
Geiger-Nuttall relation, 38 
Generalized coordinates, 521 
momenta, 522 

Gibbs free energy, see Free energy 
Gibbs-Helmholtz equation, 481 
Goudsmit’s F-sum rule, 344 
Group displacement law, 40-41 
velocity, 216, 217 

Gurney-Condon-Gamow theory, 38 

Harmonic oscillator, damping period, 353 
Heat capacity at constant pressure, 446 


at. constant volume, 445 
due to electrons in metals, 546, 547 
extrapolation to absolute zero, 514 
of hydrogen, 572 
partial molal, 490 
and partition function, 504, 560 
of phosphine, 516 
rotational, 560, 572 
of solids, theory of, 620-627 
translational, 559 
vibrational, 560, 572 
Heat capacities, ratio of, 461 
Heat of combustion, 451 
Heat content, 445 

partial molal, 488-493 
of formation, 452, 453 
of hydrogenation, 451, 453 
of isomerization, 453 
mechanical equivalent of, 438-440 
of reaction, 446 

and temperature, 448 

Heisenberg’s principle of indeterminism, 
217-222 

Helium, critical potentials, 140, 142 
crossed orbit model, 308 
energy levels, 307 

of metastable states, 308 
of orthoheliiim, 307 
of parhelium, 307 
ionized, orbits, 237 
Schroedinger equation, 308 
spin functions, 312 

Helmholtz free energy", wr Free Energy 
Hess’s law, 447-448 
Homopolar bonds, 425 
compounds, 419 

Hydrogen atom, energy levels of, 125, 130 
mass of, 22 
orbits of, 237 
spectrum of, 122, 1 24 
Bohr theory, 233-239 
fine structure of, 305 
wave mechanics of, 254 
chloride, energy levels, 579 
entropy, 578 
partition function, 579 
spectrum, 579-580 

molecule, antisymmetric, function, 420, 424 
binding energy, 420 
entropy, gas, 582 
solid, 585-586 
heat capacity, gas, 572-576 
solid, 584-585 

potential energy curve for, 422-423 
symmetric function, 420, 424 
Hyper fine structure of spectral lines, 406 
Baek-Goudsmit effect, 413 
effect of magnetic field, 413 
isotope effect, 408 
nuclear spin effect, 409 
selection and interval rules, 411 
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Ideal gas, internal energy of, 454 
Indeterminism, principle of, 217-222 
Intensities of multiplet components, 351-352 
of spectral lines, 344 
Intensity of dipole radiation, 345, 347 
Internal energy, 443-444 
of ideal gas, 454 

and partition function, 503-504, 554, 500 
Inversion temperature of gases, 459 
Ionic masses, precision of, 50-54 
Ionisation, cumulative, 362 
effective cross-section, 385 
as function of temperature, 390, 392 
by high-speed ions, 392-393 
potentials, 137 

of elements, table of, 287-289 
of normal atoms, 329 
principal, 331 

of stripped atoms, 329, 333 
probability, 380, 384 
thermal, 389 

Irreversible processes, thermodynamically, 
46,5-468 

Iso-electronic sequences, 324 
Isomorphism, 4 

Isothermal expansion, of ideal gases, 462 
Isotopes, 43-78 

effect in hyperfine spectra, 408 
exchange reactions, 71-72 
non-radioactive, 45-78 
and optical spectra, 76-78 
radioactive, 43-45 
separation of, 54-76 

by centrifugal action, 56-58 
by chemical methods, 71-76 
by diffusion, 55-56 
by distillation, 70-71 
by electrolysis, 65-70 
by mass spectrograph, 55 
by thermal diffusion and convection, 
58-65 

table of stable, 91-92 

Joule, definition of, 440 
Joule-Thomson coefficient, 45:1-401 
effect, 455-461 

Kirchhoff’s law, 448 

Kossel-Sommerfeld displacement law, 290 

Lande’s T-permanence rule, 344 
interval rule, 343 
splitting factor, 275, 277, 629 
Larmor precession in magnetic field, 273 
Least action, principle of, 214 
Liouville’s theorem, 524 
Liquids, partition function for, 510 
Localised elements, 534 
Lyman series, 124 

Macroscopic states, 522, 523 
Magnetic cooling, 627, 637 


field, thermodynamics in, 635 
moment, of ion, 405 
of molecule, 630 
of particle, 628 
of nucleus, 410, 418 
properties of atoms and ions, 400 
quantum number, 274 
for nuclear spin, 413 
resonance accelerator, see C Cyclotron 
saturation at low temperatures, 633 
susceptibility, 630, 632 
Magneton, Bohr, 273, 401, 028, 630 
nuclear, 410 

Many-electron atom, 336 
Mass, conservation of, 2 
Mass-energy, relationship, 25-20 
Mass spectrograph, Aston's, 46-47 
Bainbridge and Jordan’s, 48-50 
Dempster’s, 47-48 
Nier’s, 50 

Matter, wave theory of, 23-25, 200-213 
Matrix elements, 348 
Maximum work, 468-469 
Maxwell-Boltzmann distribution, see Distri¬ 
bution 

Maxwell’s law of velocities, 503, 529, 531 
Mean free path of electrons, 381 
Mechanical equivalent of heat, 438-440 
Mercury, energy levels of, 133 
Metals, heat capacity due to electrons, 546, 
547 

Metastable utoms, concentration of, 368-370 
life of, 363 
levels, 360 
states, 360-370 
Microcanonical assembly, 525 
Microscopic reversibility, principle of, 373 
states, 522 

Molecular orbitals, 425—426 
Moseley’s diagram, 295 
law, 292, 300 
Mu (ju-) space, 522 
Multiple proportions, law of, 1 
Multiplet, components, intensities of, 351- 
352 

interval rules, 341 

Neon, energy levels, 364 
Negative term in spectrum, 313 
Neutron, 33 
discovery of, 83 
emission in fission, 115 
magnetic moment of, 86 
mass of, 86 

producing processes, 85-86 
properties of, 84 
spin of, 86, 418 

Nitrogen, production of heavy, 72-73 
Nuclear, charge, 28-30 
effective, 294, 297 
constitution, 33 

disintegration, set Disintegration 
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factor, 410 
fission, 1011-117 
by «a-partides, 110 
as chain process, 115 
by deuterons, 116 

energy and range of fragments, 114 
neutron energy and, 113-114 
photo-, 116 

impacts, energy relations, 81-82 
magnetic moment, 414, 417 
magneton, 410 
masses, precision, 50-54 
processes, 78-117 
thermo-, 117 

quantum numbers, 410, 414, 417 
spin, and angular momentum, 411 
and entropy, 556-559 
and magnetic quantum number, 413 
precession due to, 411 
structure and magnetic moment, 418 
transformations, by a-particles, 78-80 
type reactions in, 90 

Ohm, definition of, 440 
Orbitals, atomic, 426 
molecular, 425-426 
Orbital and spin interaction, 241 
Orbits, elliptic, 247 
non-penetrating, 250 
penetrating, 250 
Orthohelium, 307 
Orthohydrogen, 572-575, 582-585 
Oscillator strength, for principal series of 
sodium, 360 

for resonance states, 358 
of spectral lines, 356 
Oxygen, energy levels of, 581 
entropy of, 581 

Parabola method of isotope study, 45-46 
Parahydrogen, 572-575, 582-585 
Paramagnetic, atoms, Curie’s law, 402 
salts, entropy of, 634, 638 
susceptibility of rare-earth ions, 403-404, 
631 

Paramagnetism, 627 

Langevin-Debye theory of, 629 
Parhelium, 307 

Partition function, definition of, 503, 536 
for electronic energy, 509 
and energy, 503--504, 552-554, 560 
and entropy, 507, 553-556 
and equilibrium, 504 
evaluation, approximate method, 560 
exact methods, 564-568 
and free energy, 504-506 
and gas pressure, 509-510 
and heat capacity, 504, 560 
for liquids, 510 
for molecules, 507 


for rotational motion, 508, 561-565, 570. 

572 

internal, 591-608 
for solids, 510 

for translational motion, 507-508, 54.8 
for vibrational motion, 509, 566, 571 
Paschen-Back effect, 278 
Paschen series, 124 

Partial molal free energy, 486-488, 491, 493 
heat capacity, 490 
heat content, 489-493 
quantities, 485-497 
volume, 497 

Pauli’s exclusion principle, 284 
sum rule, 279, 324 

Periodic classification of elements, 0-11 
table, 8 

Phase integral, 242-245 
velocity, 185, 216 
Photoelectric effect, 152-160 
Einstein’s law, 152 
inverse, 160 
of X-rays, 155 
Photoionization, 394-396 
Photon, 119 
and waves, 163 
Physical constants, 121 

determination of, 210-213 
table of, 671-672 
Planck constant, 119 

determination of, 153, 158, 160-162, 212, 
239 

distribution law, 189, 192 

Einstein’s derivation, 192 
Polar bond, 425 
compounds, 419 

Porous plug experiment, 455-456 
Positive ray analysis. 45-54 
Positron, 26-27, 145 
life of, 109 
mass of, 108 

production in nuclear reactions, 93, 108 
Potential barriers for internal rotation, 601, 
602 

Precision masses of ions, 50-54 
Probability of collision, 380, 382 
density distribution curves, 339-340 
and entropy, 548 
of excitation, 380, 383, 385 
of ionization, 380 
of scattering of electrons, 388 
Proton, 145 
Prout’s hypothesis, 4 

Quantum defect, 245, 252, 291 
magnitude of, 165 
number, azimuthal, 245, 255 
effective, 252 
inner, 263 

magnetic, 255, 274, 276 

and angular momentum, 274 
and nuclear spin, 413 
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nuclear, 410, 414, 417 
principal, 236, 24ft 
radial, 257 

selection principle, 262 
spin, 267 
total, 255 
phenomena, 122 


Radiation, absorption coefficient, 103, 355 
black body. 175 
constants, 106 
intensity of, 170 

law, Rayleigh-Jeans, 184- 189, 101 
■ Wien, 180-181, 101 

probability of spontaneous emission, 103 
quantum theory, 175-200 
resonance, quenching. 375 
scattered, 375 
spectral distribution, 170 
Stefan-Boltzmann constant, 178, 106 
Radioactive disintegration, 33-36 
half-life, 37 
velocity, 36 
equilibrium, 37 
induced, 93 
series, 40-42 

Radioactivities, table of induced, 94-107 
Radioelements and periodic table, 40-42 
Raman effect, 171 174 

anti-Stokes linos in, 173 
interpretation of, 172 

Rayleigh-Jeans radiation law. 184-180, 101 
Reciprocal proportions, law of, 2 
Recombination of ions and electrons, 301 
Refraction, corpuscular, 213 
Resonance, collision cross-section, 376-377 
energy, 419, 421 
lamp, 375 
lines, 134, 135, 360 
radiation, quenching, 375 
state, 137 

Reversible processes, thermodynamically, 
465-468 

Rotation, free internal, 500-508 
restricted, 598-605 
Rotational, energy, 560, 572 
entropy, 552 
heat capacity, 560, 572 
partition function, 508, 560 
internal, 590-598 
restricted, 598-605 
Russell-Saunders coupling, 267-270 
Rydberg constant, 123 
derivation of, 233-236 
value of, 238 


Sackur-Tetrode equation, 554 
Schroedinger equation, 222-226 

for electron in “potential box,” 227 


for helium atom, 308 
for hydrogen atom, 254 
Selection principle, and magnetic quantum 
number, 276 
rules, 346, 349 

for hyper fine spectrum, 411 
Self-consistent field, 338 
Separation factor for isotopes, 55, 66-68 
for isotopic exchanges, 71-72 
Sodium, critical potentials, 138 
energy levels, 132 
spectral series, 134 

Solar energy, and nuclear processes, 117 
Solid, energy of, 620, 625 
entropy of, 643 
solutions, 645 
heat capacity of, 620-627 
low temperature, 626 
partition function, 510 
vapor pressure, 614 
zero-point energy, 621 
Space quantization, 270 
in Stark effect, 283 
Spectra, arc, 200 

Baimer series, 122, 124 
Brackett series, 124 
diffuse series, 127, 132, 245, 251 
enhanced, 290 

fundamental series, 127, 132, 251 
hyperfine structure of, ser Hyperfine 
of isotopes, 76-78 
Lyman series, 124 
Paschen series, 124 
principal series, 127, 132, 251 
sharp series, 127, 132, 245, 251 
spark, 200 

and thermodynamic quantities, 578 
Spectral linos, Doppler spin broadening, 407 
enhancement of, 378 
intensities, 344 
reversal temperature, 367 
series relations. 122 
multi plot levels, 263 
multi plots, 269 
terms, anomalous, 315 
derivation of, 316 
displaced, 315 
ground, table of. 287-289 
negative, 313 
odd and even, 315 

Spin, angular momentum conservation, 379 
of electron, 265, 301 
of neutron, 418 
of nucleus, 411, 413, 556-559 
and orbital interaction, 341 
Stark effect, 281 

and correspondence principle, 283 
crystalline. 634 
and space quantization, 283 
Statistical basis of second law of thermo¬ 
dynamics, 497-498 
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mechanics, 521-556 

applied to quantized systems, 533 
aver ages in, .532 
weights, 350, 535 

Stefan-Boltzmann constant, 178, 196 
Stellar energy, nuclear processes and, 117 
Stern-Gerlach experiment, 280 
patterns, 281 

Stokes’s law of radiation, 375 
Sulfur, production of isotopic, 75 
Sum-over-states, se< Paitition function 

Thermal diffusion, sepaiation of isotopes by, 
58-65 

excitation and ionization, 389 
Thermochemical data, 452 
Thermochemisti y. 450-45 t 
Thermodynamic equilibrium, 482-484 
temperature scalo below 1° K, 642 
Thermodynamics, first law, 438-465 
second law, 465-485 
and statistics, 497 510 
third law, 512-521, 582, 587-605 
ionic entiopies from, 518-520 
methods of checking, 515-520 
restricted statement of, 515 
and statistical mechanics, 587 
Thermo-nuclear piocesses, 117 
Third law of thennodynumies, su Thermo¬ 
dynamics 

Thomas-Reiche-Kuhn rule, 367 
Thomsen-Berthelot principle, 449 
Thorium series of ladioelemcnts. 44 
Transition elements, magneton number, 632 
probabilities, 349 
Translational, eneigy, 559 
entropy, 554, 578 
heat capacity 559 
partition function, 507-508, 548 

Uncertainty principle, 217-222 
Uranium series of jadioeloments, 44 


Valence, quantum theory, 419 
Van do Graaff electrostatic generator, 87 
Vapor pressure of crystals, 614 
Vibration, antisymmetric modes, 309 
symmetric modes, 309 
Vibrational energy, 560 
entropy, 554 
heat capacity, 560 
partition function, 509, 569, 571 
Volt, definition of, 440 
Voltage-multiplier for ion projectiles, 86 87 

Wave functions, antisymmeti ic, 534 

symmetric, 534, sec also Eigenfunctions 
mechanics, and many-electron atom, 330 
and momentum, 261 
iSchroedmger equation, 222-226, 227, 
254, 308 

theory of matter and electron, 23-25, 120, 
200-233 

Weston cell, 440 

Wien, displacement constant, 196 
law, 181 

ladiation law, 180 

X-ray, levels, transition, 292 
spectra, 146-151 
absorption, 150 
doublet levels, 296 297 
excitation, 151 
Moseley diagram, 295 
Moseley’s law of 146, 292, 300 
and photoolectiie effect, 155 
series, 146 
spark, 303 

Zeeman effect. 271 

anomalous, 271, 274 
normal, 271, 274 
Zeio-point energy, of solid, 622 
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